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An algebraic method of spin operators was developed by Jha and Valatin to solve (a) the Hamiltonian of
the isotropic and anisotropic xy model in a one-dimensional lattice of N spin 1/2 particles and (b) the
partition function of the Ising model in the absence of magnetic field in two dimensions. The pair of
fermion operators used to explain BCS theory in superconductivity were shown to be related to a set of
spin operators of Jha and Valatin in a very simple way. Onsager’s Lie algebra for diagonalizing the
partition function of the Ising model was found to be included within the said commutator algebra of the
spin operators. The structure constants of the algebra are so simple as to allow the entire algebra to be
casted in one general commutator equation. In the present paper, the author presents the proof of a
general equation from which all sets of commutator relationships existing among the elements of the

algebra directly follow.

I. INTRODUCTION
A. Set of spin operators

In an attempt to diagonalize the xy Hamiltonian (iso-
tropic and anisotropic both) in one dimension, a set of
spin operators AJ*, A}, A7, and A}* was introduced by the
author and Valatin.' These operators are defined as

N
xx _ L eese X
AT = ZJZI;OJUJ+1 0%, Ofe1-107e1s (1.1a)
L&
L z A
AP =3 20301‘*10;*2 (7;;1-10?4-1, (1.1b)
j=1
X! 1 e
AP =3 EOJ;U;HU;Q 0F41-10741s (1.1¢)
j=1
L&
yx __ L 2 .o et x
AT =3 (7?0',-#10;2 Cie1=1075015 (1.1d)
=1

where 0},0%,07 are the Pauli operators defined at the
lattice sites j=1,2,3,..., N-1, N of a ring with peri-
odicity conditions o7,y =07}, o},y=0}, 0,y =0]. The set
of operators defined in (1. 1) could be briefly written as

s 1 e ]
Az =2 20?0;010;4-2 U;ﬂ-lajﬂ’ (1° 2)
j=1
where a,8 stand for any of the x,y indices. The mixed
set of commutation and anticommutation rules of ¢ oper-
ators are given by

[o}‘,o;’,]:Zz'b”,oj, [cr;’,oj‘,]zziéu.cj, (1.3a)
[o;,oj,]zziaﬂ,oj
so that
o¥oy =107, 0%0%=i0%, ofo¥=i0} (1.3b)
and O3 =(09)?=(02)*=1,
{0, 09} ={03, 08 ={o7, 07} =0. (1.3c)

dThis work was done by the author during his stay in the de-
partment of Physics at Queen Mary College, University of
London,
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By introducing the spin raising and lowering operators

0;:%(0}‘4-1'0;’), o;:%(o;‘—io;’) (1.4)
with the associated property

ofo;=0;, 0j0i=-07, 0f0;=-07, 0/05=0;, (1.5a)

c;oj':é(l+oj), o;oj‘.’:%(l—of.), (1. 5b)

(0} = (77 =0, (1.5¢)

the author defined an alternative set of operators 4,

A7, A7, and A]” which could be written in the abbrevia-
ted form as
N

A= 2070700007 971y, .6

where the symbols ¢,d stand for any of the +, — indices.
The set (1.6) has the following property:

(A;')T :A;', (A;')TIA;', (A;w)f:A;- (17)
The symbol 1 indicates the adjoint operator.
If we use the notations
Af*v):A’;HA,yx and A}w):A’gv_Ale, (1.8)

the two sets of operators (1.2) and (1. 6) would be relat-
ed through the equations

A+ AP = A+ ALY, (1.9a)
AsF A=A+ A, (1.9b)
AP = (A7 - A7), (1.9¢)
Al = §(A; - A7), (1.9d)

The algebraic properties of these A, operators were
exploited by the author® to diagonalize the Hamiltonian
of the xy model of a ring of N spin 3 particles, to diag-
onalize the transfer matrix of a set of spin 3, arrang-
ed on a rectangular lattice and interacting scalerly with
nearest neighbours in the absence of a magnetic field.
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Recently, Felderhof® has used the A, operators to diag-
onalize the transfer function of the Zero field free fer-
mion model.

The number operator n, and the pair operators b, and
b, used to explain the BCS theory®s* are also related to
the A, operators in a very simple way.

We define

—_— + — +_ ot
ny=0,0,, b,=aa.,, and bi=alal (1.10)

where q,,a, are fermion operators. If we further define

n'zk::;n_k:l—nk-—ﬂ_k and mk:—m_,,zn,,—ﬂ-p(l-ll)

it is easily seen that

b, = 2%\7 IZ;A”smkl (1.12a)

b;—ziNl_Z_,: A7 sinkl, (1.12b)

M, :2—}- li:/(A*’ + A7 )coskl, (1.12¢)

mk:zizx,zi (A + AT)sinkl, (1.124)
with

E=Qm/N)7v, r=1%1,1,3,2,°°°, (1.12e)

The lie Algebra of Onsager® is generated by starting
with the elements A% and A}*. In this way he obtained the
set of operators A and A{*¥ with the relationships:

[Az, Ax] = — A=), (1.13a)
(A3, AP = 204,35, +4,1,), (1.13b)
[A‘;‘}'),A;”)]:O. (1,13¢)

The quantities A and A/*! derived in the more sys-
tematic treatment of the author’s spin commutator
algebra do not appear in Onsager’s work. However,
because of the relationship (1.19a), A} can be derived
from the quantities A¥*. The relations (1.13a),(1.13b),
(1.13c) then coincide with the equations (1.22a),(1.22d),
(1,22f) respectively. The set A"} does not appear in
Onsager’s algebra because the sets A7 and A}* are not
known separately in his work. So while Onsager’s alge-
bra contains only (3N-1) independent elements, ours
contains (4N-2) independent elements, In fact, the addi-
tional set Ag"” of our algebra is needed to construct
projection operators of the eigenstates.

It is further noticed that the pseudospin operators X,,

Y,, and Z, as introduced by Onsager obey the following

relations:

e,y ==2iz,, |y,,2,]= - 2ix,, [2,%,]==2iy,. (1.14)

These elements come into the spin commutor algebra as

1 ¥
X, H iV, = 2N ZJA“e“" (1.15a)
X, —iy, = ZJA"" ikl (1.15b)
R 2N: 1
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miﬁ

2N Al™ginkl,

(1.15¢)

and can be identified with the fermion operators as

X,==m,, y,=Db,+bl, and z,=i(b!l-b,). {1.16)

B. Properties of the A, operators
Since the A, operators have a useful periodicity of 2N,

AaB — AoB Actd ..A;"" (1o 17)

1v2N = 1+2N

so that the definitions (1.2) and (1.6) initially valid for
any positive integer values of I (I > 0) could be extended
to even negative integer values of I (I < 0) by writing

A =Agh |, AFP=AR, (1.18a)
A=A AT = Al (1.18b)

The following identities, however, hold for each [ not
equal to a multiple of N:

AF= AP A=~ A}, (1.19a)
A =AW Al = Al (1.19p)
AL =47, AT =47, (1.19c¢)
An=—Apr, AT =-AT, (1.194)

For [ =0, the following identities are true:

N
A=Ay = L Egjz’ (1.20a)
j=1
A= AW = iN/2, (1,20b)
A(xy) 0, A(n}ﬁ_h\] (1.20¢)
i &
Ar= - Zj%(l +07), A= 215(1 -0, (1.20d)
= 7=
A=A =0, (1.20e)
For Z:N,
N
, 2
Ay =-A4U, U:Eloi . (1.21)

C. Number of independent elements in A,

Although we have defined 2N operators for each of
Ax Ay A®, and A¥*, the existence of relations (1.19)
and (1.20) implies all of them are not linearly indepen-
dent. A check on the number of independent operators
shows that there are (N-1) A% (N-1) Al‘n", and 2N Ay
or 2N AY independent elements. Alternatively, we can
say that there are (N-1) independent A]*, {¥-1) indepen-
dent A;” and 2N independent A}” or A[”, So altogether we
have (4N —2) independent elements in this algebra.

D. Commutation algebra of 4, and its significance
The elements of the set Ay, AP AP,
the following algebra:

and A3* generate

[ Az, A7) = — (A5, + A 50 = —iAR), (1.223)

Dhirendra Kumar Jha 2248



[A5, Ap) = +ilAZ, + A25) =iAED, (1.22b)

(A3, AP] =+ (A3, +A5,) =iA(3), (1.22¢)

(A7, Ap)=[AF, A7) = (A - A2), (1.22d)

{A’ﬁ,A = [A!x’?sAyx]: -4, g — A, (1.22¢)

[Arp, AP]=[A%, A¥*] = [A%,AP*]=0. (1.22f)
The elements of the alternative set A;*,4;",A]", and A}"
have the corresponding algebra:

(451, A3 ]=[457,4;7] =0, (1.23a)
[457, 47 =47, 471= (457, 4, =0, (1.23b)
[A77, A= (AL +ATL) - (A7 + AT, (1.23c)
(A, AT =[AR A7 = AT, AL, (1.23d)
(A5, A7 =457, At 1=~ 455, + AT (1.23e)

It is further seen that A/} commutes with each ele-
ments of the set A%, A% and AP. Also,

(417", 44+ 47 =0, (1.242)
[alp),4r0]=0, (1.24b)
[Alp) 4T]=0. (1.24c)

The introduction of the symmetric and the antisymmet-
ric operators A{®) and A} reduce the algebra consid-
erably.

Il. GENERAL COMMUTATOR EQUATION FOR THE
ELEMENTS OF THE ALGEBRA

The fact that there are only (4N-2) independent ele-
ments in the spin commutator algebra indicates that
there exists considerable symmetry in structure con-
stants of the algebra,

We introduce an operator U%(I,m) such that

U=(l,m)= g¢0%,, ** *0*

:
2402 if1<m,

2.1

For I, I’> 1, the set of operators A%® or A}® could be
written in the form:

Afp=3 EUaU‘(J' +1,7 4+ =104,
i'=1

(2.2)

N
AP =3 20705 +1, j+1-1)d3,,

jal
where j,j’=1,2,..., N are dummy indices and the sym-
bols «,B,v,5 stand for any of the x, y indices. If we
impose the conditions on 7,7’ to be 1 <!’ <!~ 1, then in
this domain the entire relationships (1.22) could be put
in one general commutator equation:

[Af2, AT |=cB"A gl + 2 AY8, + a*"0 AR, +a 6,47,
(2. 3a)
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where the structure constants are defined as
c*=¢"=0,
a*=ag”=1,

8,=i.

o
c®¥=i,

a® = dyx:O,

=i,
(2. 3b)
0, =i,

The indices with bar imply ¥=y and 7=

I1l. PROOF OF THE GENERAL COMMUTATOR
EQUATION

In order to prove the general equation (2. 3), we
state two lemmas and first provide their proof as
follows:

Lemma: For I’ >
[Ag2, 07]
= e U, j + 1 = Dot}

- oo, U%(j,j +1 = 2)08.p .,

+oR,UNj=1, j+1 -3)0f

i+
0L U= 2,j+ 1 = 4)0b,,.

+ e+ 0%, UG- + 4,4 2)08,

+o2, UG- +3,j+ )08,

+o} FEIAESY (j—l,+2$j)0?+1}
+ 8ol

pU G =T +1, )b (3.1)

Proof: By definition

[Aps,07]
L&
:EE[U 0; +1Oj'+2 Uj'+l'-1o'1 .1 30;
57 =1
El{ o5, 07U + 1,5+ = 1)d4.
it=

+0%[0% ., 0} U +2,) +1 - 1)08,

PR
+odUA(J' + 14" + Do% 5, 03U J" +3,j +1" = 1ot .

toe R ORUAG 1,5+ = B)0% 0, 0Fl0% 0%

Jr jr
+oa U + 1, + 1" = 2)[0% ., 07 ]0%
+oR U + 1,5 +1" = Do% ., 071} (3.2)
If we use the relations
iog,0,7]=c275,,.07%, (3.3a)
and
oz, 0t]==0,,0%0%, (3. 3b)

then (3. 1) directly follows from (3. 2). It would be noted
that there are altogether I’ + 1 terms on the rhs of (3.1).
Lemma 1 can be extended to hold in the doamin
1<10'<7-1, and we can write
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(A8, 08,,]
=c®{U(i+1,j+1+1 - 1)o8,; ...}

- {og‘,,_lU'(j LI+ - 2)08,,.0

08U (G +H1=1,j+1+1 - 3)0,”*,. -

+ 08U +1=2,j+1+1 = 4)o8

+1+1' =3

toreet0fy WU+ L=V + 4,5+ 1+ 2)08,,,,

T 05 UG HI=U +3,j+1+1)08,,,,
+ 074-1' +1U‘(j +i-1'+ 2, ] + 1)0?4,1}034

+cB® o2, L Ui+ 1= 1 +1,j+ D} (3.4)

Lemma 2: For 1< l/sl-1
[Ags, Us(j+1,j+1-1)]
=Co®8,, Uj+1l,j+1-1)

+ Co U5, )08, (UG + 17 = 1,5+ 1= 1)

+ 08U 5 - 1,5)08,,, UG+ =2,i+1-1)
+ 0 UN (G- 2,008, UG+ =3, +1~1)

+oer ol UK U +4,5)08 UK+ 8,j+1-1)

J+3

+ 05 QUG- +3, )08, U(j+2,j+1-1)

i+2
+02, UG =1 +2,7)08,,U%(j+1,j+1~1)}
- C UG+ 1, i+ 1~ )08, UG+ 1, i+ 1+ 1= 2)

X0 a UG+ 1,5 +1-2)07,, Ui +1,j+1+1'-3)

X5 o T UG+ 1,5 +1=3)00, UG +1,j+1+1'-4)

Xohm'-z -+UNj+1,j+1-U+ 3)0101-1'&

XUA(j+1,i+1+2) 08, +U(j+1,j+1-1+2)

0%t

X080+ 1L, +1+1)08,, ,+ U(j+1,j+1-0 +1)
X07p WU+ 1,5+ D)0,

—CUHj+1,i+1-1"02, .08, (3.5)
where C=C,=1. (These have been introduced for easy
reference. ) Note that for a given I’, we have only 21’
terms on the rhs of (3.5). There are !’ terms for each
of the coefficients C, and C,.

Proof: We prove this lemma by induction. Assume #’
to be fixed. We then work out for different7=210'+1, In
the simplest case I=1'+1, we have by definition

[Af2, Ui+ 1,j+1)]

=[§~Z}o;-. U + 1,5 + 1 = 1)o8 ., US(j+1,j+ z')]

M=%

(02U + 1,7 + V' = 1)0% 0, U(j +1,j+ 1)}

1

—1
=z
.

[y
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N
= 32008, Ui +1,j+DUF +1,§" + 1 = 1)08, .
i*=1
N
+ 3 208U +1,§ + 1 = Dos ., UG+ 1,5+ )],

.

1

(Y

(3.6)
since [U*(j’ +1,j' +1' = 1), U%(j+1,j+1)]=0. Further,
N

2L lop, UG+ 1,5+ UG + 1,5 + 1 = 1)ob, .
i =1

N
=22 {lof, 08, UG+ 2,5+ 1VUNF +1,7" +1' = 1)0b. s

i'=1
+0% (0%, 0% U5+ 3,5 + WU § + 1,7 +1' - 1)at,,,.
+UG+ 1,5+ 2) 08, 0%, JU(j+4,j+ 1)
XUS(j +1,7+V ~1)08 + - +UHj+1,j+1' =3)
x[c},o‘}”,_z]U‘(j +U =1, i+ 01U +1,§ +1"-1)

X% e + UG+ 1,5+ =2)[0%,0%,,._,]0%,,.

XUS(§ +1,5 +1 =1)0h ., + UG +1,j+1' = 1)

x[og, 0%, U J" +1,5 +1" = 1)os. .. 3.7
If we use the relation
zlog, ofl= ~ofoy (3.8)

in (3. 7), then all the !’ terms for the co-efficients C,

of (3.5) with I=1' + 1 are reproduced. It should be noted
that the terms in the coefficients C, of (3.5) occur in the
reverse order to the terms of (3. 7). Hence the first
term of (3.7) is the last term of C, in (3.5) and vice
versa.

We can similarly expand the terms of

N
F2L 08U (F + 1,7 + 1~ Dok, Ui+ 1, +1)].

=1
Using the relation

308, 05]= %0,
all the terms for the coeffici_ents C, of (3.5) (with I
=!"+1 are reproduced. This time the sequence of terms

in the preceeding expression and those of C, in (3.5)
remain the same.

Assuming (3. 5) to be correct for I, we try for I +1
(' being fixed) and thus evaluate [A#, U*(j+1,j+1)].
By definition

(A8, U*(j+1,j+ D] =48, U(j+1,j +1 - 1)o%,,]
=[{A%, U‘(j+1,j+l—1)]0;‘,+U‘(j+l,j+l— 1)
X[A?"B’ 05”]

=[AfBUA(j+1,j+1=1D]o%,, + U (j+1,j+1-1)

N
x 2 [ogU(j + 1,5 +1' = 1)o%.,,.,0%,,]
1

.
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=[A2, UA(j+1,j+1-D]o%, +3U%(j+1,j+1-1)

]4»1
N
2 [cj,,o'M]U'(j’ +1,j + 1 = 1)0%,,.

j*=1

N
+ UG+ 1,5+~ 1) 25 o UNF + 1,5+ = 1)
=1

%[0 ,;.,0%,,]

=[Ap8, U (j+1,j+1-1)]o?

ta=UNj+1,j+1-1)
xo%,, 02, U{j+1+1,j+1+0 = 1)os,,. .

—U(j+1,j+1-1)0f, , U(j+1-0+1,j+1-1)

x01»10:+17 (3' 9)
where we have used the relation
dlog,o%]l=-5,.0%¢ (3.10)

Assuming the validity of (3.5), we can rewrite Eq.
(3.9) as

[Age, U(j+1,j+1)]
=C,0808, UNj+1,j+1)

+C o, U, )08,y q UG +1' = 1,5 +1)
+U Uz(]_ 1,])0"74_},_2[]2(]"*'1'—2,j+l)
+07,U - 2,]')0'?”,_3Uz(j+ UV=3,j++---

+07,. UG~V +3,4)08

i+2

UG +2,j+10)

+02, U=~ +2,))08,U(j+1,j+ D}

- CUAj+1,j+ Do UG +1+1,j+1+1' = 1)o8,, ;.

+UHG+1,5+1=-1)0%, UN(j+1+1,j+1+1-2)

j*l-1

X g8 +U4j+1,j+1-2)?

J+l+l’ -1 J+1-2

XU2(j+1+1,j+1+1 -3)° R

jerrpt-2

+UA(j+1,j+1-1"+2)0¢ UAj+1+1,5+1+1)

JHl=1' 42

X0?+u2}

-CU(j+1,j+1~-1"+1)0"

J+t=¥ +10]+l+1

-CUHj+1,j+1-1)0%, 1 08,07

FRI A BT

—CUA(j+1,j+1-10%,  U(G+I-T+1,j+1~1)

X05,,08,;. (3.11)

As C,=1, we have kept the second and third terms of
(3.9) as the first and the last terms in the bracket of the
coefficient C, of (3.11). All the other terms in (3.11)
arise from [Ags, U*(j+1,j+1—-1)]o?,,. The last two
terms of (3.11) cancel since

03,08

— e 3B z
i ja= =050

i+l
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and
U(j+1,j+1-1)08, (UG +1-1+1,j+1-1)

=U(j+1,j+1-1"07, .

We thus find only 27’ terms left in Eq. (3.11) which
are exactly those obtainable from (3.5) provided I is
replaced by [+ 1. Thus what is true for ! is also true
for 7+ 1 in (3.5). Hence the proof.

Proof of the general equation (2. 3): By definition

[Ags, A7 ]

=[ ;zEUYUZ(]‘*’l,]'*'l"l) ]+l]

N
=3 2H{lAp, ol (j+1,j+1-1)0%,,

j=1

+ol[AgE, U(j+1,j+1-1)]of

J+l

+alUE(j+ 1,5+ 1= 1)[Aps, 08, T (3.12)
We can see through (3. 1) and (3. 4) that each of the
commutator [A 2, ¢7] and (A, 05.;] produces ' +1
terms. Similarly it can be seen through (3. 5) that the
commutator [A88, U%(j+1,j+1-1)] gives rise to 21’
terms. We can further check through equations (3. 1),
(3.4), and (3.5) that, within the sum of the rhs of (3.12),
(I’ = 1) terms of the first line together with the (I’ - 1)
terms of the third line cancel with, (2I’ - 2) terms of the
second line. The effective contributions are from the
first and the (I’ + 1)th terms of [A$5, o7], the first and
20’ th terms of [A8, U*(j+1,j+1— 1)} and the first and
the (I’ + 1)th terms of [A38,05,,]. There are thus only six
terms left within the summation of the rhs of (3.12). We
thus write

[Age, AT 1= oA, + c®ATE,,

+ c"’Zozo U j+V,j+1-1)d,

FRM

N
+ Les ZEU;UZ(]' +L,j+1-1")0f,.4.0%,,
=

+1 Eoco
j=1

J»I’Uz(] +l’»] +1- 1)0141

N
-3 20U(j+1,j+1~ )0 05.405,. (3.13)
j=1
The third and the fifth terms in (3.13) are combined as
follows: Since

c®0% = 3(0 0] ~ 00 %),

zc‘”Zo, 8L UG+ 1, j+1~ 1)

J+l

N
+%Z Uju'U(]'*l’y]‘Fl-l)U}q
i1
N
=3 23(0f07 - 008 + 2070808, Ui+ U, j+1-1)0%,
j=1
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N
=4 Z}%{c}"o} +07)0t, U+, j+1-1),
-

= sa®"g EUJu Us(j+ 1 +1,j+1~-1)0f

—a“’GBA, s (3.19)
where we have defined
a®’=3(0%" +0%0%) =1, if a=v, (3. 152)
:O, if a#y,
Oy==1, iff=x, (3.15b)
=+ i; if ﬁ:/v’
and
a,B=y, ifa,f=x, (3. 15¢)
=X, if CY,B:}’.

The fourth and the sixth terms in (3. 13) can be _similar-
ly combined. They give the expression g8 6 A, yoe

Equation (3. 13) can, therefore, be written in the final
form as

[Agp, AT J=c87A, + c®0 A8, +a%70 ABY. + a9 AT,
which is Eq. (2. 3).

The structure constants ¢# or ¢®® are derived by
comparing Eqs. (3.3a) with (1. 4a), (1. 4b), (1. 4c), while
a® or a® and ¢, are obtainable from (3. 15). Hence the
proof.

IV. DERIVATION OF THE COMMUTATOR EQUATIONS
OF THE SET OF 4, OPERATORS

All the commutator equations (1.22a)— (1. 22f) stem
from the general equation (2. 3). This derivation is re-
stricted in the interval 1 =<' -1, However, we can
interchange the indices I and !’ and exploit the relations
(1.19) and (1. 20) to show that they also hold good for
1=<0'"=<l~-1, The case I =1’ is trivial. Hence the com-
mutator relations in (1. 22) are valid for any /,!’ > 0.

Example: Let a =f=y=08=x.
(2.3)

(A%, A% =

We have from Eq.

— AV AT

*v) (41)
=—iA, . ifl1sl<l -1

If we interchange / and I’ and use the relation

A =-Af,
then
(AP A =— A =+iAfY it 1<l <=1,
or
AT AT =—iAf) if 1<V <1-1, (4.2)
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Hence, combining Eq.

(A%, AF] = —iA gD

(4.1) and (4. 2), we can write:

for all [, > 0. (The case =1’ is trivial and is excluded
in these proofs). By suitable choice of o, 3,7y, and 8,
other relations in (1.22) can be easily derived.

The commutator equations in (1.23) are derivable
from (1. 22) if we further exploit the relations {1.9) and
(1. 19). For example,

[AjL A= 3AF AR +IAE) AR AP +IA(W]. (4.3)
When the commutator on the rhs of (4, 3) is expanded
and the relations in (1.22) are used, the value is found

to be zero. Hence, [4;:,A;"]=0.

V. DISCUSSION

The algebra of the A, operators has been used by the
author and Valatin' to diagonalize the symmetric and the
asymmetric vv Hamiltonians in one dimension, to di-
agonalize the partition function of the Ising model in two
dimensions in the absence of magnetic field. These
solutions were also arrived at by Lieb, Schultz, and
Maltis®” through the use of fermion and fermion quasi-
particle operators, Their method is however, beset
with some difficulties. The translational symmetry of
fermion operators are broken by the Jordon— Wigner
transformation.® In higher dimensions even with nearest
neighbor interactions, the Hamiltonian involves a poly-
nomial of fermion operators roughly of order 2N for a
system of N? spins. The translational symmetry can be
retained only if we consider operators which are com-
posed of an even number of fermion operators. It is
possible that because of these fermion operators, their
methods remain one dimensional in v model or two
dimensional in the Ising model, and an extension to
higher dimensions does not seem possible. The present
algebraic approach gets rid of the fermion operators.
Felderhof® has used the 4, operators to diagonalize the
transfer matrix of the zero field free-fermion model.
The author is at present looking into the possibility of
generalizing the commutator algebra of spin operators
in two dimensions which may lead to the solutions of xv
model in two dimensions and possibly the Ising model
in three dimensions.

'D.K, Jha and J.G. Valatin, J, Phys. A 6, 1679 (1973).
B,U. Felderhof, Physica 65, 421 (1L973),
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"L, Onsager, Phys, Rev, 65, 117 (1944),

“E. Lieb, T. Schultz, and D, Mattis, Ann, Phys.
407 (1961).

"T.D, Schultz, D,C, Maltis, and .11
Phys. 36, 856 (1964),

P, Jordan and E. Wigner, Z. Physik 47, 631 (1928).
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A nonlinear scalar field theory in isotropic homogeneous

space-time

J. A. Okolowski

221 Irving Street, Chester, Pennsylvania 19013
(Received 22 May 1978)

A classical nonlinear scalar field theory in isotropic homogeneous space-time of uniform negative
curvature is considered which admits a singularity-free spatially localized dynamically unstable solution.
The associated field energy is obtained as a finite positive quantity only for suitably restricted values of a
“size parameter” which measures the degree of spatial localization of the solution. The static flat
space-time limit of the present field theory as well as a physically appropriate limitation on the

magnitude of the field energy are discussed.

I. INTRODUCTION

With prescribed metric tensor components g,,, a
Lagrangian density of the generic form

L=3g"¥ W ~f, f=fg",¥), (1.1)
leads to the field equation
af
e P T R e (1.2)

for the admissible real scalar field ¥, In the presence
of isotropic homogeneous space—time geometry char-
acterized by the line element’

ds? = di? — R?| dx* + sinh®x (A6 + sin*8d¢?)], R=R(), (1.3)
the field equation (1.2) takes the form

0
! <R3 o 1_2 <sinh2x§'>

Rot\" 3l " sinh’x ox ax
1.4)
1 2 (. _av 1 v . of (L.
~ sinh’y sine[ae (Sme 89>+sin9 a¢>2}+R sy = O
which can be specialized to
13 Sa\p> 1 a<_2aqf> 2 f
B at(R 5% ) " smify 33 \SIhXm- JFREp =0 (1.5)

when the scalar field is spherically symmetric. The
latter field equation can be derived from the Lagrangian
density

. a~1r>2 1 [2%\?
L= 2<at ~arE\ay)
Consequently, the field energy (E) associated with a

static solution of (1.5) is obtained by evaluating the
functional

)y 1 [0\
E[W]=4rR? [ {-—=(5Z) +f(sink?
[¥]=47R Jy { 2<8x> }smh x dx

(1.6)

(1.7

at such a solution.

The purpose of the present work is to study the singu-
larity-free, spatially localized, static solution of (1.5)
for a specific classical nonlinear model field theory.

Il. ASOLVABLE NONLINEAR FIELD THEORY

For a theory based on the Lagrangian density (1. 6)
with

f== 0% = a2 W8, (2.1)
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and time-dependent parameters

o o [

expressed in terms of the positive, dimensionless con-
stants a,, a,, and a,, the field equation (1.5) becomes

12 (,,0¥ 13 (. a\p> .
R <R at)‘ Sih’x ax <smhx ox ) Y-t

- a, ¥ =0,

(2.3)

It is easily verified that the singularity-free static sol-
ution of (2. 3) is given by

20\1/2
Tolx) :<a_o> (sinh®*y + ¢)"1/2

1

(2. 4)

provided that a;,=1 and that the constant dimensionless
“size parameter” ¢ obeys the relation

— 4a2 -

o= (1 + 3ai> .

To compute the field energy (rest mass), Eqs. (2.1)
— (2. 5) are substituted into (1.7) with the result

(2.5)

(2.6)

Q(U)Zgl /2(1 _ 0)-3/2(1 _ 20)tan"1<l _0>1/2
’ (2.7
+0o(1 - 0)™ (40 - 3).

A physically admissible, positive field energy exists
only if 0 <o <0,=0.142, the quantity o, being the root of
@(0)=0 on the interval 0 <o <1, Therefore, (2.5) leads
to the inequality

1-0
o, > §<~—4> al, (2.8)
UO
Furthermore, from (2. 6) and (2. 7) it follows that
E< (0. 150)Z—R, (2.9)

1
the maximum value of the field energy occurring when
g=0.036, hence,

E £(0.150) 2. (2.10)

9 _E
R "R )
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Thus the requirement o, > 1 ensures that

a condition necessitated by our tacit assumption that the
field does not significantly alter the prescribed space
—time geometry. In the limiting case of small particle
sizes {0 < ¢,), the field energy

EZE{E((%)”ZR (2.11)
exists as a quantity independent of «;.
Under the coordinate transformation

¥ =7, Sinhy (2.12)

with ¥, a positive constant having the dimensions of
length, ? the solution (2. 4) is transformed according to

-~ 2 2 1/2
wc,(x):wo(r):(—a%) (% + 7o), (2.13)
1
which takes the limiting form
1/2
¢O:¢O(v)=(3§) (r2+ 2)/8 (2.14)
1

by virtue of the limits »,— <, c— 0 performed in such a
way that the product »Zo remains finite and equal to an
arbitrary positive constant Z. In the static, flat space
— time limit (3, —~ = ,R/¥,~ 1), it follows that (2.14) is
the static, particlelike solution of the field equation

ﬁ_li(,ﬂ@)_&yf 5
o or av/) 4z
in conformity with a previously investigated, Lorentz-

invariant classical field theory?® of which the present
work is a generalization.

(2.15)

IHl. DYNAMICAL STABILITY

Let us now consider the dynamical stability of (2.4)
when the perturbed solution is given by

£(x)

= + .
B, ) =¥+ 2 (1), CRY
in which the function n(f) satisfies the equation?
. 3R, B
g 1+ gEn=0, (3.2)
together with the initial conditions
) =1, () =0. (3.3)

Moreover, the dimensionless constant & appearing in
(3.2) may be either purely real or purely imaginary,
and

LEQO

< |W¥ >
sinhy < | o(X)|, for x > 0.

The result of substituting (3.1) into (2.3) and retaining
only terms linear in £ is the eigenvalue equation for %2
and £,

£ (X) + F(x) &) + £ £(x) =0, (3.4)
where
2254 J. Math Phys., Vol. 19, No. 11, November 1978

60 15¢(1 - 0)
(sinh®x + o)  (sinh®x + g)?

F(y= (3.5)
Equation (3.4) must be supplemented with the appropri-
ate boundary conditions for a singularity-free, localized
perturbation

£(0) =0, lim[ £ ]:o

X sinhy

3.6

That the 2 =0 solution of (3.4) with the boundary con-
ditions (3.8) has at least one zero for x> 0 follows from
considerations based on the function

0% s o) oty o <7 0.0
in combination with the differential equation
u’ (x)+ GO u(x) - 4u(x) =0, (3.8)
which admits the solution
u(x) = (sinh®x + o) /2 sinhy, 3.9)
subject to the boundary conditions
1#(0)=0, lim u(x)=0. (3.10)

X = e

Hence, we infer® the existence of an essentially unique
solution of (3.4) with no nodes occurring for positive
values of x; the associated minimum, negative eigen-
value %? having —4 and 9 - 15/0 as upper and lower
bounds, respectively. Because k is purely imaginary,
the perturbation term in (3.1) increases with time® in a
dynamically unstable manner.

To caleulate the approximate minimum value of %* we
employ the Rayleigh— Ritz procedure. For this purpose
it is convenient to introduce the new independent and
dependent variables

p=cosy{ol/2(sinh’x +0)"*/?coshy}, (3.11)
w(p) = (cos®p — o)/ 2&(x).

By means of the latter quantities (3.4) is transformed
to the equation

o(l-0)({1 + RF?)w(p)

0< p<p,=costo)t/2,

60w (p)

"(p) + +186 =0
«" (p) (cos?p —0)? (cos®p-0) 16w(p) ’(3 12)
which leads to the variational principle

2= 22 [P0) \1(0)2 _ M__ 2‘
672=0, v —fo {w v) (o5’ — o) 16w(p)l dp, (3.13)

contingent upon the normalization condition

%0 w{p)dp

y Gosty a7 =1 (3.14)

the boundary conditions

w(0)=w(p,) =0, (3.15)
and the definition
y2=g(l-0o)(1 +£2). (3.16)
We choose a trial function of the form
1/2
w(p)=<2> (coszp—o)<asinle+bsin ZTT_P>’ (3.17)
Po Po o
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o

FIG. 1. The approximate value of (- k20)*/? as a function of o
for the lowest eigenvalue #2,

where a and b are variational parameters constrained by
(3.14) to satisfy a® + b2=1, By minimizing the result of

2255 J. Math Phys., Vol. 19, No. 11, November 1978

combining (3.17) with the definition part of (3.13), and

then using (3.16), we obtain the relation shown in Fig.

1. Finally, we have
lim(- %%¢)/2=1.88,

o0

(3.18)

Units are chosen such that the constant of gravitation and the
speed of light in a vacuum are both equal to unity.

R, Adler, M. Bazin, and M. Schiffer, Itroduction to Gen-
eral Relativity, (McGraw-Hill, New York, 1975), 2nd ed.

p. 406,

3G, Rosen, J. Math. Phys. 6, 1269 (1965).

{In what follows, we assume that R(¢) is a continuous function
of time for ¢ =,

SFor example: R. Courant and D, Hilbert, Methods of
Mathematical Physics (Interscience, New York, 1953), Vol.
I, p. 458.

G. Birkhoff and G. -C. Rota, Ovdinary Differential Equations,
(Blaisdell, Waltham, Madss., 1969), 2nd ed., pp. 39—41.
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Energetically stable systems
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(Received 5 April 1978)

For quantum systems as well as for classical continuous systems energetic stability is defined. It is proved
that stability, supplemented with a cluster property, characterizes equilibrium states.

INTRODUCTION

Recently Pusz and Woronowicz® considered an equi-
librium condition for quantum mechanical systems
called passivity.

It is the aim of this paper to introduce what we call
energetic stability which is weaker than passivity but
nevertheless yields the same results as far as equi-
librium is concerned.

In Sec. I we define energetic stability and prove that
it is implied by passivity for general quantum systems.
We prove that energetic stability also implies a corre-
lation inequality which together with some cluster pro-
perties yields KMS states or equilibrium states.

In Sec. II we treat the continuous classical case. The
setup of the classical dynamical system is inspired by
the one given by Pulvirenti’ where dynamical stability
is discussed. We only give a formal discussion of the
perturbed dynamics and start the rigorous discussion
from the correlation inequality in order to avoid un-
interesting technical conditions. The derivation is the
classical analog of the one given in Ref. 1.

I. QUANTUM SYSTEMS

In Ref. 1 one starts from the pair (4, @ whereA is
the C*-algebra of observables and a:{at}teR isa
strongly continuous one-parameter group of automor-
phisms of A describing the time evolution. If x € A
such that the limit

1
lim 7[% (%) = x]=8(x) (1)
exists, then x € /J(8), the domain of &, the infinitesimal
generator of the group @. Pusz and Woronowicz con-
sidered the system as no longer closed but acted upon
through a perturbed dynamics o" satisfying

daj (x)
dt

where {%,},c(o,r is a differentiable family of self-
adjoint elements of A4 such that z, =0 for # #[0, T]. A
state w on A is called passive if the work done by the
external forces is positive.

= of[o()] +iak([ny, x]), af(¥) =x, (2)

In Ref. 3 the relation of this passivity condition with
open thermodynamical stability is discussed.

The main idea of the present paper is to investigate
the consequences of the energy change under the in-
fluence of a sudden (at time #=0) external local per-

a)Aspirant NFWO, Belgium.
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turbation 7< A of the original dynamics. Then we let
evolve the system in an isolated way, analogous to
Ref. 4. In contradistinction with Ref. 1 where the
perturbation %, as a function of ¢ is arbitrary, we
consider its natural evolution, given by

By = (B), t=0. (3)
The energy change in the time interval [0, t] is then

t
d a(h)
AE(t) :f ds w [a’s' (*7;—(-” s (4)
0
where of is given by (2) [expression (4) is formally

equivalent to Ref, 1, (1.8)].

Now we express the tendency of the system to evolve
to a stable position and introduce the following notion:

Definition 1.1: A dynamical system (4, o, w) is
called energetically stable if for all h=nm* c A n [)(6)
and all e [0, €], €>0,

AE(t) <0. (5)

Notice that this condition expresses the fact that the
energy of the system does not increase, which is a
natural thing to ask for a stable state. We speak about
energetic stability because the system is considered
to be thermally isolated (compare with Refs. 5—17).
Note also that passive states’ are defined by an inequal-
ity like (5) but with the opposite sign.

For t> 0 and any h=* ¢ A N /(3) define
Ut =1+ Zl (" )" fOZt ds; j;)s;l dsZ ot fos"-l dsnasl(h) e asn(h)y

n=l

(6)

where the sum and integrals are in the uniform sense.
Note that U, satisfies:

(i) Ue An8), UrU,=UUf =1,

(ii) %%Z—iau(h)(]t: Ui=1,
(iil) (X)) =U¥a,(x)U,, xe€A.

Now we have,

Theorem 1.2: The dynamical system (4, @, w) is
energetically stable if and only if for all £= 0 and
h=n* e A n(5)

w (U;" g Ut> >0, (7

where U, is defined by (6).
Proof: As in Ref. 1, by partial integration we obtain

AE(t) = wl ooy (h)] - wih) - [ ds w[ofoah)].
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Hence
AE() = o UF ay, (W) U, ] = w(R)}. (8)

First suppose that the system is stable, then due to
the continuity of / ~ w{a(da,(h)/dt]} we have

w[6(h)}] < 0. As this inequality is also valid for & re-
placed by —#, w[6(k)}]=0, yielding the time invariance
of the state. Using this invariance, we get

(U[U’; agt(h) Ut]— w(h):w[](z‘)]— 2w (U’; —? Ut> y

where
26
I =Uf (7 U + [y (h), Ut]> .

Using (ii), one derives

dw[I(1)]
dt

Hence w[I(f)]=«[I(0)]=0, and (8) becomes

=0.

1

Therefore, stability implies (7).

Conversely, suppose that (7) holds. Then the above
computations can be done in the reverse order if we
prove that the time invariance holds. But this is easy
from the Taylor expansion of U,,

Uy=1-int+0(). =

According to Ref. 1, Theorem 2.1, a system is
passive if and only if w(U*(8/7) U)= 0 for all Uec Uy(A)
N D(8), where Uy(4) is the connected unity component
of the group of all unitaries of A4 in the norm topology.
We have:

Corollary 1.3: A passive system is an energetically
stable system. If the system is energetically stable,
then for all h=r* e An (),

w (h g h) >0, (9)

Pyoof: 1t is clear from (6) that for all = 0,
h=h*c AN O8), and also U, e Uy{A)n [(8), therefore
the first part of the corollary follows from Theorem
2.1 (Ref. 1). The last statement follows also from
Theorem 2.1 (Ref. 1) using again the Taylor expansion
of U,.

As the inequality (9) is the only condition used in
Ref. 1 to derive the KMS condition from passivity, we
can formulate, among others, the following result.

Theovem 1.4: Let (4, @, w) be an energetically stable
system and let {7,},cc be a locally compact amenable
group of automorphisms of A commuting with @ such
that (weakly clustering)

Ml (0]} = wlx) w(y), x,veA,

where/li is an invariant mean over the group G,
then either

(i) w is a KMS-state for some inverse temperature
B=0, or

(ii) w is a ground state. ®

2257 J. Math Phys., Vol. 19, No. 11, November 1978

1. CONTINUOUS CLASSICAL SYSTEMS

Consider (K, w) a Lebesgue probability space, where
K stands for the phase space, w for the state or mea-
sure. Suppose there exists a self-adjoint algebra A
(s.a. with respect to complex conjugation), which is
dense in/ 4(K, ) and on which a Poisson bracket is
defined, i.e., a bilinear map {-  *} of A XA into
[ 1(K, w) such that:

W {nat={77, f.ecA ( means conjugation),
) {fet=-1a st figeA,
Gi1) {rg, nt=rlg mt+elrnl, fog,neA,

(iv) the sesquilinear form f, gc A - w{ 7, g}) defines
an essentially self-adjoint operator / on A,

(* ,*) denotes the scalar product on [ 3(K, w). There
exists a subset 8 of A of essentially bounded functions
such that A is a core for L . Furthermore we suppose

that exp(-/2/2)8 < 8.
Finally we suppose that

(v) there exists an automorphism / for the algebraic
structure of A and that ° =1, IF =If, I1{f, gt =-{If, Ig},
I(B)<C B, and that I extends to a unitary operator on
[ (K, w) I=time reversal).

A system (K, w, A, {* ,°1) with the properties
(i)—(v) is called a classical physical system.

Now we introduce the dynamics. Suppose we are given
a derivation 8 of 4 such that

(@) for all f e A, a,(f)=3,.,(f"/nl) 6 converges in
L:(K, w) to a strongly continuous group a = (a,), & of
* automorphisms of 4 and such that A is a core for 6.

(BYVitcR, Vf,gcA:alf, gt={af, a.gh
YicR, lo,=a_l.

Although conceptually clearer, the condition that
exp(-/?/2)8 <A, might as well be replaced by
exp(—-#%/2)3 <A, which is perhaps easier to check
in applications. In the free one-particle case, for
example, one can take the Cg functions for 4. That A
is left invariant under exp(- #%/2) is easily shown us-
ing the Paley—Wieners theorem.

A system{K, v, A,{- ,+}, a} with the properties
()=(v), (), and (8) is called a classical dynamical
system. Such a system is called a KMS system if there
exists a constant 8 > 0 such that for all f, g€ 4 : w{ £, g}
=-Bw(fdg).

Modulo some other conditions on the dynamical sys-
tem we could now proceed in the same way as in the
quantum case introducing a perturbed dynamics. We
will not do that but immediately define energetic stabil-
ity as follows by a correlation inequality (cf. Corollary
1.3.).

Definition 2.1: A classical dynamical system
{K,w,4,{-,}, o} is called energetically stable if for
allhe A:

(1) «[86()]=0 (time invariance), (10)
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(i) w{m, s(W)) =0, (11)

Nevertheless let us sketch formally how we proceed
from the perturbed dynamics. For k=T, (2) becomes,

& b= abor+{fnd), abn=s,

where i, = @;(h). A formal solution is given by
o =exp(20 +{-, K}t exp(- &/).

The energy change is then given by formula (4). Imply-
ing the stability as in Definition 1.1 yields first that

W[b6(r)]<0 forallh=he A,

hence w[6(#)]=0 (time invariance of w) and then

ﬁ w(a[8(h) D |,.0 <0,

implying w({n, 6()}) = 0.
Now for arbitrary i we get
wlh, @ + X, s} = 0. (*)

Using the time invariance of w,
d d -
0= ar wladn, M= q w{a;h, ath})‘ t=0

= w{ 6n, B}) + w{n, 67}, (%%)

Combining (*} and (**) we get the conditions of 2.1,
Notice that for any KMS system (11) is satisfied; indeed

w({7, 5n}) =Bw(|8k|*) = 0.

Let us now proceed with stability as in Definition
2.1. The state is time invariant, hence there exists
a self-adjoint operator #/ on/,(K, w) such that for
feA,

o, f=U, f=explitH) f, of =iHf.
Using (iv) the inequality (11) becomes, for all he A,
(L h, Hn)=0. (12)

Lemma 2,2: The operators / and // commute strong-
ly if the system is stable.

Proof: The time invariance of w yields
wla, f, &) =wl 7, a, gb.
Using (iv) one gets
(LU, f,8=(U.L ], 8.
As A is dense in [ 5(K, w),
LU f=ULS, feA.

Again, as A is dense, / as well as U_ /[ U, are essen-
tially self-adjoint and [/ =U_ [ U, and the lemma
follows. =

As [ and / strongly commute they have a common
spectral decomposition written as,

Hzﬁth €dF(€’ A); L = f)‘?x}i )\dF(€, /\).

Lemma 2. 3: For a stable system the joint spectrum
o(#,L) is contained in{(€, ») e R*lex > O},

Proof: Take the bounded continuous function

2258 J. Math Phys., Vol. 19, No. 11, November 1978

exp(- x*/2), xe R. Then from (iv) for all h €5
~exp(-L%2)he B.

From (11),
(L exp(~L*/2)h, H exp(-L?/2)h)> 0.
By Lemma 2.2,
(L exp(-L5n, Hi)=o0.

It is clear that / exp(-/?) is a bounded operator. As A
is a core for #, it follows that for all ¥ J(H)

([ exp(=LBu, Hv) =0,

The joint spectrum of /. exp(-/?) and A is given by
(xexp(- ), ¢) ¢ R® such that Aexp(- X*) €> 0 or
€rAx0, B

Lemma 2. 4: For a stable system the spectrum
o(#,[ ) is symmetric with respect to the origin, i.e.,

it (¢, Ve o(H,[), then (—€, =N e olH,L).

Pyoof: From condition (v) on w, it follows that
&+ I=w. Therefore, for all f,gc A

wl £, 8D = - w{If, Ig}).
By (iv),

(LF, &) ==(LIF,Ig).
Therefore,

1=~/

Analogously, from condition (8) on the evolution,

(f, gy =f, a4lg), f,gcb.
After differentiation at /=0,
(f,He)=-UrHIg).
As A is a core for / and IH1,
IHI=-H. & =

Now we are in a position to formulate the final result.

Theorem 2.5: Let{K, w, A,{-,"}, a} be a stable
dynamical system and let G be a locally compact
amenable group 7 of *-automorphisms 7,, gc G of A
commuting with @ and such that 7, { £, i} ={7, 1, 7,1}, f,
heA. Assume that w is weakly clustering for 7, then
either:

(1) the system is a KMS system for some B> 0, or
(ii) the system is a ground state (# =0).

Pwvoof: Under the condition of the theorem, we are in
the situation of Proposition 4.2 of Ref. 1 and we get
that the spectrum o(#,/) is additive. In view of
Lemmas 2.3 and 2. 4 the spectrum is on a line passing
through the origin, i.e., (¢, N e ol(H,L): 2= pe with
some finite B= 0 and [ =B/, we get a KMS system, or
the line coincides with (}, 0), e R, The latter case
corresponds to A/ =0. ®

Note that we defined w to be a ground state if
w(f8g) =0 for all f, gc A, or equivalently // =0. This
is motivated by the KMS relation
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5L, gh =- (o)

and letting 8 tend to infinity.

Let us discuss here the example of the ground state
of infinitely many free particles.

Consider for K the classical phase space of infinitely
many particles: x € K is given by x=(x;lieN), x;
={q,, p;) € R* satisfying the local finiteness condition
and let W(5, fc [ (R¥), be the classical Weyl operators
(for more details see Ref. 8), Take the Hamiltonian

H(x)=2 b}

inducing a quasi-free evolution
a, W(f) = W(exp{¢L) f),
where Lf={ £, p%.
Consider the state

wy [W(A]=explp [, (explifig, 0)) - 1) dg]

corresponding to the ground state of infinitely many
free particles with density p. Then consider (K, wol,,),
the Lebesgue probability space induced by the state
wy .. It is easily checked; this space satisfies all con-
ditions of a physical system except (iv).

On the other hand, the state wy,, is clustering for the
automorphism group of space translations. Further-
more w, , satisfies the stability condition, i.e., for
arbitrary (A,-),-ﬂmu,,, A; complex numbers and
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(f)ia,... m» f1 € DIR®) we have
o, 82 MW(A)L{ 2 M WLA), HY)

=2p El, Ren @ (WA - 5]
k,

X f(eXP(ifz) Z—};’ exr>(—t'ﬁ.)%>(q, 0)dq.

Notice on the other hand that
o[22 MWRILZ MWL), HE] =0

yielding A/ =0.
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Relativistic quantum kinematics on stochastic phase spaces

for massive particles®
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It is shown that to every Galilei-covariant nonrelativistic stochastic phase space representation of a system
of massive particles, whose generator is rotationally invariant, corresponds a Poincaré-covariant relativistic
representation sharing the same generator. The stochastic phase space probability densities of the two
representations overlap in the limit of nonrelativistic velocities in the laboratory frame. The relativistic
representations give rise to covariant and conserved probability currents at stochastic space-time points,
in complete analogy with their nonrelativistic counterparts. This parallelism extends to the existence of a
global representation of the proper Poincaré group in L %(T"), which is reduced by each subspace of L %T)
spanned by the set of phase-space wavefunctions generated by some stochastic phase space representation

of all pure states of the system.

1. INTRODUCTION

The concept of phase space has not, as yet, received
as much attention in the context of quantum mechanics
as it did in classical mechanics, due to the uncertainty
principle which prohibits the simultaneous infinilely
precise measurement of position and momentum. How-
ever, the concept of sfochastic value for a set of non-
commuting observables makes possible the introduction
in quantum theory of the notion of probability distribu-
tions on stochastic phase spaces consisting of stochas-
tic points which are not sharp but spread out to an ex-
tent that is in keeping with the uncertainty principle.
The resulting theory (cf. Ref, 1 for a review) has a
physical interpretation which is entirely consistent with
the conventional one, and helps to bridge the conceptual
gulf between classical and quantum statistical mechanics
in the nonrelativistic context.

The concept of stochastic phase space was introduced
also in relativistic quantum mechanics? in a manner that
was consistent with the Newton—Wigner concept of
localizability of relativistic particles, i.e., by assign-
ing to one-particle states probability densities which in
the limit of infinitely sharp position measurements
coincide with those proposed by Newton and Wigner.
Naturally, since the Newton—Wigner probability density
is not Lorentz-covariant, neither are the densities
introduced in Ref. 2. In fact, no probability density in
configuration space alone can be expected to be a
relativistically covariant object, since configuration
space volume is not a frame-independent entity. How-
ever, the local rest-frame volume® in the phase space
T is Lorentz invariant,? and this opens the possibility
of introducing into the quantum context stochastic phase
spaces on which one can define covariant probability
densities.

3

In purely physical terms, we carry out this task by
setting up a cohervent arvay of elementary detectors®
9(x{m) at all points (g,p)= RIx /'™ where ¢ =1, q) is
a space—tune point, and p = (po, p) lies in the forward
mass hyperboloid

Asupported in part by a research grant from the National
Research Council of Canada.
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V= {(p% o) [p" = (" + mPcH

The procedure is, in operational terms, exactly the
same as in the nonrelativistic case,5 except that we use
the proper Poincaré group /7, instead of the Galilei
group to relate the confidence functions of the elemen-
tary detectors in a state of motion in relation to the
laboratory frame of reference to those of detectors
that are stationary in that frame.

(1. 1)

We begin with an origin-based elementary detector
9(x{m) whose triggering signifies the presence at time
/=0 of a particle of mass » within the volume a of the
phase space I’ =R® with the probability

/ X§7g (%K) dxdk. (1.2)

Here we assume, as in the nonrelativistic case, that

X, k) = x5 )55 k), (1.3)

fxpmax= [ kK dk=1, (1.4)
£ B

and since for any 4-vector p= [/ the zeroth compo-
nent is a function of the 3-vector p, we consistently
suppress it in indexing of the confidence funetions Xim)
with which we shall be dealing.

An equivalent but more compact way of describing
the role played by this origin-based elementary detector
would be to say that J(x{J) is supposed to detect at the
instant /=0 the presence of a spinless particle of mass
#7 at the or 1gin centered stochastic phase-space point
(0;x50) % (0;3'5>) whose confidence function in phase
space is \‘8”(x)x""’( ).

By taking ¢(x(") and translating it in space—time to

the point ¢, we obtain the (¢;0)-based detector §(x7p)
which fulfils the function of detecting the presence at
time t=¢%/c of a particle at the (g, 0)-centered stochas-
tic phase-space point (g, x'?’)x (0, X'7’), whose con-
fidence function in phase space is

(1.5)

0 K) =P x-q)x ' k).
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To obtain ¢(x\%)) at the general point {g;p) from B!
x|/ we consider an inertial frame that moves in

relation to the laboratory frame at the speed u corre-
sponding to the 3-momentum p,

p=mu(l = v?/c?)-1/? (1.6)

and whose origin coincides with that of the laboratory
frame at both the laboratory time ¢t =0 and its proper
time #' =0. Thus, if we denote by A, the pure Lorentz
boost® from this new frame of reference to the labora-
tory frame, and write

¥ =N, B =AR, 1mn

we shall have®
2\ -1/2
u-x u
0=y <x0"T) , y= <1_ET) , (1.8)
x =x-u(x° ye” xou ) ye! (1.9)
= -7 e ye™, .

so that x’=0 for x =0, whereas k=) for k’=0 and &}

=mc. By taking duphcates of the elementary detector
9(x7) and attaching them to various space points q’ at
various times /' =¢’%/c in this new inertial frame of
reference, we obtain ¢(x!7}) by a procedure identical to
the one previously carried out in the laboratory frame,
However, in keeping with the special relativity principle,
the observer who is at rest in the laboratory frame
obviously has to identify J(x(7p) with 9(x\7). where
q¢=A7;'¢’. The characteristic function x;,";,’ (x, k) which he
is going to obtain when the accuracy calibration™? of
this elementary detector is carried out in the laboratory
frame has to satisfy the equation

X mhx, k), (1.10)

(1-~0—0—1]:'£ ) X (o, k) =

where x = Ax’, with xg=g¢{, and k= A,%’. The factor on
the lhs of (1.10) represents the Jacobian implicit in the
change of variables of integration due to the trasition
from the rest frame of the detector to that of the
observer,

dx’ dK' = ( k—'%) dxdk = (1_1"") dxdk,  (1.11)

i kp
and takes care of the normalization of x(”"(x, k) with
respect to T'=R%, It should be noted that since simulta-
neity in the rest frame of the elementary detector does
not imply in a relativistic context simultaneity in the
laboratory frame, the observer stationed in this last
frame has to carry out the accuracy calibration in such
a manner that a positive reading of 9(x{"') should
signify the presence of a particle in the infinitesimal
phase space volume dxdk around (X,K)c I with the
“preponderancy” x{% (x, k) dxdk (cf. the Appendix) not at
the instant qo/c of the reading, but rather at the labora-
tory time x%/c, where

O’ =¢"+ clu-(x - q). 1.12)

With the resulting coherent array of elementary
detectors the observer stationed in the laboratory frame
can measure probability densities in the stochastic
phase space
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rim (1.13)

={(q,p pek’}

at all instants ¢ = qo/c Indeed, since x 7 in (1.10) is
independent of ¢§, it follows from (1. 5) and (1. 9) that the
confidence function measured at any fixed momentum p
by an observer stationed at the point q in the laboratory
frame is actually independent of ¢°. In fact, we can
easily compute from (1.9), (1.10), and (1. 12) that

X3 (%, k) = (1—*5—”1:;’) ‘o”[ —q+ B9 q)]
pk

p° +2mc
XX [k__n% (ko'p°+mc)]

In sec. 2 and 3 we show that we can associate with
every nonrelativistic extremal stochastic phase-space
representation of the quantum mechanics of a single
spinless particle a corresponding relativistic represen-
tation having the same generator® gy o(k), and that this
representation gives rise to a relativistically covariant
probability amplitude 3, (z;p) on I'‘"’ for every pure
quantum state if and only if &g ¢(k) is rotationally invari-
ant; furthermore, the probability density associated with
each such amplitude becomes approximately equal to
its nonrelativistic counterpart of momentum p=mu
provided the confidence function xq’"(x k) has a suffi-
ciently narrow spread in the momentum variable K.

(1.14)

In Sec. 4 we show that a covariant and conserved
probability current /() can be associated with the prob-
ability density !¥,(g;p)1* by the method employed also
in the nonrelativistic case.

In the concluding section we discuss the import of
these results on the concept of localizability of a
particle moving at relativistic velocities. We also show
that, in complete analogy with the nonrelativistic case,
the set of phase-space wavefunctions assigned to all
pure states of the system by any stochastic phase space
representation spans a closed subspace of L*(I') in
which a globally defined representation of 7, induces an
irreducible representation.

Not to lose sight of the essential physical features of
the problem under consideration, we concentrate
throughout this paper on the case of extremal represen-
tations for pure states of a spinless single particle
system, where the particle is assumed to have a non-
zero rest mass. The generalizations to mixed states,
to nonextremal representations, to many-particle free
systems and the inclusion of spin are all a matter of
routine, and do not warrant special consideration. The
case of mass zero particles poses, however, special
problems, and will be dealt with separately in its own
terms in a future paper.

2. COVARIANT PROBABILITY AMPLITUDES ON
STOCHASTIC PHASE SPACE

In nonrelativistic quantum mechanics for a single
spinless particle, the extremal phase-space represen-
tations were obtained® by associating with the (q, p)-
based elementary detector a normalized state vector
€q,p SO that

Xa®) = [eq,y®) |2, Rp) = |2 (k) |2, @2.1)
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o, pK)=n"3/1 fexp (—%qex> eq,pX)dX (2.2)
where ¢4, Was related to &g ¢ by a ray representation
U(q, p) of the group of pure Galilean transformations
(i.e., coordinate translations and velocity boosts),

Eq,v =U(q, P)go, 0. 2.3)
The probability distribution on the stochastic phase
space

T, ={(q, xJ) % (p, x) |, p= B*} 2.4)
associated with the density operator p was

pla, pe) =h(eq,5 | peq, o) (2.5)

where {*I*) denotes the inner product in L? (R®).

The existence of a density operator gy ¢ that generates
a nonrelativistic stochastic phase space representation
[and which, in an extremal case,’ equals !eo o>(eo o!
where eg, g gives rise to an e, , that satisfies @. 1) 2.3)
and (2. 5)] turns out’ to be a necessary consequence of
the conditions of covariance under the Galilei group that
were imposed on the stochastic phase space probability
density p(q, p;e). The existence of the generator Zo,9 in
turn implied marginality conditions that related p(q, p;e)
to the conventional probability densities (g !p!¢) and
(p!p!p) in position and momentum, respectively. For
such a result to hold it was crucial that the confidence
functions xq and X, at the point (q, p)e I' were the out-
come of rigid translations of the confidence function g
and Xg at the origin:

Xa (%) Xo (K) = Xo(k — p).

The principal aim of the present section is to carry
through as far as possible the same program in the re-
lativistic context. Thus, we shall assign to the state-
vectors of a spinless particle probability densities
p,(g;p) which transform as scalar quantities under the
action of 2;, and which (in a sense to be made more
precise later) are well approximated by their nonre-
lativistic counterparts p(q, p;e) when the measurements
are performed with the subset of elementary detectors
from the coherent array described in the Introduction
that move at nonrelativistic speeds in relation to the
laboratory frame. It should be realized already at this
stage, however, that since the confidence functions of
this array of detectors are not congruent, ® no margin-
ality conditions can be expected to hold in a strict
sense. % Indeed, by (1.14)

X7 (%, k) = (1_%}%) 3( _,zf_)T

=xp(x-q), (2.6)

2 A;1k) ,2.7)

and according to (1.6) and (1. 9),
Ay Yy wk) u?
Al’k—k—p<y_—1+ym> -—k—p+o(;2'), (2.8)

so that there is congruency in the sense of (2.6) to an
approximate degree if and only if u?/c? <1 and £ = me.

Consequently, as a leading principle we adopt the
requirement that the relativistic formalism on each
stochastic phase space (1. 13) should be approximated
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by its nonrelativistic counterpart in (2.4), where the
correspondence between these two stochastic phase
spaces should result from the usage of one and the same
coherent array of elementary detectors in both cases.
The distinction between the two cases lies therefore
eXclusively in the assumption as to which group of trans-
formations— Poincaré or Galilei—applied to the array
of stationary elementary detectors will reproduce the
correct confidence functions of those elementary
detectors that are in a state of motion in the laboratory
frame. This means, however, that in its own rest frame
each elementary detector 9( xf,f"’ had undergone one and
the same accuracy calibration regardless of whether it
was intended for use by relativistic or nonrelativistic
observers-—the difference between these two types of
observers reflecting only the differences in their per-
ceptions of this calibration once they move to some
other inertial frame. Thus, if primed variables refer
to the rest frame of ¢(x\%), then the confidence function
associated with this elementary detector assumes in
that frame the form of a product of the two functions
appearing in (2,1), namely,

X &) = | eq, o) |? |2, oK) |? (2.9)

where &¢,0(k’), and therefore also

Cq, o) =1/ feXp (% @ -k') Ze, olk’) K’

are normalized elements of L*(R®), and where according

to (2.3)
eq,0lX ) =eq o - q'). (2.10)

Hence, by (1.7) and (1. 10) we can write

X7y (, k) = < —ﬂ,f;f )“leo,em;?x— A5q)[* 2o, ol ATK) [
(2.11)
provided we set e, o(x) =eg,o(x) for all x' =R,

In the relativistic case, the pure states of a spinless
particle can be described in the momentum represen-
tation by normalized functions zp(k) from the space

L% (R®) with inner product
@y 3) = [ 91 Ry () dps (K), (&* +mlc?) R k.

(2.12)

dp.k)=

In L% (B?) the representation of the restricted Poincaré
group /2, is
(040, A7 00 =exp (552 ) #(a"W),

and therefore the time evolution of each state of the
system is described as follows:

(2.13)

-

Di00=exp (~gal) 300, #° =ct. 2. 14)
Our aim is to assign to {AJ,ﬁJ an amplitude ¥,(z;p), ¢°

=ct, that transforms as a scalar under the action

of the Poincaré group, i.e.,

(Ua, M), (q;p) = ¥, (A" g - a); A-'p) (2.15)

for all Ae P,, and is such that
po(g;0) = |, (g;p)|? (2.16)
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is a probability density, which for small velocities u,
i.e., for p=mu, and X7 (x,Kk) sharply peaked around
p in the variable X, p,(g;p) becomes approximately

equal to (2.5). More precisely, we require that

“ n 2
Pela;p) =h% | {eq,p U,w>|2+o(‘z‘f> , (2.17)
(a,p| ¥y = (mc) 2 [EF (D (k) k. (2.18)

The appearance of (mc)!/? in (2. 18) is due to the fact
that, according to (2.12), in the relativistic case (k)
is a probability density not with respect to dk but
rather with respect to

| 2

2
(m*c? + k) ik = (me)! [1+o(§7)] dk, (2.19)

where v denotes the 3-velocity associated with k.

At p=0 in the laboratory frame, we can satisfy (2, 17)
if we adopt

3o(ct, @;0) = neh™)? (38 @) (0,9 W du(k)  (2.20)
as the sought-after probability amplitude—the choice of
the measure du (k) on momentum space being dictated
by the requirement of relativistic invariance. Since all
inertial frames of reference should be equivalent with
regard to measurements performed in identical manner
in relation to each one of them, (2,20) should hold also
in the rest-frame of the detector 9(x\™)), i.e., we
should have

Vet qs0) =h""2 [ 2% o(k)NI) du k'), (2.21)
where we have set by definition
&rs0’) = (me) P exp (;— Q6k6> e, 0’), (2.22)

and ¢’ (k') was obtained from J(k’) by applying to it
U(0, A7) in accordance to (2. 13),
) =D(0K) = D(K). (2.23)
The probability density p,{g;p) measured with J(x.%)
in the laboratory frame equals the density p.(g’;0)

measured with ¢(x;7)) in its rest frame at ¢’ = Ajlq.
This is consistent with the choice

belg;P) =15(q";0), q=Ay’, (2.24)
which, combined with (2, 21) and the definition

2o =2,,0(AK), (2. 25)
leads to the expression

Velg;p) =n""? [ 83,00 (K) dia (k) (2. 26)
upon noting that du(k’) =du (k).

According to (2. 2) and (2. 3),
eq,0(k) = exp (—%q -k) €9, 0(k). (2.27)

Let us insert this expression into (2. 22) and use the
result in (2. 25). Since ¢’ . %' =g.%, we obtain
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2nlk) = (me)/ * exp (—h_l—q . k> 'éo'o(A'gk), (2.28)
which in view of (2.13), is equivalent to
2yp= (mc)”zU(q, A,)éq, 0. (2. 29)

The functions ¢,(q;p) defined in (2. 26) are our candi-
dates for probability amplitudes on the stochastic phase
space I''™ introduced in (1. 13). Since our ultimate goal
is a relativistically covariant theory, we have to
establish when these functions transform as scalars
under the action of P,

Theovem 2.1: The linear mapping
Uelq"): 90) = 4,(q50) =17 * (2 15| 9) (2.30)

has as a range a linear space /|, which does not depend
on ¢°. In this space the irreducible representation

Ula, A) of P!, defined in L2 (RB?) by (2.13), induces a
representation U,(a, A),

Ugla, M (g;0) =122 5| Bla, A, (2.31)
under which ¢,(g;p) behaves as a scalar quantity,
Ua, MW, (q;p) =1,[A" (g - a); A7'p], 2. 32)

if and only if 2 g(k) is rotationally invariant in ke R,

Pyoof: Let us denote by /], the range of U,{(0). To see
that U,(¢°) has the same range /, for all 4°=R!, note
that if ﬁ, denotes the time-evolution operator defined in
(2. 14), then by (2.26) and (2. 28),

U ctd=U,(00,3, (2. 33)
whenever ) = L2 (B%),
To verify (2.32), we observe that
0Y(a, M) O(g, A,) = D(A1(g - a), A1A). (2. 34)

The relation (2. 32) then follows from (2,29), (2.31) and
(2. 34) if and only if

00, A A,)20,9= X0, Ap)2gie, P’ =Ap, (2. 35)

for every proper Lorentz transformation Ac L;,

The equality (2. 37) is certainly true if A is a boost in
the direction of p, since then we have

AN, = A, p'=Ap, (2.36)

This truism becomes evident as soon as it is recalled
that, in accordance with (1.6)—(1.9), A, can be viewed
as a pure Lorentz boost that takes us from the rest
frame of a classical particle of rest mass m to a frame
in which the same particle has 4-momentum p. Conse-
quently, if A, is followed by another boost in the same
direction, then the net result will be a boost to a frame
of reference in which the same particle has 4-momen-
tum p’ = A"'p, and therefore (2. 36) holds true.

If, however, A" is not a boost in the direction of p,
then A-'A, is not a pure Lorentz boost, but it can be
reduced to the form A, 'R, where R is a Euclidean rota-
tion. ® The rotational invariance of o, 0(k) ensures that
(2. 35) stays true, and therefore provides a sufficient
condition for (2.32). Conversely, this rotational invari-
ance ig also a necessary condition, as can be immedi-
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ately seen by setting in (2, 35) p=0 and taking A= SO(3)
to be an arbitrary Euclidean rotation. Q.E.D.

3. RELATIVISTICALLY COVARIANT CONTINUQUS
RESOLUTIONS OF THE IDENTITY

The interpretation of ¢,(g;p) as a probability ampli-
tude that gives rise to a probability density p,(g;p) on
I'™ in accordance with (2. 16) is consistent if and only
if

S 14, a;p)|* daap=1 (3.1)

for all ¢ ;Ri and for an arbitrary normalized element
w(k) of 1.2 (R3) But this criterion can be restated in the
form of a condition on the mapping Ulg") defined in
(2.30), namely that U(g®) should be an isometry between
12 (R3) and a closed subspace of L¥(I'). Since this sub-
space would have to be the range of U(g®), and therefore
it would ceincide with the set /i, defined in Theorem 2.1,
the condition (3.1) can be restated as a request that
U(q°) provide a unitary transformation of L% (R®) onto

the closed subspace //l, of L3(T),

. Theorem 3.1:1f the functions ¥,(¢;p) assigned to each
&)< L, (B?) in accordance with (2.26)— (2. 28) at a
fixed choice of generator Eoyo(k) transform as scalars
under the action of L}, then

f 52 (q;p),(q;p) dadp = ff)* k) d s (K) (3.2)

for arbitrary d;(k), k)= L, (RY).

Proof: Using the unitarity property of the Fourier—
Plancherel transform in the q-variable that is obtained
when (2. 28) is inserted in the expression (2. 26) for ¥,
as well as in its counterpart for ¢,, we deduce that

Jaa fdpo}(a;p),(q;p)

=me [dp [dp®E-S] eq,o(ATK) [*6* (K)D(K) (3.3)

at each fixed value ¢'= R!. Reversing by Fubini’s
theorem the orders of integration in p and k, we observe
that the rhs of (3.3) is equal to the rhs of (3, 2) if and
only if

J 10,0(83%)|* dp=

for almost all k= R?,

(me) 'k (3. 4)

To establish that (3. 4) is indeed true, let us recall
that by Theorem 2.1 the functions ¢,(g;p) transform as
scalars if and only if the generator of the representation
is rotationally invariant, i.e., if and only if it can be
expressed as a function of k|, or, equivalently, of

mek®

2g,0(k) = e(mck?), K= &+ e, (3.5)
However, in that case we have

Zo,0(A7k) =elnc (A k) ) =elp - k) (3.6)
and therefore, by reversing the roles of %2 and p

%o, 0(A7K) =2y o(p"), P =AYP. (6.7

Introducing p’ as a new variable of integration and re-
calling that p'gldp is invariant, we get

[ 120,0(A5Kk) |2 dp= [ |Zq,0(p") szf ayp’. (3.8)
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To complete the computation, we have to express p,
in terms of p’. Hence, we decompose P into its orthog-
onal projection p, along k, and a component p, orthogo-
nal to k,

Pv\:‘k'-ik'p: pL:P-IJu‘k|'1k, (39)
and submit p’ to the same decomposition. Since p’
=Alp, we have, in accordance with (1.6)—(1.9),

vl
Po=vY (Po-—g’) 27’(1)6—?‘[)11) (310)
vt 172
k=myv, y= <1-?2- :(;r;q(t)"ko° (3.11)

Inserting the expression (3. 10) for p, into (3.8), w
arrive at the conclusion that (3. 4) is satisfied if and
only if

\:
3
=~

1\
8
=
[

elmep)|=0 (3.12)

for almost all values of k on the unit sphere in R®. That
this is indeed so follows from the fact that
py=LE)* + (1) +mict)V? (3.13)

is an even function of p;, which makes the integrand of
the p;-integral in (3. 12) an odd function. Q.E.D,

The physical significance of the preceding two
theorems is that they establish the possibility of con-
structing for every nonrelativistic extremal stochastic
phase space representation of a one-particle system (or,
more generally, a system of any number of noninter-
acting massive particles) with a rotationally-invariant
generator a covariant relativistic representation, which
shares the same generator, and therefore for which the
respective probability densities at low laboratory-frame
velocities approximate each other in the sense of (2.17),
Computationally, the method of relating these two rep-
resentations to each other is very straightforward: the
generator eo o(k) of the nonrelativistic representatmn is
rewritten in the form (3.5) as a function of mck?, and
then by (2.28) and (3. 6),

2,90 = (mc)"/ ¥ exp (#q-k) elpk). (3.14)

As an important class of examples, let us consider
the optimal stochastic phase space representations. In
the nonrelativistic case, these representations can be
constructed!®? from vectors e, , which represent co-
herent states and in the momentum representation
assume the form

Fea) = (nis™) /4 exp [——;—%(k- Pl -—q k] . (3.15)

In (3. 15) the parameter s plays the role of instrument
characteristic® for the class of optimally accurate
coherent arrays of elementary detectors, and is pro-
portional to the imprecision of position measurements.
The relativistic counterpart &.5(k) of (3.15) is then
easily computed by the above-described method: we set
in (3.15) @=p=0, and then rewrite the common genera-
tor in the form (3.5), thus obtaining from (3.15)
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2i5(k)

= (mes®) Hni)3/4

&2 - tels?
xexp [_ 2m’cth (kp) + h‘q TR (3.16)

From a purely mathematical point of view, the signif-
icance of Theorem 3.1 lies in its displaying a whole new
family of continuous resolutions of the identity® in
L% (RB%). Indeed, denoting in general by |f){f!the projec-
tor from L2 (R®) onto the normalized vector f= Li(R®),
we can write

1 [ ege)dadp, | =t . (3.17)
R

This is in fact only a restatement of (3.2), as seen when

both sides of (3.17) are applied to §, and afterwards the

inner product with ¢ is taken.

In the next section we shall see that in the limit of
sharp position measurements the probability ampli-
tude ¢,{x;p) becomes related to the conventional con-
figuration representation'®

Plx) =h37221/? [exp < =X k) i) dp (k) {3.18)
of $(k), in terms of which the inner product (2.12)
assumes the form

s H

@[S =it | 9t (x) 5 iale) ax (3.19)

R

It is therefore noteworthy that &, provides a continuous
resolution of the identity also in the context of {3.19)—

in the precise sense that is implicit in the following
theorem,

Theorem 3.2: For any rotatlonally-mvamant generator
€0,00) belonging to L2 (R?), and for all ¢, d< L2 (R)

(43|@)=N}1f¢é‘(q;p)5§¢¢'e(q;p) dqug, (3.20)
2mc m 2mc 2
SRE™00) ap ) =25 124,12 (3.21)
Pyoof: Combining (2. 26) and (2, 28), we obtain
i f o (q;p)%r Yola;p) dq%%
—2m6f“TfT 3* )i 0) [ 2, o(AK) |2 (3. 22)

by using the unitarity property of the Fourier— Plan-
cherel transform in q< B3, Applying (3.7) and the in-
variance of podp under Lorentz transformations, we
deduce that

20,00 |2 =120 all2.  (3.23)

ap |, gy |2 ap’
= AK) ‘= [ =5
fp() |eo,o( ) )| f p‘,)

After the orders of integration in p and k are reversed
on the rhs of (3.22) by Fubini’s thecrem, {3.20) is ob-
tained as a consequence of (3.23). Q.E.D.
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The normalization of Eo, o(k) could have been adjusted
so as to make N! equal to the conventional factor i#
that appears in (3. 19). However, there would be no
physical motivation behind such a choice of normaliza-
tion since the quantity zp*(a/aq°)¢ is not positive definite
on phase space, and therefore it cannot be interpreted
as a probability density. 1o

4. COVARIANT PROBABILITY DENSITY CURRENTS
AT STOCHASTIC CONFIGURATION POINTS

The main conclusion we can draw from the preceding
considerations is that on any rotationally invariant
stochastic phase space I''™ defined in (1.13) one can
introduce a probability density p,(q;p) that transforms
as a scalar under the action of the proper Lorentz
group. We still have to establish that the properties of
this density are consistent with those of the conventional
probability density |¥(k)|? with respect to the relativis-
tically invariant element of volume in momentum space.

In the nonrelativistic case, this consistency was
extablished by verifying that the proper marginality con-
ditions in q and p were satisfied. "+® However, as ex-
plained in the Introduction, since relationships of the
type (2. 6) do not hold in the relativist1c case [except to
an approximate degree when u? <<¢* and for x{7 (k)

sharply peaked around p] we cannot possibly hope to
obtain relativistic counterparts of these marginality
conditions, Indeed, for example, we have the relation

St P da= [ 75 [e0s®0 230 Pap k) (4.1)

which, as predicted, assumes approximately the form
of a bona fide marginality property only when the leading
contribution to the integral on its rhs comes from the
region where 2" =me,

We can investigate, however, what happens in the
limit of infinitely sharp momentum measurements by
following the type of procedure used in the nonrelativis-
tic context, !! namely by considering p,(g;p) for the

optimal case, when it is derivable from the amplitude

¢ ;P =h 4.2)

with &) defined in (3. 16), and then trying to determine

what takes place as s =+ %,

When p=0 the expression (4.2) becomes equal to the
nonrelativistic inner product of (mck?)!/ 2U,(!)(k) with
€q, o(k) in (3.15). Therefore, the nonrelativistic treat-
ment!! applies when (k) belongs to L N L2 and is con-
tinuous, Thus we get

11m(777z‘s'2)3/4¢’(5)(q;0) = 2me) (g, 4.3)

s~ +0

lim (77s?)*/49')(¢;0) = (me)1/? exp (—%mcq(’) 3(0).
(4.4)

Using (2. 32) and the fact that for ¥(g) defined in (3. 18),
we have

(O(a, MYg) = (A (g - a)), (4.5)
we can immediately extend (4. 3) and (4. 4} to arbitrary

values of ¢ and p by replacing in these relations § with
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2,.2.3 174
¥(g) =1im (’"—;!‘—) 49 @), @.6)

. . 2,236\ 1/4
¥(p) = exp <%q-j)) lim (ﬂ%ﬂ) 2 (g;p).
5 4= 4.7

Hence we can state the following theorem, which con-
firms the consistency of the present probability-ampli-
tude interpretation of $'*’(g;p) with the probability ampli-
tude interpretation of J(p).

Theovem 4.1: Let the probability amplitude ¥(K) in
momentum space be a continuous function belonging to
LY(R%)n LL(R®), and let (x) be the scalar quantity de-
fined in (3.18). If

o g;p) = [4°(g;p)|? (4.8)

is the probability density in the optimal relativistic

stochastic phase space I'y") defined by (1.13) and (1. 14),

where

2

Xém,s)(x) — (‘ﬂﬁs2)'3/2 exp (___ ﬁ_§2_> , (4.9)
2

X§™ S (k) = (n7is72)/ L exp (—%‘kz) ) {4.10)

and if ¥'9(g;p) is related to J(k) by (2. 26) and (3. 16),
then

[9(g) |2 =2mc lim(nfis™)2 2" (q;p), (4.11)
s+
|9(p) |2 = me lim(n%is?)* 2" (g;p). (4.12)
&+

It is significant to note that although the function ¥(x)
in (3.18) cannot be interpreted!’ as a probability ampli-
tude since its L*-norm is not state-independent, its
square being in fact

S oe)*ax=1 [ | k)| 217 dk, (4.13)
it is nevertheless the limit of bona fide probability
amplitudes on 1"9:"5’ multiplied by the renormalization
factors appearing in (4. 6). The physical reason as to
why |¢(g) 1? itself cannot represent a probability density
on configuration space, whereas 13’ (¢g;p)|? does rep-
resent a probability density of phase space, is very
simple: On one hand both these quantities are scalars,
but on the other hand dddp is in a local-frame sense! an
invariant under L), whereas dq itself is not (cf. the
Appendix for details).

The preceding theorem suggests that one should in-
troduce a probability current #(g°, @) at the stochastic
configuration point (@, x'”) in a manner analogous to that
used in the nonrelativistic case. !’ Hence we set

it@)= [p"p.(q;p) du (B) @. 14)

where the integration in the present instance is per-
formed with respect to du (p) since in the relativistic
case p'oidp and not dp is the invariant momentum-space
measure. We note, however, that
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jela) = [p.(q;p)dp, (4.15)
so that the zeroth component of this 4-current is re-
lated to the probability density p,{g;p) by exactly the
same formula that holds in the nonrelativistic context. !?
Furthermore, if 7/(g) corresponds to a wavepacket J(k)
whose support is concentrated in some neighborhood of
the origin where the last term in (2. 8) can be neglected,
and if the confidence function X¢(k) [related by (2.1) to
the common generator of the two representation] also
shares this feature, then (2. 17) can be applied, and we
thus infer that jl(g) approximately equals its nonrela-
tivistic counterpart defined by Eq. (5.2) in Ref. 12. On
the other hand, under the same circumstances, the
space components j’{g), v=1,2,3, of the relativistic 4-
current become approximately equal to their nonrela-
tivistic counterparts defined in Eq. (5.3) of Ref. 3
multiplied by the factor ¢'—the presence of this factor
being required by the relativistic version of the equation
of continuity that is derived below, which contains a
derivative with respect to ¢° instead of a derivative with
respect to the time variable £,

Theovem 4.2:In any relativistically covariant and
extremal stochastic phase space representation with
generator e(mck’) the 4-current (4. 14) transforms as a
4-vector,

Jilg) = A%, jE (M), (4.16)

i@ = [p*|¥4a;p) | 2au(p), ¥ =U(0, A, @4.17)

under proper Lorentz transformations. If in addition
e(mck®) is a real function, then this current is
conserved:

9 ., _
37 e {g)=0. (4. 18)

Pyoof: The transformation law (4. 16) is an immediate
consequence of (2,32) and of the invariance of du(p)
under P,:

7% (q)

= [p*|9(A'g; A7) | du (p) (4.19)

= [(Ap" )[4, (A g;p") |2 dn(p).

The verify (4.18), we express the lhs of that equation
in the form

2 m [ dp ()4 (g;p) [ dp (R) (p k)2 N ()P ().

Upon introducing the wavefunctions z@q = lj’(q,l)z?), and then
interchanging in (4. 20) the orders of integration, we get

2
2q"

(4.20)

i) =TIm [dp G)d, k) [ap&)B K, k) K), (4.21)

Bk, k) =dmmch™ [ (p-k)e(p-Rle(p-k")du(p), (4.22)

where, in writing (4. 22), we have taken into account the
reality condition imposed in the function elmck®).

Since du(p) is an invariant under any Ac L, we have

B(Ak, Ak’) = Bk, k'). (4.23)
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Hence, as a function of the 4-momenta & and k', B(k, k')
depends de facto only on k+%£’. Consequently, in addition
to being real,

B(k, k') = B(kK', k), (4. 24)

and therefore B(k,k’) is the kernel of a symmetric
integral operator. But this implies that the integral on
the rhs of (4.21) is real, and therefore that (4, 18) is
true. Q.E.D.

The optimal stochastic phase-space representations,
for which &, is given by (3. 16), satisfy all the condi-
tions of the above theorem, and therefore give rise to
the covariant and conserved probability currents

IR ):f%“o'p‘“(q;p)dp. (4. 25)
It mlght be expected that, just in the nonrelativistic
case, % in the limit s =+ 0 the above currents go over
into the conventional configuration space current J,(g),
which in case of the Klein—Gordon equation has the
components!® (modulo at will chosen factors)

<

JV{(g) = ). (4.26)

That this cannot be so—and that consequently the re-
markable parallelism between the nonrelativistic and
relativistic cases that was very much in evidence until
now breaks down at this point—follows from the fact
that j‘§"(g) = 0 at every space—time point ¢, whereas

that is by no means true of Jy{g), which is an indefinite .

real function. ! Furthermore, although p‘* (g;p) multi-

plied by an appropriate renormalization factor approxi-
mates |¥(g) |* in accordance to (4.11), that is not true
of j'§{g) in relation to Jy(x) regardless of what kind of
renormalization factor is employed.

To prove that, we shall demonstrate that the differ-
ence between Jy(g) and 75’(¢) approaches a well-defined
but nonzero limit as s =+ 0. Indeed, reexpressing the
rhs of (4.26) in the momentum representation, we get
for §c LN L1

@) =g S 300,00 B e, @.27)

On the other hand, by (3.16)
(s)(q)

2.2.2
_mc o372 mécts
=3 (nhs=*)*/2exp ( 7 )f

dk'dk A, ., -
Fiko EE )Y, &)
(4.28)

X fdp—— exp {

Using the same technique as in deriving (3.4), we ob-
tain

2
5,;26— [(R"p)* + (k- p)z]}

e s? melst E
(nTis=?)3/? [exp [—-—z—z—m i (Bp) +—5 ] dp=;%,
(4.29)

and consequently
Jolg) - i5(q)
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2 %068 x (mzczsz) fdk’
TTRIT P\ kb

T, (K)

sz(k-p)2 ] } 2
2micni :
After substituting sp in place of p as variable of

integration, the limit s —+ 0 can be easily taken, and
we obtain

(4. 30)

x fdp {eXp [—

sZ(k'p)Z
amictn | TOFP [~

1im[J0(61)—j(3)(q)]
s= +0

= [ 0)3*0¢) a0 expl -0 =0 D0, 070,
(4.31)

where D(k’, k) is the real and symmetric kernel of an
integral operator in L% (R®). From (4.30) it follows that

m-c

(k~l)2 2
e S YR d,

where [ is on the light cone, i.e,, ®=I11,

(k'-l)2
DK, k)= (—mf exp |-5v 72

(4. 32)

The integral operator in question is not positive de-
finite despite the fact that D(k’, k)= 0, In fact, the rhs of
(4. 30) must at some points assume negative values
since both Jy(g) and i3 (¢) are normalized to the value
one in configuration space, so that the integral in
a<R® of both sides of (4.30) must yield zero for any
¢°cRL Clearly, this observation can be then extended
to (4.31) in the process of taking the limit s —~+0.

In physical terms, the fact that the limit (4. 31) does
not equal zero has a simple interpretation: 75'(g) is a
bona fide probability density, and that feature is being
retained in the limit s —+ 0, whereas, as generally
agreed, I Jy(7) can be consistently interpreted not as a
probability density of a one-particle system, but rather
as a charge density in 2 many-body version of the
theory. Therefore we shall call J,(¢) a “charge current,”
to distinguish it from the probability currents j2(g) and
the limit

Jlg)= hmf‘”(q).

s~ 40

(4. 33)

We can also introduce a charge current J){(g) at the
stochastic configuration point {q, x(,’,")) by setting in
analogy with (4. 26)

(—)

I @) =N[4 ap)5 - we(q,p)du(p) . 34)

where the normahzatlon constant N, is the one provided
by (3.21), and is chosen with (3. 20) in mind.

Theorem 4.3: The charge current (4. 34) is covariant
and conserved, and

J* (@) =1imJ? ) (g).

s+ +0

(4. 35)

Pyoof: The fact that J;/(g) transforms as a 4-vector
under (a, A)e P, is an immediate consequence of (2. 32),
Since (2. 26) and (2. 28) imply that #,{g;p) satisfies the
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Klein—Gordon equation in the variable ¢, it follows that
J7(g) is conserved.

To establish (4.35), we use (2.26), (3.14) and (3.21)
to derive that

T =5y [13003,80 % 11 ) e
VO \0
(4.36)
1-F,(k,X) = lleli;? [e*(p- R)e(p- &) dp (p), (4.37)

where licli, denotes the L% -norm of &g o{A3p) =e(p- k).
For the optimal case presented in (3. 16) we have

F 9k k') = [J;xp <§i§~%) (l#(P)] B

SZ(k,p)Z Sz(k’-[?)z 2
8 f{exp [_ 2;;72027[] T eXP [— 2;7120271’]

X d (p). (4.38)
Since the integral in (4.37) is an inner product, by
employing the Schwartz—Cauchy inequality we get that
|F,(k, k') | <2 for all k, k' =R®, and for any generator
e(mcly). The integrand of the second integral in (4. 38)
is nonnegative and approaches zero pointwise as s —+0.
Hence, by Fatou’s lemma, we conclude that

F, s (&, k') —0as s —~+0 for all k, k' =R®, Comparing
(4.36) and (4.27) we see that, due to Lebesgue’s bounded
convergence theorem, (4, 35) indeed follows. Q.E.D.

5. CONCLUSIONS

The preceding considerations show that a relativisti-
cally covariant formalism on stochastic phase space is
feasible, but that the notion of nonsharp point localiz-
ability in configuration space that it implicitly gives rise
to does not lend itself to a limiting procedure that would
yield a covariant formalism of sharp point localizability.
The inescapable conclusion is that the concept of sharp
point localizability in configuration space is in the
quantum context at odds with the principles of relativis-
tic covariance. The inconsistency stems from the lack
of invariance of the volume element dq under the action
of pure Lorentz transformations, and it points out the
essential role that phase space should be assigned in
relativistic quantum mechanics on account of the covari-
ance of the probability densities in (4. 8).

This role can be realized once the notion of nonsharp
simultaneous measurement of position and momentum
is introduced in quantum mechanics after the notion of
probability space is generalized to that of stochastic
probability space.! The fact that the resulting covariant
formalism cannot lead to the existence of a covariant set
of position operators, although it is totally in keeping
with the existence of a 4-momentum set of operators P,
v=0,...,3, that transform covariantly under Lorentz
transformations, becomes obvious once it is recalled
that for any free particle P’ is a function of P, whereas
the derivation of space—time densities from a spectral
measure in space—time would necessitate the existence
a set of independent and covariantly transforming
space—time observables @”, v=0,1,2,3, and-therefore
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the association with each quantum state of probability
measures that are finite over space—time,

The conclusion that in relativistic quantum mechanics
only localizability at spread-out (but not at sharp)
stochastic configuration-space points is meaningful is
in total agreement with such well-known general
features of positive-energy solutions ¥(x) in (3. 18) as
the impossibility of localizing at any instant the
probability amplitudes?® '

Y(x)=h"'? [ exp (-;7_ xk) HE) R ? dk (5.1)
with respect to the Newton—Wigner operator
. k
X=il VK_W (5.2)

by setting them equal to zero together with their time
derivatives outside arbitrarily small regions!®*—where-
as the inclusion of negative-energy solutions into the
picture gives rise to Zitterbewegung (cf. Ref, 13, p.65).
The existence of the Newton—Wigner operators them-
selves does not contradict this conclusion. On the con-
trary, the sixtuple X, P consisting of these operators
and of the space part P of the relativistic 4-momentum
operator provide an irreducible representation of the
canonical commutation relations on L2 (R?), and the
unitary operator relating this representation to the non-
relativistic Schrodinger representation on L*(R®)
supplies a transformation that injects the nonrelativistic
formalism on L*(R®) into the Hilbert space LZ(R?) [cf.
Egs. (2.7)—(2.10) in Ref. 2] without taking into account
the requirements of relativistic covariance. Indeed, the
formalism of Sec. 2 in Ref. 2 could be duplicated with
<Z>;f,’, of Eq. (2.3) in Ref. 2 replaced by &, introduced in
(2. 28), thus attaching to each #(k)= L% (R®) the function

olg;p) =h% [ 3.2, 0D (0)ES 2 dk 5.3)

in accordance with (5. 1) and with Eq. (2. 15) of Ref. 2.
This arrangement would indeed provide a continuous
resolution of the identity, since it is easily verified that

f
26
However, ¥,(q;p) does not transform covariantly under

the action of ;. Instead, ¥,(g;p) provides an expression
which assumes the form of a nonrelativistic wavefunction
in the nonrelativistic region (i.e., when p~/nu and when

130, 0(k) 1? is sharply peaked around the value k=0). In
fact, by (2.8),

(5.4)

4,(q;p) |2 dadp=mc fa |0 1 dp (k).

‘I'e(q;p):h‘mfeXp(— %q-k> Zotolk — P (K) dk

- i ~ N
=1 fexp vk ek - p)L) (k) dk, (5.5)
and the above expression is easily recognized as being
equal to the nonrelativistic probability amplitude (2.7) of
Ref, 5.

The first part of Theorem 2.1 can be interpreted to
mean that the operator U,(¢°) defined in (2. 30) supplies
a unitary mapping of L? (R®) onto a closed subspace /¥,
of L¥T). Thus, the entire theory dealing with the

Eduard Prugoveki 2268



embedding into L*(T") of the wavefunction originating with
extremal stochastic phase space representations

(developed in Ref. 5) can be duplicated in the present
relativistic context. Its general features, such as the
existence of reproducing integral kernels in terms of
which the orthogonal projectorsp, onto each subspace
M, can be expressed as integral operators, remain
totally unchanged in the present context.

An essential difference emerges, however, as soon
as it is realized that, in accordance with (2, 32), in the
present context, we are faced with a global representa-
tion of the Poincaré rather than of the Galilei group.

As an immediate consequence, the time variable cannot
be treated inidependently from the space variables, as
was the case in the nonrelativistic context. Thus, to
every element ¥(q, p) of L*(I') we have to assign a
unique function §{g;p) of the space—time variable ¢ in
such a manner that the mapping

Ua, B): 9(g;p) — ¥ (g;p) =M g - a); A7),
which obviously provides a global representation of /,
on L¥(I), leaves each /i, invariant, inducing in each

Ji, the irreducible representation U,(a, A) defined by
(2.32).

By analogy with Eq. (3.23) in Ref. 5, let us introduce
in LX) the self-adjoint operators

(5.6)

P,,:-ih'%, v=1,2,3, (5.7
Py= (P} + P} + Py + mic)V?, (5.8)

1t is easily verified by using (2.26) and (2. 28) that the
restrictions of P,, v==0,...,3, to each /, coincide with
U,(0)P,U-1(0), where the operators B,

E0)0 =kIK), v=0,...,3, 6.9)
are the components of the 4-momentum in L% (R®). After
setting, by definition,

i,

¥(g;p) =exp (— ;;Poq") ¥(a, p), (5.10)
for all ¥{g, p)c L}(I'), we arrive at the earlier mentioned
extension of each element of L*(I) to a function on R
X |[/‘™_ This function is a solution of the Klein—Gordon
equation in the space—time variables ¢:

2.2
Qﬁﬁ@,—if-) Ylg;p) =0. (5.11)

Since the time evolution in (5. 10) leaves /i, invariant
and coingides there with the time evolution determined
by U,(0)0,0,(0), where U, is defined in (2. 14), we can
immediately conclude by comparing (2. 32) with (5. 6)
that U, (e, A) coincides with the restriction of U(a, A) to

Me-

Finally, a comment of an epistemological nature con-
cerning the treatment of the time variable in the present
stochastic phase space formalism. It might seem that
since all position measurements considered in this
formalism are of spread-out rather than sharp stochas-
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tic values of the position of the particle, the same
should apply to the time variable, whose measurement
involves the measurement of position. However, this
measurement of position relates to that of a clock mech-
anism, and can be made as precise as desired,
Furthermore, the idealized limit leading to an infinite
precision in the measurement of time can be always
taken in principle, since there is no uncertainty princi-
ple forbidding that, Y This possibility is reflected by

the mathematical fact that in both nonrelativistic and
relativistic quantum theories the time variable is treated
purely as a parameter.
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APPENDIX: THE PRINCIPLES OF RELATIVITY,
UNCERTAINTY AND COMPLEMENTARITY IN
MEASUREMENTS WITH COHERENT ARRAYS
OF DETECTORS

In accordance with Bohr’s ideas® on the role of the
apparatus in quantum measurement, an elementary
detector ﬂ(xé?’;’) could be viewed as a classical device
labeled at the instant ¢=¢"/c by a well-defined position
vector g and velocity vector u in the laboratory frame,
and consequently related to the location g’ in its own
rest-frame, By (1.6)~ (1.9) we have

ah=v{q. - Bay), q§=v{qy- Ba4.), (A1)
lal  Ipl
a=q, 6=%=—§U—. (A2)

The relativististically invariant nature of the stochas-
tic phase-space probabilities derivable from the density
[#,{g;p) 1* and measured with a coherent array of such
detectors is exemplified in the following kind of mea-
surement: the would-be observer sets up in phase space
a random sample of elementary detectors that constitute
a subset of a coherent array, and concentrates on some
elementary detector ¢(x{)= ¢{x{7s) at the detector’s pro-
per time /' =q{/c {and therefore laboratory time ¢ =¢q,/c).
Then he observes how many detectors ¢(Xg"% ;5) with
values of p’ within an infinitesimal volume dp around
P’ =0 have been triggered at that instant // within an
infinitesimal region of volume dq’ around the value q’.
Since

1;\\:7/(/;|,1+f3/;(’)): i)J.:f)i, (AS)

in the laboratory frame the observer will measure

dp= [y (l +ﬁ[3~','> :’ dpydp; =rydp'. (A4)
g £r=0

By measuring distances in the laboratory frame at the
instant ¢, in accordance with (A1) he will get dg,
=v"ldq}, and therefore

dgdp = (y"'dq' Y ydp') = dq'dp’. (A5)
Thus the proportion of affirmative readings he will

obtain if the elementary detectors were triggered by an
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ensemble of free particles in one and the same state
¥,(q;P) =¥.(q’;p’) is given by the expression

[4(z;p) |2dqdp = | ¢’ (¢ ;0) |*dq’ dp’ (A8)

for the probability over the infinitesimal region dqdp in
I'‘™, The manifest covariance of (A6) is a consequence
of the fact that the expression on the rhs of (A6) relates
to a specific frame*—namely the rest frame of
(xim)—and is due to the phenomenon of relativistic
length contraction that had led to (A5).

The uncertainty principle is reflected in the basic
propertles of the confidence functions x‘%'(x’) and
X'§’&') of each 9(x\7) in its own, rest frame, namely
that the product of their spreads’ for any conjugate com-
ponents of position and momentum is not smaller than 7.

The complementarity principle is reflected by the
form (@', x'™ix(p', {'§’) of a stochastic phase space
point in the rest frame of the detector 9(x.™) used in its
measurement, and is implicit in the 'mterpretattiona'11 of
the confldence functions x‘™ (x’) and x‘§’ (&’). Indeed, the
expression x";’(x’)x b (k’)dx’dk’ is not interpreted as the
probability of being able to detect a quantum particle
within the phase-space volume dx'dk’ if J(x7) had been
triggered (that would violate the uncertainty prmmple*),
but in a different, operational sense, related to the
accuracy calibration procedure of J(x.m) (cf. the
Appendix of Ref. 11), Therefore, we shall refer to this
expression as a prepondevancy. This interpretation
amounts to considering x'7’(x’)dx’ by itself, and
x;I")(k')dk also by itself —but not their product—as
probabilities related to the distribution in either con-
figuration space or in momentum space of systems
prepared under identical conditions with sharp values
of position or momentum, respectively, after those
systems have triggered identical replicas of J(x!7})
under identical kinematical circumstances in the rest
frame of those detectors. If that same procedure is con-
sidered in the laboratory frame, we again have to
refer to X\7y (x, k)dxdk as a preponderancy (rather than
a probability), i.e., interpret it in the following sense:
The expression

dk [xim (x, k) dx = dk' [ {7y, k') dx’

(m)

(A7)

represents the probability that ﬂ(x ) had been triggered
at the laboratory time {=¢%/c by a particle whose
laboratory-frame momentum was within the infinitesimal
volume dk around the value K, whereas the expression
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dx [ X\ (x, k) dk = dx’ [ x 2y’ (A8)

is the probability that ¢(x{"') had been trigered by a
particle that at the laboratory time x%/c, with x° given
in (1. 12), was within the infinitesimal volume dx around
the laboratory-frame position X. We note that the com-
plementarity principle is implicit in the either-or
nature of these statements.

The formula (A8) makes it clear why in the relativis-
tic context 14{g) I* does not have the properties of a
conserved probability density in configuration space
although at any fixed value of p the probability densities
[45'(4;p) 12, when renormalized in accordance with (4. 6),
do approach [$(g)1%: the different choices of p impose
different rest-frames for the elementary detectors used
in the measurement of ¢, and therefore, despite the
formal covariance of [¥(g)1?, the lack of covariance of
dq is going to lead to conflicting values when the candi-
dates 19'(g")1%dq’ for probabilities are transferred from
each one of these rest frames to the laboratory frame.

, kl) dkl
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Stochastic phase space kinematics of the photon?

Eduard Prugove&ki

Department of Mathematics, University of Toronto, Toronto, Canada, M5S 141

A stochastic phase space description of photon states is obtained by attaching to each circular polarization
mode a probability amplitude at stochastic phase space points that are frontally localized. The ensuing
formalism gives rise to a probability density at such points that transforms as a scalar under proper
Lorentz transformations. There also exist conserved covariant currents associated with these probability
densities. The wavefunctions corresponding to all extremal stochastic phase space representations can be
embedded in a single Hilbert space, and give rise there to irreducible representations of the proper

Poincaré group Pl.

1. INTRODUCTION

It has been shown in a previous publication' (referred
to hereafter as I) that the relativistic quantum theory of
massive free particles can be embedded in a covariant
manner in L?(I') space, and that the resulting formalism
gives rise to covariant probability densities on stochas-
tic phase space and to conserved and covariant probabil-
ity currents on stochastic space— time. The question
arises as to what extent these results can be extended
to the case of particles of zero mass. In this note we
shall study this problem in the context of the most im-
portant of zero-mass particles, namely the photon, but
the technique itself is of general validity.

The difference in approach to stochastic phase-space
representations in this paper as opposed to that in I
stems from the lack of a rest frame for classical zero-
mass particles. In quantum-mechanical terms, this
means that for mass-zero particles there is no concept
equivalent to that of an elementary detector stochastic-
ally at rest in relation to the detected quantum particle
— a concept which played such an essential role in I in
relating the relativistic to the nonrelativistic treatment
of massive particles. Thus, a covariant theory of
stochastic phase space for zero-mass particles can be
developed exclusively by isolating and then translating
into the phase-space formalism only those features of
the relativistically covariant theory for massive parti-
cles which are shared by the zero-mass case, rather
than by trying to achieve approximate concurrence at
low laboratory-frame particle speeds between such a
theory and nonrelativistic theories.

This kind of procedure cannot consist of something as
straightforward as letting m — +0 in the formula for the
massive case. When such an approach is applied, for
example, to the basic formula I(2.26) for the probability
amplitude in stochastic phase space it yields an every-
where zero result. A renormalization procedure elimi-
nating the presence of mass-dependent multiplicative
factors from the expression I(2.28) for &, (k) would not
lead to any meaningful covariant expressions either.
This becomes evident as soon as it is recalled that by
Theorem 2.1 in I, the covariance of the probability
amplitudes imposes rotational invariance on the gener-
ator g, ,(k) of the representation, and that in turn leads

)Supported in part by a grant from the National Research
Council of Canada.
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to I(3.6). However, in the zero-mass case we have

[let-mf =1 et pl*(1-L 2 )ap

(1.1)
=% [dp, [ || ar,
®2
p.=pk|k|?, p,=p-pk|r|-. (1.2)
The inequality (1 1) implies that any function e, (k) of

the form I(3.14) either vanishes almost everywhere or
is not integrable over IR® in either the variables p or
the variables k. This invalidates the approach used in
I(Theorem 3.1) for proving I(3.2). Further considera-
tions show that the very kinematics of zero-mass parti-
cles interferes with any attempt to bypass this difficulty
with any renormalization procedure based on, say, the
introduction of momentum cutoffs. Indeed, any such
procedure gives rise in the expression for the cutoff
version of the integral in the lhs of (1. 1) to terms con-
taining not only the factor &, but also k;', so that no
zero-mass counterpart of the relation I(3. 4) (which
played an essential role in the case of massive parti-
cles) can be found.

Thus, the approach to a covariant stochastic phase-
space kinematics for a massless particle, such as the
photon, requires a rather drastic reevaluation of the
methods used in I, and it has to take into account the
very specific behavior under Lorentz transformations
of lightlike vectors. In mathematical terms, the solu-
tion turns out to lie in the formula

lul
k= ( —?)ko

describing the transformation of the zero component
k%= 1k! of such a vector under pure Lorentz boosts in
the direction of k, In physical terms, the procedure
consists in adopting for prototypes elementary detectors
which, in contradistinction to the nonzero-mass case,
are of necessity in a state of motion with respect to the
photon they are designed to detect. Hence, a different
orientation of such a detector in relation to the labora-
tory frame has to be adopted for every stochastic value
(p,)?,) of some standard absolute value of the measured
momentum, which for convenience we will choose to be
centered at |p! =1. The protype detector for each di-
rection w of motion is then submitted to pure Lorentz
boosts in the direction w. After this procedure is re-

(1.3)
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peated at all space—time points, it results in a coherent
array of elementary detectors for each particular di-
rection of motion. The stochastic phase space points
themselves are only frontally localized, as opposed to
the globally localized stochastic points used for massive
particles.

In Sec. 2 we describe this procedure in detail for
photons. Thus we arrive at zero-mass counterparts of
the formulas (2.26)— (2.28) in [ for wavefunctions on
stochastic phase space. Then in Sec. 3 we prove that
these formulas supply a continuous resolution of the
identity. This establishes that these wavefunctions are
indeed probability amplitudes on stochastic phase
spaces. In Sec. 4 we prove that the resulting probability
densities transform covariantly under proper Lorentz
transformation, and that they give rise to covariant and
conserved probability currents.

In the concluding section we consider the behavior of
these expressions in the limit of sharp frontal stochastic
values of position and momentum, respectively, and
show that such limits exist and behave covariantly.

2. STOCHASTIC PHASE SPACES CONSISTING OF
FRONTALLY LOCALIZED POINTS

In this section we shall construct stochastic phase
spaces for the photon, on which probability densities
that are covariant with respect to the proper Poincaré
group /! can be later assigned to every state of the
photon. To achieve that, we shall follow as far as pos-
sible the kinematical principles employed in the case of
particles of nonzero mass. Thus, we first set up a co-
herent array of elementary detectors for the photon.

In the nonzero-mass case, the starting point of the
construction was the origin-based elementary detector,
which served as the prototype to which operational pro-
cedures in keeping with the kinematics of the Poincaré
group were applied in order to obtain the remaining
detectors in the coherent array.' This detector was lo-
cated at the origin of the laboratory frame, and it de-
tected particles that in retation to that frame were at
rest in the stochastic sense [i.e., whose momentum had
the stochastic value (p,%.) centered at p =0]. However,
since there is no rest frame for the photon treated as
classical particle, we have to reconcile ourselves to
adopting as a prototype an origin-based detector which
determines some nonzero stochastic value of momen-
tum. We take that to be a detector ¢ (x,;,), set up to
detect at the instant + =0 and at the stochastic phase-
space point (0,w;x,;,), a photon that is moving in the
given direction . Since this direction of motion is de-
termined sharply, by the uncertainty principle the con-
fidence function of the determined stochastic phase-
space value must have the form

éz(k}.)xé?’l)(xll’kn)’
k =k-kw

2.1)
(2.2)

Xo,w(xyk):
k =k w,

We shall refer to stochastic points (q,p;x,,,) whose
confidence functions x,,, (x,k) do not depend on x, as
frowtally localized. The need of introducing elementary
detectors whose confidence functions are frontally local-
ized is suggested by previous work on the “front local-
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izability” of the photon,?:3 and is confirmed by later
observations of a kinematical nature.

To obtain a coherent array of elementary detectors
for photons moving in the direction w, let us introduce
(by analogy with the pure Lorentz transformation A
used in the massive case) the pure Lorentz boost A
for which, by definition,

wer

2.3)

at a fixed real number » >0. Thus & boosts a zero-
mass classical particle having 4-momentum  into one
with 4-momentum p=rw.

Ay w=rw, =],

Let / {“’ denote the laboratory frame of reference and
Lj"” the inertial frame of reference moving in relation
to / ! in the direction w at the speed u in such a manner
that at the laboratory time {=0 and proper time ¢ =0
its origin coincides with the origin of the laboratory
frame, and its Cartesian axes are so oriented that A, ,
represents the pure Lorentz transformation from / '@’ to
[ {@r. If k, are the coordinates of a lightlike vector in

/ {@) then the coordinates of the same vector equal®
u2\-1/2
R, —}(k -——) (1-——) : (2.4)
, Folu] .
ki=y{k, - c > kl:kJJ 2.5)

To relate u to » and w we note that
so that by (2.3)

with respect to / {«).
(2.4) and (2.5) represent A7}

1/2
y:y(m +M—(£+!UI 2.6)
c ¢ - lul ’
and consequently
r2—-1
- e —— .7
u=coETw 2.7

A duplicate of the prototype elementary detector
placed at the origin of / ‘> at /=0 represents ¢ (x,;,) for
p=7w. More generally, ¢ (xq;v) is obtained by placing
such a prototype at the point g’ of / (%’ at the instant
" =qb/c, where q' =A7L q. A coherent arvay of element-
arvy delectors for the dwectzon w is obtained by carrying
out this procedure for all p=»w, where » is real and
different from zero.

The family of frontally localized stochastic phase
space points resulting from this procedure is

9 =@, 030,95, [4TR®, P=rw, 0 <7< +eof,

where, if we denote by A7l (x —q) and A7} k the space
components of the 4- Vectors obtained by applymg A
to the spacelike vector v - q with (A, _x)°= (A ¢)° and
to the lightlike vector k, respectively, we have

2.8)

Xo,o A, x=q), A7 k). 2.9)

wrr

1 +2 T35 % &K=
As in the nonzero-mass case, the factor 2(1 + 7 2)! that
appears in (2.9) is the Jacobian due to the change from
the variables of integration x; and %/, to the variables x,
and k,, at fixed x{ =X, and k] =k =0. Its presence takes
care of the correct front normalization of x_,, x,k).

The set({® in (2.8) does not as yet constitute a
stochastic phase space since not all choices of p& R®
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have been realized. By repeating the procedure for
every vector w on the unit sphere in IR® we do arrive,
however, at the stochastic phase space

o= u g, (2.10)

lwl=1

which contains frontally localized stochastic points
(q,p;xq;,) centered at all values (q,p) €T except those
with | p! =0. The lack of elementary detectors for sto-
chastic values of momentum centered at zero is, how-
ever, completely in keeping with the nonexistence of
rest frames for zero-mass classical particles, and
therefore with the lack of frames which would be
stochastically at rest with respect to zero-mass quan-
tum particles (such as the photon).

Following the pattern established in I, we shall attach
now to every point of I'®) and to every photon state an
expression for a potential probability amplitude.

Let us denote by 7, the conventional Hilbert space of
the photon,? consisting of vector-valued functions f(k)
that satisfy the gauge condition

k-f(k) =0, (2.11)
and in which the inner product equals
(f]g) = [ ¥} - gl)kt dk, ko= |k|. (2.12)

Let £(k) and n(k) be any two continuous functions of k,
assuming values in the unit sphere in IR® and such that
£,n and 1kl-'k are the unit vectors of a right-hand
Cartesian coordinate system in IR®. Then

&) =212 gk} £ ink)] - £(k)

represents® the right and left circular polarization am-
plitudes, respectively. Accordingly, we shall assume
that every elementary detectorﬂ(xq,p) consists of two
parts ¢ ) and ¢7(x «;») that detect photons of right
and left polarlzatlon respectively.

(2.13)

Following the guidelines set up by the case of massive
particles treated in I, we postulate the existence of a
stochastic phase space representation generator

e,k)=0%k,)z,, (%)

associated with the prototype elementary detector
9 Xo;)- Then, by analogy with 1{2.9), we shall have

(2.14)

Xé‘:’l)(xn’ku): 'em,l(xu”2| Ew,l(k")‘z; (215)
f.;mlzuvl(ku)lzdkuzl’ (2-16)
e, x,)=n? /2f exp( x, ”> (R)dk, . 2.17)

In accordance with I(2.28)}, we introduce the two fam-
ilies

k) E@k) £ in(k)] (2.18)

va

esk)=N, exp<h_q k) (A-1

of vector-valued pseudofunctions (namely, de facto, 6
measures in the variables k), in which N, is a normal-
ization constant to be determined in the next section. By
analogy with I{2.26), we propose

2273 J. Math Phys., Vol. 19, No. 11, November 1978

F&@p)=r12.1.m. n{seq(ﬁ,*(k) f(k)k;! dk, (2.19)

as candidates for probability amplitudes measured with
ﬂ‘*’(xq;,).

The implicit limit in the mean with respect to dg  is
required by virtue of the fact that &, (k) contains a 6-
function in k,. Thus, (2.19) has to be interpreted in
terms of the limit

2\1/2 N
Yap) =2 im. e
1 (q,p)_<h> Lim. = fsdkl

si{0}
(2.20)
+o i ~
X [ *° i b3t exp (- Lo k) 55,0, ()00,
where, by (2.5)—(2.7) and (2.18)
-~ ~ 5 k.o —ky, k tEk
I e

and the limit is to be taken over any monotonically de-
creasing sequence S, 0§, D+ of Borel sets in IR? which
have in eommon only the zero vector (and whose
Lebesgue measures are denoted by 1S, | ).

3. THE EXISTENCE OF STOCHASTIC PHASE SPACE
PROBABILITY DENSITIES FOR THE PHOTON

The interpretation of the expressions in (2.19) as
right and left polarization probability amplitudes on the
stochastic phase space I'® defined in (2.8) and (2.10)
can be consistent if and only if the two functions

*’(q,p {f(:)(qp ‘2

add up to a relative probability density on I'=IRS, i.e.,
if

3.1)

“mszu / dpf “dq, [ dq [o{(ap) ol =1, (3.2)
StR

for all ¢"=IR! and all photon states represented by a
normalized element f(k) of 7. In (3.2), the limit can be
taken on any monotonically increasing sequence

$,CS, <"+ of Borel sets in IR® whose union equals R®.
The need to renormalize the resulting integral in q, over
S by dividing it with the Lebesgue measure IS| of Sis a
consequence of (2.1) and (2.14), which make p{*(¢;p)
independent of

(3.3)

and therefore interpretable only as relative rather than
absolute probability densities.

q=4-(q° wow,

We shall prove now a theorem which, in view of the

fact that

2:lf(.>(k),2+lf(->(k)[z, (3.4)

establishes that (3.2) is satisfied provided the function
e (k) in (2.14) is w-independent and N, in (2.18) is
appropriately chosen in relation to &, (k ).

Theovem 3.1: suppose there is a continuous complex
function e(A), AS€IR!, that vanishes for A <0 and is such
that

Ew:l(}?u):s(kn)e(ku):e'(i"”) (35)
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for all vectors w on the unit sphere in IR%, and further-

more that e()) approaches zero as X +0 so rapidly that
Lo an < oo, (3.6)

Then, for arbitrary f(k) and g(k) from the space 7, of

momentum-representation photon wavefunctions, and for
all qu]R1 ,

lim —= 51 f 0§ (@f*(a:p )2t (g;p) dadp
StR2
3.7
= [ o &g Wk;! dk,

ER3
where w=7p;'p,0%’(@=1if q,=5 and ©{’(q) =0 other-
wise, whereas N, in (2.18) is chosen as follows:

= (2f°°le(h)l2r‘*dA)'“2- (3.8)

2]

Proof: Let us chose f and g so that f*) and g'*’ are
continuous, as well as integrable and square-integrable
with respect to k;'dk for any unit vector w. Then by
(2.20), (2.21) and (3.5),

1/2 w ;
(a0 = (%) N, J, exp[% g,- %)ko]

x e*(’gﬂ> O (wkyt dk,,
[

and a similar expression holds true for g*)(¢;p). Con-
sequently, expressing p in spherical coordinates, so
that dp =»*drd®w, and then performing in (3.7) the q
integration first by writing dq=dq dq, at each fixed value
of w, we obtain upon taking advantage of the unitarity
property of the ensuing Fourier transform in the vari-
able ¢q,

lim mf 0 (@)f+* (a;p)g8" (¢;p) dadp
S1R2

=2N%[ dwf:rz drf:dko

X B2 (100) g () | e(k—:) 2. (3.10)

Reversing the order of integration in + and %2°, and
noting that

) |e( )w dr =15~ |e)| e,

we obtain that the right-hand sides of (3.7) and {3.10)
are equal if N, is chosen as in (3.8). Since the set of all
elements f(k) and g(k) of 7, that satisfy the conditions
posed at the beginning of the proof is dense in 7, the
conclusion immediately extends to arbitrary f,g=7,.
Q.E.D.

Comparing (3.7) with 1(3.2), we see that the essential
mathematical difference between the massive and mass-
less case resides in the non-square-integrability in
space directions orthogonal to p of the mass-zero prob-
ability amplitudes. Hence, instead of the resolution of
identity I(3.17) we now have

(3.11)
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lim |§|- f dqdp®{’(q)
S tIR2
(3.12)

X{I e))(et

) q’p{ ER le( ) (e"’[}: 1.

¢ip gD

The result is completely in keeping with such a peculiar
feature of the photon state-space 7, as the lack of
Newton— Wigner position operators for the photon and
the existence instead of operators for “front” localiza-
tion.2 It has, however, the unpleasant consequence that
the functions f,*’(q;p) cannot be embedded in L%(T).

To formulate a substitute for L3(T') into which the
photon probability amplitudes f*)(g;p) on T'®’ can be
embedded, let us introduce on I" the measure

do(q,p)= f)gd[)(,dwd(]“duﬁ (qJ.) ;

where the 5 measure du,(q,)=95%(g,)dq, is chosen for the
sake of convenience (any other finite measure on R?
would do). Then f.” &£ > could be regarded as an ele-
ment in the space

F (D) =12(r) & L2(1),

where LZ(IR®), as opposed to L2(IR%), is assumed to con-
sist of functions f(q, p) which are not only square-inte-
grable on IR® with respect to the measure o, but also q -
independent at each fixed nonzero value p=IR3.

(3.13)

(3.14)

Theorem 3.2: The mapping
U,(10) : 1) — f{(q,p) B £ (g, p)

is a unitary operator that maps the photon state space
o onto a closed subspace U, of 7(I') in (3.14) which is
g,-independent.

(3.15)

Proof: Upon introducing the time-evolution operator
U, for a free photon,

(U,0) () = exp (- %ctk0> fk), (3.16)
we see that in accordance with (2,20)
U, (q,)£0) = U, (0)[ (7,0 ()] (3.17)

Hence the range of U,(g,) coincides at all g,CIR" with the
range of U,(0), which we denote by /j,

According to (2.12) and (2.13)

(f]g) = | [F2*&)g™ (k) + £+ (k) g (&) ]yt dk . (3.18)
Combimng this resultf with (3.7) we get
(flg)=2 | £ox(g;p)gt® (g;p)doa, p). (3.19)

azg

Hence Ue(zf’) provides an isometrical mapping of 7, into
F(T') at all 4°CIR!, and consequently its range must co-
incide with a closed subspace of 7(T'). Q.E.D.

4. RELATIVISTIC COVARIANCE AND CURRENTS

The gauge condition (2.11) is not relativistically in-
variant. It corresponds, however, to the relativistically
invariant Lorentz condition

Rf, (k) =0 4.1)

for the choice f,(k)=0. The functions f (&), v=0,++*,3,
transform as a 4-vector under proper Lorentz trans-
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formations. In fact, the family of operators f](a,A),

[D(a, A ), (k) = exp (—%a’k)AuV(A'lk) , (4.2)

provide an irreducible representaion of /.

To have the amplitudes f**’(k) transform covariantly,
we have to extend £(k) and 7 (k) to 4-vectors. The in-
variance of f*(k), under the gauge transformation

£00) =~ 7,(K) + R, (k) (4.3)

can be retained for arbitrary choices of the scalar func-
tion (k) if and only if we set £,(k)=75,(k)=0. If we
agree that under the proper Lorentz transformation A
the 4-vector functions £(k) and 7 (k) should transform in-
to

£, =A,7¢0"K), ) k)=A,'n,0K), (4.4)
then the quantities

£.&) =212 (R)E, (k) +if (k) (k)] 4.5)
transform as scalars:

[f/(a,A)f]*(k)zexp(—%a' k)f*(A‘lk). 4.6)

Naturally, if A is not a Euclidean rotation then £, #0 and
16#0, and f, (k) will not generally coincide any longer
with the circular polarization probability amplitudes in
the frame of reference to which A takes us. Neverthe-
less, the probability density p(k) for detecting a photon
of 3-momentum k still equals the sum of I£,12 and | f_|2,

plo) =0 (0 = |7,() [2+ |20k} [, €.
and the inner product in 7, can be still expressed in a
form analogous to (3.18):
= [F AR ks dk = [ (frg, + f*g )kt di 4.8)
Hence we shall retain the space 7{I') in (3.14) in which

each photon momentum-space wavefunction f(k) has the
representatives

£lq;p) = (U, ()N &) = @ ) (4.9)

at each g°SIR! in the original laboratory frame. The
Lorentz covariance of the theory will be established by
proving that both components f,, (g, p) of f,(g;p) trans-
forms as scalar under 2! as a result of the application
of Ula, ) to £.(k) in accordance with (4.6).

Theorem 4.1: The unitary image
U,(a,A) =U,(0)U(a, A)UZ}(0) (4.10)

of the representation (}(a,A) of P! acting on the closed
subspace f}j, of 7(T') constitutes an irreducible unitary
representation in/, under which any of the functions
£,{g;p) in (4.9) transform as scalar quantities:

(U, {a,M)f)(g;p) =fA- g - a) A1 p). @.11)

Proof: Let A-! be any proper Lorentz transformation,
that applied to the laboratory frame takes us to an iner-
tial frame moving at speed p with respect to that frame.
Upon setting

4

q, :A-1Qa p, ZA-IP, w’ :ma

(4.12)
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the lightlike 4-vectors p’ and p become related by (2.4)
and (2.5), and we note that

14 =1)0A"<fz>= Pt w 4.13)
Consequently, we deduce from (2.4) that
o =Lan-iy, £ Y(I—u'—ﬂ), (4.14)
Pe Po c

Consider now a function f(k)€7, that is continuous in
kEIR® and integrable with respect to k;'dk, for every w
on the unit sphere in IR®. Then so is f(A~'k), and there-
fore by (3.9)

fig;p) =[U,(0,M)f,)(q;p) (4.15)
0 ; dko
B onff (ot
4.16)
Setting 2’ =A% and noting that
Atpow) =k w=kiw (4.17)

we can rewrite (4.16) in the form

1/2 . g
f;(q;p)=<%) N exp(;é—q"k) e*(%j)ft(kg 0% (4.18)

On the other hand, we obtain from (2.9) and (4.14) that

’ uw p

ko=Y( - )ko‘p"k (4.19)
This leads to the equalities

k, kI dk, dk!

Zo_% o G (4.20)

pO p() kO k
which, substituted in (4.18), yield

filgp)=7la";p') (4.21)

Thus (4.12) is established when a=0 for the class of
functions f(k) satisfying the conditions stipulated at the
begmmng of the proof. Since this class is dense in 7,
and U(0,A) as well as U,(0) are unitary, the result im-
mediately extends to all of /.

and since

4.22)

The proof for U,(a, 1),
Ula,A) = Ula, T(0,M),

a=IR*, is trivial,

(4.11) immediately follows.

The unitary and irreducibility of U,(a,A) in/}, is an
immediate consequence of the corresponding properties
of U{a,A) in #,, and of the unitarity of U,{(0).

Q.E.D.

The above theorem establishes that the functions
f*(q;p)E/Me transform covariantly although the measure
0 is not left invariant by Lorentz transformations. But,
this is understandable, since the choice of ¢ was one of
expediency, meant to secure the square-integrability of
functions that do not depend on q, at any fixed choice of
p. Any other choice would have had, however, to run
into the same problem since it would have had to involve
a finite measure in q, €IR?. Thus a totally covariant
formulation has to fall back to the renormalization pro-
cedure inherent in (3.2) and (3.7).

The key corollary of Theorem 4.1 is that the (gauge-
invariant) probability density
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2, (@p)= W (@;p) |2+ |15 (g:p) ]2 (4.23)

of detecting a photon (of arbitrary polarization) at the
stochastic phase space point (q,p;x ;. ) transforms as a

aip
sealar under {(a,A)EP1:

pL(g;p) = 20 | Ula,A)f @ (g:p) |2
(4.24)

=p, A g - )N p).
Consequently, plg;p) gives rise to a covariant probabil-
ity current.

Theorem 4.2: The probability current

. d
Ma)= [ 1o, (q:p) 2 (4.25)
R3 b
transforms as a vector under (a, A) < P
g i @) =A% 20 g = ). (4.26)

If j(q) corresponds to a photon state whose momentum
space wavefunction f(k) is continuous and integrable in
IR® with respect to the measure k;'dk, then j%(q) is
differentiable and

3
aq

Proof: The covariance feature (4.26) is an immediate
consequence of (4.12) and of the invariance of p;ldp
under each A€L!

To prove (4.27), note that by (4.23) and (4.25)

5 7%(q)=0. (4.27)

3
aqyj;(q):ZReE‘ff;“’*(q;p)

(4.28)
d
X<aq° e 'Vu)fe“"(q;wdp-

However, under the conditions imposed on f(k) in the
theorem (3.9) is applicable, and consequently,

2 2

sgple P ==5 =12 q:p)
! (4.29)

——w vqfe(t)(q;p).

Hence, the integrand in (4.28) equals zero, and (4.27)
follows Q. E.D.

Although the formal appearance of the formulae I-
(4.14) and (4.25) for the current in the massive and the
zero-mass case is exactly the same, there are essential
physical differences between these two cases. The cur-
rent 1(4.14) has a time component which is a probability
density at a bona fide stochastic configuration point when
the particle is in a state of slow (nonrelativistic) motion
in relation to the laboratory frame. This is not the case,
however, with the probability current (4.25) for zero-
mass particles, since no such states exist for those
particles. Consequently, the configuration and momen-
tum dependence of the confidence function of a stochastic
phase space point are now always inseparably inter-
twined. Thus, for zero-mass particles the value of
7%(q) at any space— time point ¢ has to be viewed as a
superposition of probabilities at all stochastic phase

2276 J. Math Phys., Vol. 18, No. 11, November 1978

space points centered at points (g;p) that share the same
space—time part ¢, rather than as a probability at a
single stochastic configuration space value.

5. DISCUSSION

It might appear strange that the stochastic phase
space approach permits the existence of probability cur-
rents for the photon, whereas neither of the two conven-
tional approaches— namely configuration space and mo-
mentum space representations— allow for similar pos-
sibilities [cf. Ref. 5, Sec. 4, for a discussion of the
reasons behind the impossibility of constructing currents
from vector potential Av(x)]. This phenomenon can be
taken, however, to be a natural mathematical expres-
sion of a fundamental physical characteristic of zero-
mass particles: their localizability in space— time is
inseparably tied in with their direction of motion,*?® and
consequently any formalism that treats position sepa-
rately from momentum cannot possibly supply a consis-
tent expression for a covariant current whose timelike
component would be a probability density.

In the case of massive particles some insights were
achieved by considering the probability as well as the
charge current at spread-out stochastic configuration
points originating with optimal representations, and then
studying their behavior as we went to the limit of sharp
configuration points. In a sense, we shall adopt the
same tactic in the present context, but first we have to
dispense with a technical difficulty: Since there is no
nonrelativistic theory of the photon, there is no physical
basis for a definition of optimality for stochastic phase-
space points at which a photon might be located. Hence
we shall have to let ourselves be quided only by formal
analogies with the relativistic case of massive particles.

We shall transfer the exponential behavior character-
izing the generators of optimal stochastic phase space
representations for massive particles to the photon case
by considering in (3.5) generators of the form

S\2

% (5.1)

e's (k)= (nh "2t/ exp [— (1- leu){l ek,
where é‘s’(kn) is a smooth function which vanishes for
k, <e(s), where e(s) <1 is some positive number so that
(3.6) is satisfied. To be more specific, we shall choose
¢(s) >0 so small that 2¢(s) <1, and then set £9(k )
=¢(s) for k, > 2¢(s), where the magnitude of the positive
constant ~{s) is chosen so that the normalization condi-
tion

flew@l-t

implicit in (2.16) is satisfied.

(5.2)

In letting s — + < we shall take e{s) independent of s,
so that on account of the well-known ¢-behavior of the
exponential part of e’(\) we have c(s) — 1 and N, ¢,

-~ 2-1/2_ Consequently, for functions f%’(k,w) that are
continuous and integrable in kj'dk, we get, by applying
3.9),

Lim (2k%s72)"1/1f ¥, (q;p) = exp <— %q . P)f‘“ (). (5.3)

g+
The above relation represents the zero-mass counter-
part of I(4.7). It shows that the probability densities
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(4.23) at stochastic phase space points corresponding in
accordance with (2.1) and (2.15) to the generators (5.1),
after being appropriately renormalized, indeed approach
the conventional density (4.7) at sharp momentum val-
ues, i.e., '

1im (2h%s72)1/2p_(,,(g;p) = | £(K) | ?

8§~

(5.4)

in the gauge (2.11).

On the other hand, in letting s — + 0, we shall also let
e(s)— +0, so that
fe)asp) =1im[22c(s)N, (£, %) (g:p) (5.5)

does exist for the same choice of f®’(k) as above. In
fact, we easily compute from (3. 9) that

© i kO
& qgp)=Hrt /zfo exp <— i k)f‘*’(p p> kit dk,.

Thus, we see that there is no counterpart to 1(4.6),
since

(5.86)

Al@=r>"?[ exp <— ;ffl . k>[f‘*’(k)£(k) +f("(k)n(k)]k@0 6.7

has no components proportional to (5.6). As a conse-
quence, the current j%,{¢) is not algebraically related
to A(q) in the limit s — + 0. As a matter of fact, the lim-
it itself,
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jéV) (q) =1lim [ZCZ(S)]\Ti(S)]-lj;(s)(q)

S~ 40

(5.8)
:f%[l.f&?(q;p)

>4 176 (a5 *lap,

although formally covariant due to the covariance of
(5.86), is actually represented by a divergent integral
since & (¢;p) in (5.6) is easily seen to be independent
of p,.

Thus, we have to conclude that although the stochastic
phase-space theory of zero-mass particles shares some
common features with its nonzero-mass counterpart,
there are also essential differences, and procedures
that work if second case fail in the first, and vice versa.
The concept of stochastic phase space itself has to be
modified by the introduction of frontally localized points
{which on the other hand cannot be related to covariant
densities in the massive case), and emerges as being
even more crucial to a covariant treatment of localiza-
bility of zero-mass particles than it was in the case
with massive particles.
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Some irreducible representations of the 11-parameter Weyl Lie algebra are suggested as models of

elementary particles.

1. INTRODUCTION

Hadron spectroscopy data indicate that hadrons have
internal structure. In any theory of particles with struc-
ture it seems inevitable to introduce an internal mani-
fold to describe this structure of the particle. For the
irreducible representations (irreps) of the Poincaré
group /2, =T*S0,(3, 1) the absence of such a manifold
corresponds to the particle being essentially a point
particle. The spin degree of freedom is attached to the
particle in an abstract way. However, Wigner has
shown! how one can associate with any m >0, positive-
energy irrep of P! a system of differential equations for
the Casimir operators on a manifold M° derived from a
manifold M®={*, p*} restricted by the subsidiary con-
ditions {p>=m?, E2=-1, pt=0} In the rest system of
the particle this means that the coordinates £ can be
thought of as describing some spatial extension of the
particle in the form of a sphere of unit radius. For
integer spin reps the spin operators are then the ordi-
nary rotation generators on the sphere.?

It is tempting to think of the sphere as representing
somehow the internal structure of the particle. In this
work we shall take this idea seriously and use an inter-
nal closed space to represent the coordinates of particle
matter, the motion of the center of energy of this
matter being described by the 4-momentum p*, That
this is a natural description of composite objects is
heuristically digressed upon in Sec. 5. Furthermore,
it turns out that there is a consistent division of the
relativistic motion of such a composite object in that
the internal motion can be described essentially non-
relativistically while the center of energy motion is still
relativistic. This is technically brought out in the three
models of particles described below. These models
describe families of particles as irreps of the 11-pa-
rameter Weyl Lie algebra /= ({*~S0(3, 1) R,. Each
one of these representations is integrable on the
Poincaré subalgebra, so that global Poincaré transfor-
mations can be applied to the particles. In Sec. 2 we
describe bosons and in Sec. 3 fermions. Section 4 de-
scribes a model composed of two spin-3 constituents
(e.g., “charmonium”) and the resulting energy levels.

2. IRREDUCIBLE REPRESENTATIONS OF / WITH
INTEGER SPIN

The Weyl Lie algebra /{/ is spanned by the vectors P*,
M*¥ and D, corresponding to translations, Lorentz
transformations and dilatations. Besides the ordinary
commutation relations between P* and M*", these vec-
tors satisfy the relations
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D, P*]= - P*, (2.1)
[D,M*]=0. (2.2)

Let / = L3(R?, d%p/p ? + m2)*'3)n L*(S, d®x). The manifold
S is the ball in R?® with radius a. In 4/ we can define a
rep T(/) of [{/ as follows. Let y(p,X)<=S,, the subspace
of // obtained by restricting the y:s to belong to §(IR®)
with respect to p and to C” and vanish together with all
derivatives at 0 and on 3S with respect to X. Then de-
fine the following skew-symmetric operators on Sg:

T(P*)(p, ¥)=ib" 6.9 (P, %), (2.3a)

TG, D =(Px g -5 )00,

3
3 (2. 3b)

TR G, =[poy - o B (D) | 45,9, (2.50)
— 1. 8 3 -
T(D)Y(p, f)Z(EX- =T z) b (p, x). (2.3d)

Here p,=(p* +m?2)'/2. Let T ,(W?) and T ,(P?) be the
Poincaré Casimir invariants, Then — T ,(W?/P?) =52
where S=— i¥x 3/0%, is invariant with respect to T (),
and has eigenvalues J(J + 1). We can then decompose //
and 7T into reps T, on //;, with // =~/ ,, For any J,
S,"4/; is a dense invariant domain in 4/, for the rep

T, {{/) defined as above. A basis S? of //, on which
M?=_ P P* is diagonal is given by

S::{d}a,kJ,J(f;, 7,0, ¢)
:éﬂ@JJ+1/2(kJT)/V?YiJ(G’ )
—J<m,<dJ, k;eF,;, e Z%.

Here F, = {y;JJd/z(ya): 0} with J;.1,, being a Bessel
function of the first kind corresponding to angular mo-
mentum J, and ®,(p) are Hermite functions on R®, The
radial functions in this basis derive from the Sturm-
Liouville expansion of L*([0, a], ¥d») with respect to so-
lutions of

@ 1d ({+3) N2y
(872_+;E— ka(7)f—kJ,.J(V)

) (2.4)
p

with boundary conditions f, (a)=f, (0)=0. The eigen-
values of M? on S7 are M*=m2k}, k,EF ;. As is shown
in the Appendix each rep T,(j/) is Schur-irreducible in
#/, in the sense that every bounded operator A that com-
mutes strongly with T ,(P*), T ;(M*"") and weakly with
T,(D) is a multiple of the identity operator.

Each irrep T,{{/) is integrable on the Poincaré sub-
algebra by construction. However, the operator iT(D)
has defect indices (0, 1) and is not s.a. in //; and can
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therefore not be integrated. The physical interpretation
of these irreps of [{/ can be in terms of a ball, the radi-
al excitation modes of which correspond to the excited
states of different masses. The spectrum of masses in
4/ is shown in Fig. 1 for different values of the spin J of
the particle.

When space reflexion is defined by the operation
¥ — -7, there is a natural grouping of states with re-
spect to odd and even values of J. The fixed parity,
fixed radial excitation modes in #/ will then respect the
AJ =2 rule.

Finally we mention that the irreps of w presented in
Ref. 3 are closely related to these ones. If the spin
space there is chosen as the (2S + 1)-dimensional carri-
er space of a D® rep of SO(3), then we obtain a system
of particles with masses m=myk, k=1,2,... and spin
S. However, the interpretation of the model is then
different, since the internal coordinates have no direct
relation to each other.

3. IRREPS WITH HALF-INTEGER SPIN

Half-integer spin irreps can be obtained by replacing
T=-ix%x3/0% by S=-i¥X3/0% + 37 in the generators
T(J) and T(K) in Sec. 2. Here 7 are the Pauli matrices.
Let the rep space be 4/ = L*(R?, &*p/p,)® C,. Reducing
this rep on the Poincaré algebra, there is now a degen-
eracy in the mass spectrum with respect to spin. This
degeneracy can be removed by introducing an extra term
in the expression for T(P*"), giving rise to the following

rep of [/ in A/ :

T(P“)d)ml(ﬁ, %) =~ip*(- A. 1+ 2ar?L. awml(ﬁ, ¥), (3.1)
()Y, (5,%) = (ﬁxé% -i§)wml(13, %), (3.2)
TR 5,7 =(155 = ) CXi9Wm 5D, (3.9)
T(D)d)ml(ﬁ,y?):i()?é;— +%z>wml(§,z) (3. 4)

for functions in // which have the same restrictions with
respect to ¥ and p as S, in Sec. 2.

The invariants are now &2, L%, and (L + 30) with
eigenvalues 1, (I + 1), and J(J + 1) respectively in /4/.
The rep T(j/) is reduced by the decomposition
H=a&,4,, with =143, For the further decomposition

14 1; 4 4
B/ Ve i - 22
BT o c— a———— L YA
e}
0 20

1

FIG. 1. Irreducible representations of#/ with integer spin.
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of each 4/, ; into irreducible Poincaré reps we get the
following eigenvalue equations for the radial functions:

&2 2d
(d_'r"’ +;E’}T —?’-2(l2+l+ al))‘l",*l/z(r)
=_k?r,l(a)\1’1+1/2(7')’ (3.5)
<‘—1§ +-72; Zi% -7 +1-a(l+ 1)])111,_1/2(7)
='k.?,l(a)‘1'1-1/2(7’)- (3.6)

For the eigenvalues of the mass operator in //, , with
respect to the same boundary conditions as in Sec. 1,
we then have

_ 2,2
MI,J =mya ]vgn

where

v,=[(+ 2P+ ]/ for J=1+1,
2

vo={(l+3P -al+ D]/ ford=1-14, I>1.
and j, , is the nth zero of the Bessel function J,,,,,. The
splitting of the levels for a >0 is shown in Fig. 2.

4. A MODEL WITH CONSTITUENTS

As a simple illustration of possible generalizations of
the models above, we shall consider a model with
“constituents” confined to the ball S (e.g., “charmon-
ium®), We can think of ¥ above as the coordinate for
the distance between the “constituents, ” each of which
we take to have spin 3. We can then construct a rep
T(/) of i/ on the space }f = L*(R?, & /p°) R L*(S, d®*x)® C,
?C,. In // the generators of T(j/) are defined by

TP, , 5,5

==-ip*[- A, +7(a+28L 5+ 45, - 5,)¥,, , (b, %),

(4.1)
T(j)‘l’mlmz(ﬁy E)
(4.2)
=(5 Xg%— —iL- i§)wm1m2<ﬁ, ),
T(R)\I/mlmz(ﬁy ;C-)
0 U _
- [" T LY 15)] Y m () %), (4.3)
T(D)\Ilmlmz(E, ;)
- %<’7 =t f)wmlmz@’ %) (4.4)

Here S§=5,+5, and L =~ iXx9/0%. When both 8 and y
are different from zero, there is no degeneracy with
respect to the decomposition of 4/ into Poincaré algebra
reps. To decompose // into irreps of |/, defined by the
eigenvalues of (L +32=J(J+1), L2=1(l+1), and
S$2=5(S+1), we decompose L3(S, d*x) as follows:

L3S, &%) = 3, LX([0, a], *dr)> D' (@, dR),
170 4.5)

where Q =0S.
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FIG. 2, Irreducible representations of W with
" half-integer spin.
%3 1,3
+ + + 4 (e ® o
K1712 :KO’;
+ + +) i (@ 3 )
-+ T \ T T T T T T T - T T T > 2
M/moa 7r‘? 10 10 M/moa il
Then of the operator
= 5 —_ — — —_
7L/ J'I’SHJ'l’S’ F:Q+B(J2-—-L2—Sz)+27(sz—3/2).
where HereJ =L +5 and T = —i¥xd/dx.

His = LAR, &/ p°)= D715 (Q, d2) 2 Li([0, al, ¥*dr).

Hs,1,s carries anirrep T, ; s(W/) of {/. This rep is

again Schur irreducible in the same sense as in Sec. 2.

The mass spectrum, again with respect to the same
boundary conditions as in Sec. 1, is given by

— 2 ;2
M= moa ]v,n,

where j, , is the nth zero of the Bessel function J,,,,,
with index v= [(1 + 3)? = F]'/2, where f is the eigenvalue

2.2
M/moa m A

(4.6)

For 8 and y small, we have

M=wm. a?(i? i _d_].u_Qi
M=y —_
ot (Jvo,n Vs ]vo,n dy

BT+ =10+ 1) =SS +1) ]+ 2y(SS + 1) - %)}))

with vy ={[(1 + 2F - a]t/?.

The mass spectrum is shown in Fig. 3. It corresponds
by construction to the levels obtained by current non-
relativistic models. *

3
51
6 4
1501
54
4
3p
3D,l -——132 FIG. 3. Mass spectrum for the
3 Ipl 3 3 —_— composite model.
Ea— Py 4
3
59
2 15
— 0
1 4
J-0 J=1 J=0 J J=2
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Again, the relative inner parity 7 can be defined by
the properties under the reflexion x —~ - x. The spin-
statistics postulate forbids singlet states with odd pari-
ty and triplet states with even parity when the constitu-
ent particles are identical. This is of course not the
case for the particle— antiparticle pair.

5. DISCUSSION

The models of hadronlike systems considered in this
work can be seen as variations of one and the same
theme: realizations of Weyl Lie algebra reps that are
Poincaré integrable. To some extent these models rep-
resent a new type of closed systems in relativistic par-
ticle physics that seem to have a rich potential struc-
ture. Earlier suggestions along the same lines are
found in Ref. 3 and 5. The so-called dynamical groups
are a somewhat different approach to the same idea
and suffer from various difficulties that are not present
for Lie algebra reps.

The models describe the particle states with different
mass but the same spin as radial excitations of one and
the same object within one irrep of /{/. The particles
have an inner space S in which the matter is confined.
In order to illustrate the possible physical interpreta-
tion of this, we consider two free particles with mass
m described by the energy operator

Poy(7,, 7y)= [(m? - A 24 (m® - Az)l /2]4)(7_'1’ 7). (5.1)
In the nonrelativistic limit we can write
_ 1 1 _
0 7Y ~ ] — - |
PR, 7) (2171 y. Ag ~ AT) UR,7), (5. 2)

where R = 3(7, + 7,) and #=7, - 7,.

Introducing a strong central potential between the
particles, it is reasonable to change (5. 2) into

(R, 7)= <2m I vm) VR, P), (5.3)

2M

where M is the mass operator of the bound system,
i.e., for ¥(R,7)=®(R)x (¥) we have

(2 - 52,4 VO =30, (5.4)
Then (5. 2) becomes

PR, 7) = <M - —1-—A ) ¥R, 7), (5.5)
which is the nonrelativistic limit of

PoyY(R, 7y = (M? = A, 2 Y(R, 7). {(5.86)
Consistent with (5. 6) is

Py(R, 7V =-iVz ¥R, 7). (5.7)
Let

My (P) = mHy ((7) = mh;x (7). (5.8)

Then we can accordingly scale P on each irrep of the
Poincaré group, so that Eqs. (5.86) and (5. 7) after
Fourier transformation read

Po¢i(ﬁa 17):hi(m2+‘52)1/2<bi(§, 17)’ (5-61)
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ﬁd)i(ﬁ; 7)=h‘p—¢){(P_, 7). (5.7)
Identifying H with

1 1
H:—WA'+-}’—VL-V(7)+2

and defining ¥ =m7%, we have
H=— A, +— V("“) +2.,

If we take the confining potential to be
-2m forv<a/m,
V)= + for v =a/m,
then
Hy(%)=-ax(x) for x<a,
Hy,(x)=0

This is equivalent to H= - A_ in L%(S, d®x) in accordance
with the models used above.

for x> a.

Finally we remark that, from the point of view of
representation theory for [{/, obviously any two rotation-
ally invariant symmetrical differential operators A and
B in R®, with [A, B]=- B can realize a rep of [/ if we
put P* =p*B and D=A and make the necessary changes
in boundary conditions that make A self-adjoint. Qur
choice has been guided by the physical interpretation
above in terms of a potential problem. The confining
potential, represented here by a closed compact space
S, might perhaps be an approximate description of the
effects of some strong nonlinearity around the hadron
matter that introduces a curved Riemann metric of
closed type, or simply the infinite approximation to a
finite but extremely deep potential, similar to the infi-
nite square-well potential in nuclear physics.
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APPENDIX

Let p* and W* be the Poincaré Casimir invariants. By
construction 7,(W?/P?) has eigenvalue —J{(J +1) in //,
and the spin is invariant under T,(D). In this case J
therefore characterizes the rep. Let A be an arbitrary
bounded s.a. operator on //,. We decompose 4/, with
respect to Poincaré algebra irreps ,l/J » Which are inte-
grable due to construction, A therefore commutes
strongly with T ,(P*)and T ;(M*"*) on each H s, me Writing

T,(P)=2%, s, p2m°E,, where E_ is a pmJector ont; .
we have
A=2..spp20,E ,, SpP?=Spectrum of T (P?) (al1)
in 4/ ;. Let WeS,N//, have the decomposition

V=B, =0 Ve, (A2)
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where ¢, is an eigenvector of T,(P?) with eigenvalue m?,
Now, we can write, according to hypothesis

0= ((P’ [ATJ(D) - T,(D)A]KP): (A§0; TJ(D)ZI))
- (¢, T (D)AY) (A3)

for ¢ and ¥ belonging to S,N//;. Inserting (A1) and (A2),
we get

0= 2, (ap=ap )%y . (e, T,(De,) (A4)
m,m’
Since ¢ and ¥ are arbitrary and S,N/4/; is dense in 4/,,
we have
(@ = Qe Nep, Ty (D)e,,.)=0. (A5)

Below we shall show that (e,, T,(D)e,.)#0. Then (A5)

=a,=4a,, —>A=al,

Relative to the basis S we have
(s Ty (D)) =8 i, Orth, (A6)
where
dyy ey = =150, NP +izk’ Of drv3a ;. ok )
xJ.r»a/z(k’JT)'
Put
a
I(x)= fdrrJ,d,z(k,r)J,d,z(xk’,r).
)

Then
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ol g
5(1) == kfr ofdr'erhx lz(kJ")J.r«a/z(k.'r'r) + (J + %)Neak,w .

But

k,a ,
I(x):"}?J__"?—k?‘]hllz(xkfla)‘]hx/z(k.ra);
hence
ol k;aka
5(1)3—k_.er_"}‘eL":’E'JEu/z(k.’ra)J.'rd/z(kJa), ky#ky.

Comparing the two expressions we find

a
kY Of drr3d ol 7V g g (R

k kya® .
2= k.'erldlz(k 1072k a).
Now J%,,/,(kya)#0 when J,, ,,(k;a)=0. This shows that
d,,ﬁ,,J#O. QED

=+ %)NZG.J',J +
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An exact solution to Einstein’s equations with a stiff

equation of state
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A solution to the equations of general relativity is given which is spherically-symmetric and nonstatic with
an inhomogeneous density profile p and a pressure p given by the stiff equation of state p = pc 2. The
solution may be of use in representing collapsed astrophysical systems or the early stages of an

inhomogeneous cosmology.

Solutions to Einstein’s equations with the “stiff” equa-
tion of state p = pc® have been considered in several
contexts, mostly of an astrophysical nature,!™®
Zeldovitch showed that such an equation of state is con-
sistent with a limiting velocity of sound waves equal to
the velocity of light ¢ in such a medium, and numerical
work on spherically -symmetric, nonstatic p = pc? solu-
tions has been carried out by Miller” and by Henriksen
and Wesson. ® One reason for studying such solutions
is that they are believed to be relevant to collapsed
astrophysical systems. % °!% There has also been a re-
cent upswing in interest in inhomogeneous cosmological
models, and the p = pc® equation of state is expected to
be relevant in this connection (a review of anisotropic
cosmology has been given by MacCallum,** and sub-
sequent work has been reported in Refs. 14—18), A
method for generating cosmological solutions of the type
treated below has been developed by Wesson.'® In the
next three paragraphs (a) the spherically-symmetric
equations of general relativity are put into a form suit-
able for analysis, (b) a two-parameter family of solu-
tions is obtained possessing the noted stiff equation of
state, and (c¢) a particularly simple solution with only
one assignable constant is isolated.

Following Podurets, ?° a spherically-symmetric met-
ric of the following form is taken,

ds®=c%e"di® —e“ dR? =V’ (d & + sin®6d ¢?) (1)

Here, R is comoving but »=#(R, T) is not. The metric
coefficients o, w, » and the parameters of the matter
p, p, m form six unknowns to be obtained from the field
equations. The latter are taken in the form?°:2!

26m/c*r=1+e""/c* — e r'?, (2a)
m' = 4mpry’ (2b)
m=—dapriv/c?, (2¢)
o' ==2p'/(p+pc?), (24d)
w=-2pc*/(p+ pc?) - 47 /7. (2e)

In the above (') means 3/9R and (+) means 3/3¢. The
mass m(R, ) within some coordinate distance R is de-
fined implicity by these equations. The condition p(R, ¢)
=p(R, t)c® removes one of the six unknowns, leaving
five unknowns to be obtained from the five equations (2).
To put (2) into a form suitable for solving under the
p=pc® assumption, one can assume the existence of a
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constant /;, and define three dimensionless functions as

follows:
87Gpr” { 2Gm ¢ ¢
——=n{— > =M{— = —}.
P n(to): oy </0>7 v RS</0> (3)

With (3), (2b) gives M =7 immediately. Using (3) in (2)
generally and eliminating M in favor of 5 gives

n=1+e RS /c* - ¢™“S*, (42)
n/n=-25/8, (4b)
o'=2/R, (4c)
w=-28/S-n/7. (4d)

These four equations have to be solved for ¢, w, S, and
n.

The solution family is now easily obtained. Equation
(4c) gives e°=(R/c!)® where part of an arbitrary function
exp(t/t,) has been put equal to unity. Equation (4d) gives
e“=1, choosing an arbitrary function exp[w(R/ct,)]=n2,
where 7, is a constant. The latter constant is defined by
the integral of (4b), which gives n=(n,/S)*. With the
specified choices of the arbitrary functions of integra-
tion involved, the remaining equation to be solved is
(4a) in the form

S*(1 48 ~ S — =0, (5)

Solving this equation and collecting together the other
parameters gives the full solution family for the metric
coefficients e°, ¢“, S and the matter properties p, p, m
as defined by (3) as follows:

e°=(R/ct; e“=1, ¥=RS, (6a)
(S* = S22+ S% =5 = (1/Ty)*, (6b)

p=pc? = c*nZ/8rGR?SY, m = c*niR/2GS. (6¢)
The solution (6) is a two-parameter family depending
on the two constants T, (defined in place of /, above)
and n,. It represents an evolving [expanding or con-
tracting, depending on the sign choice in (6b)]| spheri-
cally-symmetric configuration of matter with an in-
homogeneous (< R™*) density and pressure profile.

For the special choice 5,= 3, the solution (6) takes
a particularly simple form which, because it is likely
to be of more immediate use than (6) in astrophysical
contexts, can be stated in metric form as follows:
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ds®*=(R/1* A’ —dR? - R*S*(d6* + sin*6d ¢?), (7a)
252=1+ (1/T,)%, (7b)
p=pci=c'/327GR®S*, = c*R/8GS. (Te)

This solution, which has only one assignable constant
(7,) and whose validity (like that of the full two-parame-
ter family) may be checked by resubstitution into (2),
is of astrophysical interest, In particular, it might be
used in situations involving white holes, !° lagging cores
of a big-bang cosmology, *!'!* other condensed objects
like neutron stars or the central regions of quasars,
and the early stages of inhomogeneous cosmological
models. *® It is hoped that the family of solutions (6) or
the simple form (7) will find application in one or more
of these contexts.
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The conserved densities of the Korteweg—de Vries equation are identified as energy densities associated
with higher order equations generated from the KdV equation and governing its solutions.

1. INTRODUCTION

Miura, Gardner, and Kruskal' have discovered an
infinite number of conserved densities for the Kor-
teweg—de Vries (KdV) equation in the course of their
extensive work on this equation. Noether’s theorem?®
provides a natural way of associating a conserved quan-
tity of a system with an infinitesimal transformation on
that system. Since in many cases there is a biunique
correspondence between conservation law and trans-
formation,?® the conservation law can often be labeled
or identified by its associated transformation. For ex-
ample, a conserved density can be identified as an
energy density if it is associated with time translation,
an angular momentum density if it is associated with
rotation, or a charge density if it is associated with a
phase or gauge transformation.

Steudel® has shown that extended Backlund transforma-
tions are associated with the infinite set of conserva-
tion laws for the KdV equation, via Noether’s theorem.
The purpose of this paper is to give an alternative
simpler identification of these conservation laws by
associaling them with infinitesimal time translations
on new (integrodifferential) equations of motion. These
equations are higher-order KdV equations, and their
solution sets contain the solution set of the KdV equa-
tion. That is, solutions to the KdV equation must also
be solutions to these higher-order equations, so that
solutions to the KdV equation must obey any conserva-
tion laws for the higher-order equations.

Hence this paper identifies cach of the infinite number
of conserved quantities for the KdV equation, as a con-
served energy density for each of the infinite number of
higher-order (integrodifferential) KdV equations, which
must be obeved by all solutions to the KdV equation.

it is hoped that a similar approach will yield a gen-
eral technique for explaining via Noether’s theorem the
infinite sets of conservation laws associated with other
nonlinear equations, in terms of higher order equations
which also govern these systems.

A brief summary of Noether’s theorem and a gen-
eralized Noether’s theorem will be given in Sec. 2.
The main result of this paper follows, and a corollary
that the energy density of the nth “generalized ” KdV
equation, discovered by Lenard (see Gardner, Greene,
Kruskal and Miura®), is identical to the nth polynomial
conserved density of the KdV equation, is given in
Sec. 4.
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2. NOETHER'S THEOREM AND GENERALIZATION

Noether’s theorem can be applied to a system which
can be described by the Euler—Lagrange equation of
motion

E(/)=0, 2.1)
where
= 3
2SN (_1)e g e —r 2.2
E a:o( ved, e d, (i‘c’)ul,.,.,uu) (2.2)

with the sum being over different combinations of
{ul, ney ua}», and the Lagrangian density is

/. :L(X7d))d)u7d)uvy D"),

where

d 20 ().

H1oodytr? Puy = dxk1
Noether’s theorem states that if the action integral
§=J Ldx
is invariant under the infinitesimal transformation
M=x+6x, ¢Hx)=olx)+oox),
then the following relation holds,
—0¢E(L)=d,[m([)5o+ /[ bx* +G*],

where

2.3)
(2.4)
(2.5)
60y =/ d,G"dx

under the transformation (2.4), and

™([)= % i(—l)bdul-r-dub(____al_ >

=0 5=0 ad)ul,”u.ua,’/

Xd, —ced 2.6)

Hhel B
Note that v is summed over as a repeated index, and
the (“1’ LR pa) are summed over combinations.

The relation (2.5) yields the conservation law for
solutions to (2.1)

d,[m™([)5p+/ 6x* +G*|=0. (2.7)

Noether’s theorem has been generalized in such a
way that the existence of a Lagrangian density is not
necessary in order to associate a conservation law of
a system of equations with an infinitesimal transforma-
tion on that system. This has been done in a series of
papers by Rosen.® If the equation of motion for the
system is

F(x,d,¢,, ) =0 (2.8)
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and if the relation

-8¢F=d,J* - K (2.9)

holds, where K(x, ¢, ¢,, - +) is zero for solutions and
is linearly independent of F, then the generalized_
Noether’s theorem associates the field variation 6¢
with the conservation law

d,J* =0 (2.10)

for solutions of the equations of motion (2.8).

Note the similarity of relation (2.9) to relation (2.5).
Rosen has shown that if a Lagrangian density / exists
for the system, the generalized Noether’s theorem is
equivalent to Noether’s theorem, so that either method
can be used to associate a transformation with a con-
servation law. It should be noted that the relations (2.5)
and (2.9) have to hold for all values of the field vari-
ables, not just for solutions.

3. THE ENERGY DENSITIES OF THE HIGHER ORDER
KdVv EQUATIONS

The higher-order KdV equations are generated from
the KdV equation

Gyt 010, + 0,=0, (3.1)
where
dd
= QYE(T (,0), o,= (b(\ 0,
by operating on it » times in succession with
H=+5¢,+50, [ “dx, (3.2)

where the lower limit of the integral is such that ¢ and
its derivatives vanish on that boundary, giving

H (D, + ¢+ ) =0, n=0,1,+". 3.3)

This operator first appeared in a recursion formula
due to Gardner, Greene, Kruskal, and Miura® for the
conserved densities of the KdV equation

Hd A =dA,,, A =0,. (3.4)

Their operator is equal to H within a constant number
if their KdV equation is transformed to the form used
in this paper. In the same paper, H is a generator for
a class of evolution equations for the time independent
Schrodinger equation which leave the discrete eigen-
values invariant in time, and which possess the same
set of conserved densities as the KdV equation (the
“generalized” KdV equations)

=010+, (3.5)

where u= ¢_. Note that these equations are partial dif-

ferential, ® while equations (3. 3) are integrodifferential.
However, equations (3.3) are solved by solutions to the
KdV equation, and Eq. (3.5) are not. Hence, a system

with a KdV equation of motion will be governed by

Eq. (3.3), and by their conservation laws.

u, + H'u = 0,

The energy vector of the nth equation (3.3) is J* such
that

duJ‘;: - d)tHn((bxt + ¢1¢)2 + (1)4) +K,,5

where K, is linearly independent of the nth equation
(3.3). J* is an energy vector because the generalized

(3.6)
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Noether’s theorem [Eq. (2.9)] associates it with the
transformation

5p=—co,. 3.7
That is,
St==—€, dx=0, 0p=¢'(x')-Px)=0

which is an infinitesimal time translation (¢ is some
infinitesimal parameter).

If K, is zero, at least for solutions to the nth equa-
tion (3.3), then J¢ is a conserved energy density for
that equation,

It will be shown that
-0 H D+ 010+ D) =dA T dX, 5,

where the A __; are the conserved densities for the KdV
equation generated by formula (3.4). Clearly, A _,,; will
then be identified as a conserved energy density for the
nth equation (3.3). Note that Eq. (3.8) must be proved
for all values of the dependent variable ¢; this variable
is not required to be a solution of any of the Eqs. (3.3).

(3.8)

Equation (3.8) will be proved in two parts. In part
(a) it will be shown that

Hn*l(d)xt)_ x" nel (39)

where F is equivalent to a function of ¢ and its deri-
vatives, in a sense that will be defined in part (a).

In part (b) it will be shown that
- ¢tH"(¢1 ¢, t ¢4) = thmS + daf)(:rrs ’

where X, is a function of ¢ and its derivatives.

(3.10)

This will be done using the conventional Noether’s
theorem, deriving a Lagrangian density for the lhs and
hence the (conserved) energy density, treating

H(p, 0+ 0,)=0

as Euler—Lagrange equation for this purpose.

(3.11)

A. Proof of the integrodifferential part

Equation (3.9) will be proved by induction, assuming

o, H (¢,,) =d F, for i=0,1,2, (3.12)
Hence
dr,
OH™ (f,) = & H (d¢ ). (3.13)
t
The rhs can be rearranged as
dx [dsz 2¢xt f¢2 f
+d da.F, (3.14)
6, J b,
noting that
da.rF,
o G T iy0, - f¢2¢t (3.15)
Lemma
d.Fy, fd F, NP .
x4 b+ L IS x il VW j<n, k<n.
R I
(3.186)
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Pyoof: From Eq. (3.9)

d,F,.l dF, <dF> d.F, 3.17)
= i 3.
and the rhs can be rearranged as
d:F, dF, dF, d
d - b ulk | Ly
[ 5'[76‘ 0.2 ¢>2 & b o
w3(J%0) (fo fo2)]
L arF dxF (3.18)
{5
which equals
dF, {d.rF,
o 1 .1 i+l
d Qi r) (b ]T,
where
- dF_ aF, [dF, drF dF
Que T s ‘1’*'—&7 176 e s,
(3.19)

ul-—

) fof 45

Applying the lemma to the last term in expression
(3.14) we have
dF_ dF,

¢tH"“(¢x:)=de0.n+ d,‘Q,’n_,l +4¢Tr£ x t

(3.20)

Repeatedly applying the lemma to the nondivergence

term
-1
H™ ()= 2’) d,Q;u 1 +d’=F~f@ if n=2r-1 (3.21)
{=0 ¢‘ ¢t
or
¢ aF dF, .
n+l -— x” hl X =
o H™ (9,,) fE'o dQ, ..+ gt ,[_6,1 ifn=2r (3.22)
so that if n=2k -1
¢) Hml(d)xt)— [fz Qim-i +% (f%) ] dmel (323)
t
and if n=2k
= F
¢tH"ﬂ(¢ )" [2:; th-i +%Qhrk41+ —é— [(f_d’:b k)( d:)‘ ﬂ)]
t t
=dF,, (3.24)
Since

¢tH°(¢xt) =@, y= dz(%‘i’?)

the induction process is started and Eq. (3.9) is proved
for any x.

It will be noted that @,,, contains the term

(f) (o S55) .29

where the integrals are taken from -« to x, To obtain

a conserved density from a conservation equation
d,T+dX=0 (3.26)

the equation is integrated over x from -« to +«, and
the assumption that the field variables and their deri-
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vatives are zero at x =+ = is used to obtain
4, [" Tax=0,

hence the name “conserved density” for 7. If, however,
X contains a term like (3.25), Eq. (3.27) will not hold
in general, since integrals of field variables do not
necessarily vanish at infinity. One integral which ap-
pears in all such terms in F,, is

(3.2mM

¥ d.F;
£ dx. (3.28)
'/-‘ae ¢
It will be shown that
de"* (3.29)
: .

is an x-divergence for solutions to equations (3.3) for
n<i. Then integral (3.28) will be equivalent to a
localized function of ¢ and its derivatives (where
“equivalent” means “equal to, for solutions,” when
applied to a density or a flux in a conservation equation,
as in Steudel’s definition®), which will disappear when
evaluated at the boundaries under the usual assumptions
about the behavior of ¢ and its derivatives on these
boundaries. Hence the integral terms in F, will be
acceptable flux terms in a conservation equation, yield-
ing a conserved quantity on integration of the equation
over x.

To show that expression (3.29) is an x-divergence for
solutions, Eq. (3.12) should be rearranged as

dxF4

Hi(¢_)=" S =0,...,n (3.30)
¢

and Eq. (3.4) implies that

H(dA)=dA,. (3.31)
Hence

B (—Qdf +df42> d"F' +d A, (3.32)

¢
and since
Fu
dt + dxAZ ¢xt + ¢1¢2 + ¢4y (3.33)

the lhs of Eq. (3.32) is zero for solutions to Eq. (3.3)
for all n<1i, and

d.Fy

¢t =d, ( A¢+2

i=0,...,n (3.34)

for solutions. The work of Gardner, Greene, Kruskal,
and Miura® shows 4, , to be a polynomial in ¢, and its
x derivatives, hence the integral (3.28) is equivalent
to a localized function.

B. Proof of the partial differential part

To prove Eq. (3.10), the extensive literature on the
KdV equation and the “generalized” KdV equations can
be drawn upon to obtain a Lagrangian density for Eq.
(3.11).

Equation (3.4) can be rewritten as

H"(d)l ¢, t ¢4) = dxAma

and Miura’ points out that

(3.35)
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0 ©
o -nA"‘ dx=A4A,_,,

=@, (3.36)
within a constant number, where 6/05u is called the
gradient or the variational derivative of the functional
JA,dx, and is defined by

d—iF[14(a)l=f%—lF;d—(iu(a)dx, (3.37
where
F={ Gl adx

and the limits of integration are such that » and its
derivatives are zero on the boundaries.

It is noted by Kruskal, Miura, Gardner, and
Zabusky,® and can easily be shown from the definition,
that

2[4, av=El4,w)], (3.38)
where
9
E = — 1) R —
u :;6( 1) d,, d”"<a“ul--~-un> (3.39)

which is the familiar Euler—Lagrange operator. Hence
from Eqs. (3.35), (3.36), and (3.38)

HY (¢, + 04) = d{E,[A,.5 ()]}

A straightforward calculation shows that, as is noted by
Miura’

d.E [F@)]=-E,[F(¢,)]

where u= ¢, and F(¢,) is F(u) with every u replaced by
a ¢_. Then from Eqgs. (3.40) and (3.41)

Hﬂ(¢1¢2 + ‘Pr;) == E¢ [Ams (d)x)]

That is, —A_,;(¢_) is a Lagrangian density yielding
H™(¢,$, + ¢,) as an Euler—Lagrange equation.

(3.40)

(3.41)

(3.42)

To use Noether’s theorem to find the energy density
from this Lagrangian density, the variation of the
action integral Y must be determined under the in-
finitesimal time translation.

6l=¢, 5x=0, 6¢=0, dp=—¢€0,. (3.43)
The variation of y can be written
6y = [ [0/ axat (3.44)
:f ( oL LI
ad)l-l-l [AAAR T DY
of (3.45)
H
+ pyor ox )dxdl
al.
= = .46
ff Th dxadt (3.46)
=0, (3.47)
since
L==A4,) (3.48)
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which has no explicit / dependence. Inserting results
(3.47) and (3.48) into Noether’s relation (2.5) gives
Eq. (3.10),

- ¢ H (P 0, + 0 =d, (A ,) +d (X.,), (3.49)
where

Xs=—1A,5)0,, (3.50)
and noting that

(A5 (0,)]0,=0. (3.51)

This completes the proof of Eq. (3.8), which is
obtained by simply adding left- and right-hand sides of
Egs. (3.9) and (3.10),

4. COROLLARY FOR GENERALIZED KdV EQUATIONS

These results also lead to the conclusion that the
conserved energy density associated with each “gener-
alized” KdV equation (3.5) is identical to the nth
polynomial conserved density for the KdV equation.
This follows from the equation

Eo[—%d)x(bt_An¢3(¢x)]:¢xt+Hn(¢'1¢2+¢4) (4'1)

and since A _,; is independent of ¢,, the conserved en-
ergy density of the nth “generalized” KdV equation is
just A .

This result is closely paralleled by Gardner’s work®
on the KdV equation as a Hamiltonian system. He shows
that the Hamiltonian functional yielding the nth “gen-
eralized” KdV equation is

A[‘:T An+3 dx (4 . 2)

for periodic solutions with period 27. In theoretical
mechanics the Hamiltonian is often defined in such a
way that it is equal to the energy functional in the
Lagrangian formalism.!® The equation (4.1) shows that
Gardner’s Hamiltonians are indeed equal to the (con-
served) energy integrals of the “generalized” KdV
equations which they generate.
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The thermal spectrum of radiation, seen by suitable observers using “Unruh particle detectors,

»

in de

Sitter spacetime is recovered using Bogoliubov transformation techniques. Previous attempts by other
authors at calculating particle production in de Sitter spacetime, prior to the discovery of thermal
radiation using propagator techniques failed. The discrepancy between these previous mode mixing
calculations, and the calculations presented here, are traced to “de Sitter invariant™ versus “observer
dependent” formalisms. One consequence is that the initial vacuum state chosen for the quantum field is

not unique.

I. INTRODUCTION

In this paper we analyze the relation of Bogoliubov
transformation calculations of the Hawking effect with
alternative propagator techniques, using de Sitter
spacetime as an illustration. The conclusions should
also apply to the known class of geometries in which
an observer following the time like trajectory of a
Killing vector of the spacetime detects a thermal spec-
trum of radiation, namely the Kerr—Newman—de
Sitter! family and the Taub—NUT type geometries.?
Specifically, we shall show that, for de Sitter space-
time, for which the Hawking effect has been derived
using only propagator techniques,! an alternative cal-
culation is possible using a Bogoliubov transformation
between two distinct sets of modes in which the quantum
test field ¢ is expanded.

Bogoliubov or “mode mixing” calculations in de Sitter
space have been utilized extensively by various
authors3® prior to the Gibbons—Hawking ‘“path integral”
calculation; however, none of these authors predicted
a thermal spectrum of radiation. This apparent dis-
crepancy is a result of the previous author’s attempts
to construct a de Sitter group invariant method of cal-
culating particle creation, in which the simple group
structure of de Sitter space was used to select a de
Sitter group invariant vacuum. In this paper we will
use a “mode mixing” method of calculating particle
production, but our results will not be de Sitter in-
variant; instead they will depend on the state of motion
of the particle detector an observer uses. The thermal
spectrum of radiation seen by the Gibbons—Hawking
class of observers is correctly reproduced.

One result of the calculation is that the initial set
of modes, and hence associated initial vacuum states,
are arbitrary to a large degree. The possible initial
vacuum states differ by an infinite number of particles
(i.e., one “vacuum state” appears as a many-particle
state relative to another choice of “vacuum state”);
however, the “particles” are effectively redshifted

#)Supported in part by the National Science Foundation,
MPpresent address,
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out by the de Sitter event horizon and are not detected
by a late time observer. It is essential to use a final
vacuum state for the late time observer defined through
use of positive frequency modes with respect to the
locally timelike Killing vector. These modes correctly
describe particles detected by an observer using an
Unruh detector! who follows the trajectory of the time-
like Killing vector. The phrase “observer dependence”
will be used in this paper to refer to the necessity of
adapting the quantum field theory discussion to the
state of motion of an observer and his particle detector.
The failure of previous authors to use such a formalism
in similar calculations in de Sitter spacetime is the
reason for the apparent discrepancy of their results
with those of Gibbons and Hawking.®

In the following section we briefly review the relevant
properties of de Sitter spacetime.

. DE SITTER SPACE—THE GLOBAL PROPERTIES®

De Sitter space is an exact solution of the vacuum
Einstein equations including the “cosmological term”
and has constant positive curvature with a ten-param-
eter isometry group. It has topology R xS? and can be
written in a chart which covers the whole space (apart
from trivial polar coordinate singularities) as:

ds*=~di" + R® cosh®#' /R d§®,, (1)
where
dSP, = dx® + sinx (d6® + sin?0d¢?).

Constant ' sections are three spheres, where ¢ takes
on all values from ~00 to +00. x ranges from 0 to 7,
and due to the homogeneity of the spacetime an observer
can always be taken to be at the origin, x=0. ¢ and ¢
are the usual two-sphere polar and azimuthal angles.
De Sitter space can also be written in a chart which
does not cover the whole space:

72 ar?
2__ (11 e
ds® = (1 R2>dtz+1—72/R2

+72(d6? + sin?8d¢?).

(2)

There is a coordinate singularity at »=R which repre-
sents an event horizon for an observer stationed at
r=0, following the trajectory of the Killing vector 2.
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v=0, J+

]

FIG.1,

d, is normalized to unity at » =0. The Penrose diagram
of de Sitter space is shown in Fig. 1.

A convenient representation of de Sitter space is by
a hyperbola embedded in a fictitious five-dimensional
space with Lorentzian signature. A pseudo-spherical
coordinate transformation yields Eq. (1):

v=Rsinht' /R, (3a)
w=Rcosht /Rcosy, (3b)
x= Rcosht' /R siny cos¥, (3c)
vy =R cosht’ /R siny sinf cos¢, (3d)
z = Rcosht' /R siny sinf sing, (3e)

ds? = — dv? + du? + d® + dy? + dz2.

Taking pseudo-spherical coordinates about a different
axis in the five-dimensional Minkowski space yields
Eq. (2):

v=(R? - ?)/2sinht/R, (4a)
w=(R?-2)'/2 cosht/R, (4b)
x=7sinfcosy, (4c)
y=7sinfsing, (4d)
z=vcosé. (4e)

Comparison of Egqs. (3) and (4) gives the transformation
between the “globally good” coordinates ', x and the
“static” coordinates 7,7:

tanh#/R=(1/cosx’)tanh? /R (5a)
=R siny cosht'/R. (5b)

Hi. CALCULATIONS

Unruh,” in a gedanken experiment involving a model
particle detector in which a quantized field in a box
is excited to higher energy levels if a particle is
detected, has demonstrated that the correct time de-
pendence of an unlocalized mode describing a “par-
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ticle”/“antiparticle” is exp(x iwf), where [ is the
proper time along the detector/observer world line.
In other words, the definition of a mode describing a
particle is logically taken to be that mode which will
excite a particle detector, and Unruh has shown that
this mode is necessarily positive frequency with re-
spect to the observer’s proper time. In de Sitter
spacetime, an observer stationed at the origin and at
rest with respect to the timelike Killing vector 3,, can
therefore define a particle mode, ¢3*!¢ as a solution
of the conformally invariant (for simplicity) field
equation:

(A/V=g)3,(/= gg®0b9) + L Rp =0, (6)

written in the “static” coordinates of Eq. (2), which
is positive frequency with respect to the time /. We
can write the normalized solution as

) @

Because the coordinate system defined in Eq. (2) does
not cover the whole space but only region I of the
figure, the mode ¢°, together with its complex con-
jugate, does not define a complete set of modes and it
is necessary to define modes in the other half of the
spacetime. The modes in this half, region III of Fig. 1,
will be functionally equivalent to the modes of region I,
but will only cover region III, and be identically zero
in reigion I. We can therefore expand the field ¢ in a
complete set of modes:

(bstatlc —

¢:§RawR¢w+La+wL¢w+h'c'y (8)

where “h.c.” stands for “Hermitian conjugate,” the
subscripts “L” and “R” stand for left and right re-
spectively (referring to regions III and I respectively),
the sum over the subscript w is a shorthand for the
appropriate sum over w, /, m (since the spacetime is
static and spherically symmetric the sum over ! and m
will rarely be of interest), and the association of the
modes ¢ and ¢ with the associated annihilation and
creation operators and za , ,a*,, is determined by
requiring the operators to have the correct commuta-
tion relations.® In the rest of this chapter we will be
concerned with what an observer stationed at »=0
detects, and will only be interested in the mode ; ¢,
which does not cover the whole spacetime. The “out
vacuum” will be defined with respect to this mode and
is the state |0,) defined by ¢, 0,)=0. The state 10,)
is a “no particle” state for the observer at »=0.

It is now necessary to define an alternative set of
modes which cover the whole spacetime and have an
“in vacuum” associated with them., We can then cal-
culate the Bogoluibov transformation between the two
sets of modes and obtain the particle creation rate. A
complete set of modes which cover the whole space-
time can be defined by writing the wave equation (6) in
the globally good coordinates of Eq. (1). Such modes can
be written as

Byooa =AF (VY X, 0, ¢'),

9
A =normalization constant, ®)
where Y§¥) represents the hyperspherical harmonics
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on a 3-sphere and F, (') is a particular solution of the
second order equation that results from separation of
variables in Eq. (6):

oSk Tl cost’ § G Beo R

+EZE F,=0, (10a)
p=F, (Y (6,0,x), (10b)
N=integerc (0,=), (10c)
l=integer = (0, N), (10d)
m =integerc (~1, +1), (10e)
Yo | (sinx) € (cosx) Y 208, ), (10f)

where Y{2) is the usual two-dimensional spherical
harmomc and ci¥ (cosx) is a Gegenbauer polynomial.
@ can be expanded in terms of the above modes as:

6= 3 1 D ay 0V, o), 11)
where F is a partlcular combination of the two linearly

independent solutions to Eq. (10). A vacuum state,
10_), will be defined when a particular F has been

chosen, by the condition a,,,10_)=0.

We are now faced with the typical problem first
analyzed by Parker,® in the context of particle creation
in time-dependent cosmological solutions, that no
clear cut prescription exists for choosing a FN(I’).
Following the lead of Parker et al.,® one might impose
the condition that F diagonalize the Hamiltonian at
some particular t1me say t' =0. Thus F, would look

“positive frequency” at ' =0: FNI 0= —szFNI 207
where if

NN+2) 22
“ \Tr TR

the Hamiltonian will be diagonal. At any later time,

¢, F, will be a mixture of the positive and negative
modes at that time, and hence the vacuum state at

' =0 will be a many-~particle state relative to the
vacuum defined by Hamiltonian diagonalization at time
t’. The heart of the calculation in this paper is to show
that an observer at late times never sees these
“particles” (essentially due to redshifting at the hori-
zon), and therefore it does not matter which of the
vacuum states defined by instantaneous diagonalization
at various times is chosen to be the initial vacuum for
the field, ¢. The method will consist of showing that
an observer at late times will see a thermal spectrum
if (for convenience) the field is chosen to be in a
vacuum state defined by instantaneous diagonalization
at time #' =0. It will then be shown that a Bogoluibov
transformation to a positive frequency mode at another
time, #, will not affect the thermal spectrum observed
at late times.

We now show that an observer using the modes (7)
detects a thermal spectrum of radiation at late times
if the field is in the vacuum state defined by instan-
taneous diagonalization at # =0. Since the modes (9)
are complete, one can expand @3t3!¢ ag

— (
d)statlc E lem YNBI)m ﬁwNImF YNalm) (12)
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so that

®nim= Y 023 (13)
and
ﬁlem_ <F YI(V?A)W’ ¢?om‘ic> :O’-wx Im? (14)

where ( , ) represents the usual Klein—Gordon inner
product. To derive the thermal spectrum, it is only
necessary to show that ta ., 1%=exp(27wR)|fwNim|?
for wavepackets at late times that are peaked about a
frequency w, since the thermal spectrum is then an
immediate consequence by now familiar manipulations.®
We have

P
goratic ~—;‘3 exp(-iwn)Y,,(8, @), (15a)
where the retarded time u has been introduced:
R 1-v/R
= - — T | 15
u=1 5 log[1+T/R], (15b)

and thus from Egs. (5a) and (5b) we obtain » and » re

x"and ¢':
R cosy —tanh#' /R [1 - siny cosh/’ /R
Y= — ) s 6
“ 2 08 [cosx + tahn/’/R] [1 + siny cosh/' /R (16a)
¥ =R siny cosh/' /R. (16b)

The inner products of Egs. (13) and (14) will be taken on
the #' =0 spacelike Cauchy surface, and since late times
are of interest one can expand ¢3%° using the above,
about ' = 0 and about y =7/2 (where the horizon intersects
the /' =0 surface):

P iwR /2=y~ /R)fn/2-x\2
static ~ Wit / R
Pttt Texp{+ 3 1Og[ﬂ/2—x+f’/R] 3 >
{17a)

so that
_wR

(bstaﬁc —_—
tr=0 X n/a

(bshhc (1 7b)

£ =0

We now form the inner product (13). Using Eq. (10f),
the relation Fl,, ,=-iw Fl,_; and retaining only the
nontrivial #', x dependence we have (over-all real or
pure phase factors are not essential to this calculation)

1 o
O’wmmzz_if[FNYmm‘b::mm

- gomc YN,mFN,m]Sinsziﬂf?dedeX

T/2
~f/ l:smxhz C’*l (COSX { 7 (r/2 —y’)iwR
o 2 -

+iw (1/2 = xR 3 ay. (18)

The sinx'*2C%% (cosy) can be expanded into a series of
polynomials in exp(+ix) using the binomial theorem and
the expansion!?

Ci(cosy) = 7‘ Ay cos(V =1~ 2j)x (19)
(the form of the AN” will not be needed here), so that
= éz [a;exp(ijx) + bjexp(-ijx)], (20)
J

where for given N and [ the maximum value of j is
N+2. The values of a; and b, will not be needed, only
the observation that with the above expansion the equa-
tion for @ ,,,, (18), has the form of a finite sum of

sinx*2C} (cosy)
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Fourier transforms. The typical transform, call it T,
looks like

/2 s'zv::iw/e or iwR -1,
T=f expliin) (/2 = 1) di (21)
/_i:t integer,

The dependence of T on j, for very large j, will not be
affected if the lower limit is extended to minus infinity.
Extending the integral and introducing the integration
variable, s=7/2 - x, leads to

T~ [ exp(in/2 = $))s ~ w/2)ds, j=ii, (22)
which, by Ref. 11, can be integrated to
T+ )@ rexp{ +ij7/2). (23)

Using the above, « can be written

wNIm

L B ~§’aj (iwRJexp(— #ia/2){i iy “* T ({wR}1 + W’ /j]
J

> (24)
+ 250, (iwRexp(iin/2) (~ i) =F T GwRI1 ~ o' /j].
>0

J
For wavepackets peaked at late retarded times

we= 270/ (n=large positive integer, ¢ - small positive
number) and at frequency ke (k= positive integer) we
should not be considering Oy, DUt rather o
where

n.NIm?

exp(2minw/l)a lw . (25)

a __1_ "()z*l)‘

pmeNIm w¥ Im"

Ve rt
This results from using the peaking factor exp(2ninw /)
to sum the continuum modes ¢*3%° [Eq. {12}] into
wavepackets, in exactly the same fashion used
in Hawking’s original paper (c.f. Hawking, Ref. 10).
After performing the integration one sees that only
exponentially large positive j [and hence V, see Eq.
(19)] contribute to v, ., in analogy to the exponentially
large frequency contribution of Hawking’s calculation.
Thus for packets at late times o | is dominated by a
term like

NIm

O im0 GwR) expl= i 2)({) R T (wR1 +w’ j], (26)

where j is exponentially large and positive. The terms
with b, as a factor cannot contribute at late times unless
j is exponentially large and negative, which can never
be the case in the summation in Eq. (24). By Eq. (14)

Bonin™=% yy1mr and, using (26), we see that

[Boyin |2 =exp(=270R)|o ., |2 27)

One must choose (ij)"#*F = exp(+ mwR/2)j71“® in the above,
and not exp{- 37wR/2)j""“", because expression (26)
results from Laplace transforming a function of s that
is zero for large negative values of s. This implies the
transform is analytic in the lower half j plane so that
the branch cut in the function (z)"i«* should be taken
just above the negative real z axis. Hence (ij)"*“F is
determined by a counterclockwise rotation so that
(i) 9 F = (jexplin/2)) 1% not (jexp(—~37i/2))7*“F, Thus
we obtain expression (27). This is the typical thermal
result, indicating that at late times an observer who
detects particles that are positive frequency with re-
spect to the Killing time, /, will see a thermal spec-
trum of radiation at temperature 7 =«/27=127R, if
the state of the field is chosen to be the vacuum state
defined by instantaneous diagonalization on the Cauchy
surface /" == 0.
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We now show that it was not necessary to choose the
Fyin Eq. (11) to diagonalize the Hamiltonian at /' = 0.
The general solution Fy(/) to Eq. (10a) can be written as
a linear combination of the mode diagonalizing the
Hamiltonian 7/ =0 and its complex conjugate:

F i F +B.F,, (28)

where A, and B, are constants. One can expand ¢ in
modes with the new time dependence

W= 20y F Vg Fhe), (29)

Nim
and define a new vacuum, 10’) state by

a., 107 =0. (30)

Nlm}

Combining (28), (29), and (11) leads to

(l;,’v'lm:ZNaNlm_ = l)mENa;“m, (31a)
= Anyy = (=D)"Byay; ., (31b)

so upon evaluating the expectation value of the number
operalor dy, «,, in the old vacuum state, one sees that
the old vacuum state contains | B,|? particles per mode

relative to the new vacuum state.

To show that a thermal spectrum is still observed
when the vacuum state is defined relative to the mode
expansion (29) by Eq. (30), we expand ¢3%4¢ in analogy
to Eq. {12):

»S tati _ 5 7 o 7 AV
(!)Za = ’\2’—1Jm alemkNYNIm+!ijlmFNYNlm‘ (32)

If the initial vacuum state is defined by (30), then an
observer at late times will detect a thermal spectrum
if

\‘B,wz\/lmfz -exp{- 2““’1‘)):}”’;\'1;,,‘2' (33)
Substituting (28} in (32) results in

Foyim= (S UIMB0 = A By i (34a)

o L}Nl m :AJ\'O'WV'I-m - EN'BNNIM(_ nm. (34b)

If B, tends to zero for the exponentially large N that
predominate in packets peaked at late retarded times
[see the remark preceeding Eq. (20)], then Egs. (34a),
(34b) immediately yield (33), given the previously
proved relation (27).

It therefore remains to show that B, tends to zero
at large N. Clearly some type of restriction on I is
necessary to prove this. Imposing the reasonable re-
quirement that i, be “positive frequency” at at least
some time, say /{, and also diagonalize the Hamiltonian
at that time implies

Fl =il P (35)
iy i,

or, using (28).

frv | 4 - [AN FN + BN—FN” se 7 (3 6)
1

1
= —iw [AF, + B, F,]

31
where if !, = #/N(N+2)/Rcosh/’/R, cross terms are
eliminated in the Hamiltonian. Since extremely high &
are of interest, we shall use the limit w, — N/R.
Equation (36) implies
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Fo=a|F, - F () +[iN/Rcosh(t' /R)] F,, ()

= F,.,37)
Fo () +[iN/Rcosh(t'/R)] F (1))
which combined with the condition
—2i=FF! - FF, (38)
yields
| K, 12 N independent]
2 NL . 39
184 1- 1K 12 [ factor ’ (39)
where
. 1 5 7 hl ! 2
lKN|2: I"ﬂw(/l) +[iN/Rcosh(t’ /R)] F (1)) ‘ ) (40)
F, () + [iN/Rcosh(t'/R)| F,(1})

Equation (38) results from imposing the usual commuta-
tion relations on the ay, , ay;, of Eq. (29) at time
r=r.

It only remains to check that | K, 12— 0 for high N,
which implies B, — 0, and thus the desired result, (33),
follows. The normalized modes, F,, which are “positive
frequency” and diagonalize the Hamiltonian at #' =0
are solutions of the time dependent equation (10a). It
is not difficult to verify that for large N

1
F, = cos(7/R)exp(— i(N/R)7), tan7/R =sinh{’/R
Y UN'R ’

(41)
is just such a mode. Substituting (41) in (40) yields
|Ky|2 =1im
limN- = N~-

—lim - sinTy/YNR cosh(f|/R)
" ¥ew| —SinT(/VNR +2iyN/R cosT;/cosh(li/R)
2
xexp(—2iNT,/R)| —0. (42)

Hence we see that an observer at late times sees a
thermal spectrum of radiation if the initial vacuum
state is any one of the possible “vacuum” states de-
fined by instantaneous diagonalization on an arbitrary
spacelike hypersurface. Each state is a “many par-
ticle” state relative to another; however, an observer
at late times never detects these “‘particles.”
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IV. CONCLUSIONS

Using de Sitter space—time as an example (for
simplicity), we have recovered the thermal spectrum
of radiation seen by an observer at late times, which
had previously only been calculated using propagator
techniques. The “mode mixing” calculation used here
differs from that of other authors by being explicitly
observer dependent and not de Sitter invariant. It was
shown that, although the usual problem of defining a
vacuum in time-dependent situations was present, it
did not affect the observations at late times of an ob-
server following the trajectory of the Killing vector
9,. Any one of the infinite number of “vacuum” states
defined by instantaneous diagonalization on some space-
like Cauchy surface is a permissible initial state
leading to observations of a thermal spectrum at late
times. In fact, the situation is slightly more general.
We have seen that it is the high N behavior of 8, which
determines whether a thermal spectrum will result,
if the initial “vacuum” state, 10), is defined via
Egs. (28), (29), and (30). Any state, |0’), even if it
contains an infinite number of “particles,” will lead
to a thermal spectrum so long as the spectrum of
“particles,” | B,|?, falls off rapidly enough at high N.
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Spacetime perturbation theory is formulated in a coordinate independent way by regarding a family of
spacetimes as a (4+ n)-dimensional manifold with a particular standard connection and deriving analogs of
the Gauss-Weingarten equations to describe the imbedding of each spacetime in the family.

I. INTRODUCTION

There is an increasing effort to use spacetime pertur-
bation theory to calculate the gravitational radiation
from realistic sources.' Furthermore, spacetime per-
turbation theory has always been used to analyze the
stability of solutions to Einstein’s equations® and plays
a central role in some theories of galaxy formation,?
Thus, it is important to have an efficient way to under-
stand and organize perturbation calculations in general
relativity. This paper provides a finite-dimensional
geometrical framework for these calculations, a frame-
work with several important advantages:

(1) There is no need to single out a “background
spacetime metric”.

(2) All quantities are tensorial,

(3) Variations of tensor fields are accomplished by
means of an operation that commutes with the space-
time metric so that one can raise or lower tensor in-
dexes either before or after a variation.

{(4) Gauge conditions are separated from coordinate
conditions.

{5) Multiparameter perturbations are easily accomo-~
dated.

The proposed approach is just the natural differen-
tial geometry of a (4 +n)-dimensional manifold which
is locally an n-parameter family of spacetimes, I call
such a manifold a “spacetime 4 +n deformation”, Sec-
tion II describes the local structures on such a defor-
mation. These structures are essentially those intro-
duced by Geroch in his earlier work on spacetime lim-
its.* The new idea in this paper is the use of a parti-
cular “standard” deformation connection, which is pre-
sented in Sec. III. In this approach to spacetime per-
turbation theory, the role of the spacetime metric ten-
sor variation is played by the second fundamental tensor
of spacetime. This second fundamental tensor describes
the imbedding of a spacetime in a given deformation. It
is related to the curvature of the deformation connection
by a set of Gauss—Codazzi—Mainardi equations which
are derived in Sec. IV. Section V sketches the applica-
tion of this geometrical framework to regular perturba-
tions of gravity and fields coupled to gravity.
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My sign conventions and notation are taken primarily
from the text by Misner, Thorne, and Wheeler.’ Some
conventions peculiar to this paper are: A tensor field
on a manifold // means a C* cross section of a fensor
bundle over /], A surface T in/} means a C* immer-
sion Z: M~ /) where the dimension of M is smaller than
that of /). The tangent space to /j at the point P< /) is
denoted by T (/) or just T, and the corresponding
cotangent space is denoted by 7%. The derivatives of
a map ¢:4 — B which connects two manifolds A and B
are defined as usual® and denoted by ¢«:T,—~ T,
¢*;TF —~T%*, where b=d(a).

The pointwise action of derivations and second-rank
tensor fields on form and vector fields will usually be
written operator style without explicit parentheses or
evaluation points. The convention implicit in such ex-
pressions is that each operator acts on everything to
its right. Occasionally, extra parentheses will be used
to turn off this rule as in the expression V HV =
(Vo) V+HV, V.

In the component expressions, Greek indexes range
from zero to three, lower case Latin indexes from zero
to n+ 3, and upper case Latin indexes in parentheses
range from one to n. Upper and lower case Latin in-
dexes are related to each other by the rule: (A)=aqa
corresponds to a=A +3 as in V® =V5, The summation
convention is used separately on each index type.

1. LOCAL DEFORMATION STRUCTURE
A. Deformation without gauge

A 4 +n deformation is a (4 +n)-dimensional manifold
/M with a defoyrmation tensor field y and a set of linearly
independent deformation form fields 64’ such that:

(1) y assigns the linear map yp: Tp* — T to each
Py,

(2) For any 1-forms «, 8, {a, yB)=(8, va). 2.1)

(3) For any P € /) there exists a surface = through

P such that =xT,=yT%, where P=Z(p). (2.2)
(4) The maximum dimension of yT} is four.
(5) For all (A),
o4 =0, (2.3)
(6) The deformation forms are closed:
®© 1978 American Institute of Physics 2294



(2.4)

The surface T is the integral surface of y through the
point P, Note that the deformation forms are only re-
quired to be linearly independent as fields and may be
linearly dependent at a particular evaluation point. This
freedom in the definition will become important in later
papers which discuss singular perturbations.

de4 =0,

From these definitions, straightforward computation
shows that
¥4 =0 (2.5)
and, if// is a contractible open set in /], then there
exist functions 1A*4’:// ~ R such that
pla), ’ N (2.6)
The integral surfaces of v in the set // are then the

level surfaces of these functions. Tue functions x4
will be called perturbation parameters.

Another direct consequence of the definitions is that
there exists a unique symmetric tensor field g which
assigns to each P < /) the linear map gp:yTE®yT%

— R, which is defined for any vectors 4 and B in
yT% by

gP(A’ B):= <7"p}A) B), 2.7)
where
ypiAr={a|A=ya}, 2.8)

If the tensor gp has Lorentz signature (-~ + ++), then
P is a spacetime point of the deformation (/,y, 6). If
% is an integral surface of y and every point of Z(M) is
a spacetime point, then a spacetime metric is induced
on M and the surface T is called a spacetime in the
deformation (/, v, 6).

An important feature of the definitions given here is
that they permit points where the dimension of ¥7% is
less than four. Such points will be called critical
points and will play a central role in later discussions
of singular perturbation theory.

B. Gauge and coordinates

In spacetime perturbation theory, the word “gauge”
is used to mean a set of supplementary conditions that
determine the response of spacetime coordinates to
spacetime metric tensor variations. The corresponding
coordinate-free structure on a spacetime 4 +» deforma-
tion must supply a way to match up points on neighbor-
ing spacetimes. Equivalently, it must supply a way to
project a neighborhood of a given spacetime onto that
spacetime. The infinitesimal version of such a structure
is a projection tensor field. A gauge on a 4 +x deforma-
tion (/1,7 , 6) is defined to be a tensor field H which
assigns to each P €/} a linear map Hp: Tp—vTF which
is onto and satisfies

H*=H, (2.9)
Hy=vy. (2.10)
2295 J. Math. Phys., Vol. 18, No. 11, November 1978

A related tensor is the identification gauge

t:=1-H, 2.11)
which satisfies
P, 2.12)
1y =0. (2.13)
A surface Z: N — /| such that
=xT,=1Tp, where P=7%(p) (2.14)

is an identification surface through the point P. A gauge
that admits such a surface is integrable at P.

The action of H and ¢ on a 1-form field will be defined
by

(Ha, V). =(a, HV) (2.15)

for any vector V< Tp, From this definition and Eqgs.
(2.10) and (2.13) it follows that

vH=y, (2.16)
y1=0, 2.17)
HOW =0, (2.18)
zg(A) :B(A)o (2.19)

With the gauge concept introduced in a coordinate-
independent way, it is now safe to retreat from abstract
notation and introduce coordinates. A set of coordinate
functions {x“} on an open set // of spacetime points in a
deformation is an aligned chart with respect to a gauge
H if

dx(A):g(A)ly (2_20)
and
{2 )—o @.21)
7 ) =0 °

From Eq, (2.6), the coordinates x‘4’ are just the per-
turbation parameters A‘4’ that label spacetimes. The
level surfaces of the coordinates x* are just the identi-
fication surfaces. Thus, the existence of a chart
aligned with H implies that the gauge H is integrable,
In such an aligned chart, the only nonzero components
of the gauge tensors are
HUr =6u

14 v

(2.22)

and

(2.23)

111, DEFORMATION CONNECTION
A. Definition and someﬁrestrictions

A connection V on a manifold /) is defined to be a

tensorial assigment of vector-field derivations to
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vector fields.” The derivation assigned to the vector
field V is V,. As usual, V is torsion-free if, for any
vector fields A and B,

V,B-V A=A, B]. (3.1)

Also as usual, the action of V on a covariant tensor
field T is defined by
(VVT)(A7 Ba te ): :VVT(A’ B: e )

—T(VyA, B, »*) = T(4, VB, =)= ooe,
(3.2)

A similar definition then extends V to contravariant
and mixed tensor fields.

A connection V on a 4 +»n deformation {4, v, 9) is
deformation compatible if, for any vector field V,

7,64 =0 (3.3)

and

(Vy¥)=0. (3.4)

Equation (3.2) may be used to produce an alternative
form of Eq. (3.4):

vy, v1=0. (3.5)

Because HB<yTj#, Eq. (3.5) yields the following useful
result:

Pyopositition 1: Let (/),y,6) be a 4 +r deformation
with gauge H and deformation-compatible connection
V. For any vector fields B and V and any form field o,

1,VVHB:0 (3.6)

and

HV 10 =0, (3.7)

A surface E: N — /) is flat in the connection V if
there is a frame field e on N such that the vectors
Ex e, satisfy

L —_
V,,‘*c’e E xe;=0.

A deformation connection V will be called gauge flat
with respect to a gauge H if H is integrable and its
identification surfaces are flat in v,

Proposition 2: 1f a 4 +»n deformation (/4,y, 6) has a
connection V which is gauge-flat with respect to a
gauge H and {x°} is a chart aligned with H, then

v, /ax(c)(a/ax(A)):O. (3.8)

Proof: Use Eq. (2.20) and then expand the vectors
3/3x' in the covariantly constant basis. See the Ap-
pendix for details.

B. Second fundamental tensor

The gauge H and the deformation connection V may be
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used to define a second fundamental tensor h. For any
vector fields U, V define

hyVi=H[Vy4y, H]U. (3.9a)
Because of Proposition 1, this definition is equivalent
to

hyV =V, HU. (3.9b)
Equation (3.9a) is just the definition that is used in
Riemannian geometries, stated in terms of vector
fields and tangent projections. *Equation (3, 9b) does

not have a Riemannian counterpart and arises from the
fact that ¥V is compatible with the degenerate tensor y
instead of a Riemannian metric. Because its definition
is the usual one, h retains several of its familiar
properties.*®

Proposition 3: The second fundamental tensor 2 of
a 4 +n deformation (/],y, 8) with gauge H and deforma-
tion-compatible connection V has the properties

Hhy = hyH =y, (3.10)
hy=hy, (3.11)
lay gy By + (B, hyva)= (£, yv)(Ha, HB) (3.12)

for any vector field U and form fields « and 3.

Proof: Equations (3.10) and (3.11) are easy conse-
quences of Proposition 1. The detailed verification of
Eq. (3.12) is given in the Appendix,

A familiar property of i that does not survive auto-
matically in a deformation geometry is its symmetry.
This property must be imposed as an additional condi-
tion on the connection. A deformation connection V
will be called gauge-normal with respect to a gauge H
if the corresponding second fundamental tensor
satisfies

(o, hyyBy={(B, hyya) (3.13)
for any 1-forms ¢ and 8. If V is both gauge-normal and
deformation-compatible, then Eqs. (3.12) and (3.13)
yield a useful expression for i: For any 1-form fields
a and 3, and vector field U,

<thv)’8>:%(z‘:;u)’)(ﬂa’,H6)- (3.14)
The Lie derivative 7,y is essentially the usual varia-
tional derivative of the inverse spacetime metric tensor.’
Thus the second fundamental tensor i, is the familiar
first-order spacetime metric variation except for a
factor of — 3.

Equation (3.14), together with the other results of
Proposition 3, determine the behavior of the second
fundamental tensor under a gauge transformation.

Proposition 4: Let V and V’ be torsion-free, defor-
mation-compatible connections, Let V be gauge-normal
with respect to a gauge H and let V' be gauge-normal
with respect to a gauge H’. The corresponding second
fundamental forms % and 4’ are then related by
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a=H-H',
(o, (' y= hy)yB) == 3{{a v ,z@U) + (B, (V,,@)U)} (3.15)

for any 1-forms o and B8 and any vector U.

Proof: Write the Lie derivative in Eq. (3.14) in terms
of the connection V, note that aUyT% so that HaU=aU,
and recall that both H and H’ reduce to the identity on
yT% so that e =0. Equation (3.15) then follows by a
straightforward calculation which is given in the
Appendix,

C. Standard deformation connection

A connection on a 4 +»n deformation will be called
standard with respect to an integrable gauge H if it is

(1) torsion-free,

(2) deformation-compatible,

(3) gauge-normal with respect to H,
(4) gauge-flat with respect to H.

The virtue of this standard connection is that it is
simple, exists where it is needed, and is unique where
it exists. Thus, even if one prefers some other connec-
tion, the standard connection is a reasonable starting
point.

Theovem 1: Let Zbe a spacetime in a 4 + » deforma-
tion (/,v, 6) and let H be an integrable gauge. There is
then a neighborhood U of Z within which the correspond-
ing standard connection exists and is unique. This
connection acts on vector fields A and B according to

Vv B=U, HB+54 aB+H[1A HB]- h,B - A,
(8.16)

where U= HVH is the torsion-free, metric-compatible
connection induced on the integral surfaces of £, and
b=1v1 is the flat, torsion-free connection induced on
the identification surfaces of H, In an aligned chart
{x?} with e,: =3/0x%, the connection coefficients

P =i, %0, ) (3.17)
are given by

r',.=0, Ieyo=9, (3.18)

F%e) =T % == h%c): = - (dx*®, he (c\%8)s (3.19)

raayzé'}’w(gns,y+gpy,s—gar.a)° (3.20)

For this connection, the second fundamental form
satisfies

[Vy, HIU=(V, H)U=h,V, (8.21)
(VzAh)tB = (VlBh)tA (3- 22)
for all vector fields U, V, A, B.

Proof: Equation (3. 16) is obtained by using 1 =H +1
to decompose the vector fields A and B. The neighbor-
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hood U consists of aligned charts built on an atlas of
charts on Z. In each aligned chart, Eq. (3.16), Pro-
position 2, and the standard connection requirements
yield Egqs. (3.18)-(3.20) uniquely. Equations (3.21),
(3.22) then follow by direct computation. The details
of the proof are given in the appendix.

V. DEFORMATION CURVATURE
A. Definition and identities

The curvature R of a connection V is defined as
usual: For any vector fields A, B, C

R(A, BYC:=([V,, V51= Y4 51)C. 4.1)
The symmetries

R(A,B)=-R(B,4), 4.2)

R(A, B)C+R (B, C)A+R (C,A)B=0 4.3)
and the Bianchi identities

(VeR)A, B) + (V4R)(B, C) + (V5 R)(C, A)=0 4.4)

follow from this definition and the assumption that Vv
is torsion-free. The further assumption that V is de-
formation-compatible yields the symmetry

(a, RyBy=~ (B, Rva) (4.5)
for any 1-forms ¢, B and the conditions
(8, R Cy=0 (4.6)

for any vector field C.

If Vv is a torsion-free connection on a 4 +» deforma-
tion with a gauge H, then the curvature of V is related
to the second fundamental tensor by the Codazzi identity
which may be stated in the form

[R(HA, HB), HIC= (V 41 ,h) HB ~ (V.5 h)cHA 4.7)
for any vector fields 4, B, C. The proof of this identity
is well known. ® However, for completeness and for the
convenience of those who are not familiar with the no-

tation used here, the details are included in the
Appendix,

With a standard deformation connection, a full de-
composition of the deformation curvature in terms of the
second fundamental tensor and the spacetime curvature
tensor becomes possible, The spacetime curvature
4R is defined by

R (HA; HB)HC = ([DHA7 DHB]_D[HA’ HBI)Hcy 4.8)
where
Una =HV y,H.

The identities which express this decomposition are |,
analogous to the Gauss, Codazzi—Mainardi, and Ricci
equations of Riemannian Gauss—~Weingarten surface
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imbedding theory.® However, because of the degeneracy
of deformation geometry, only the Codazzi—Mainardi
equation [Eq. (4.7) above] takes its familiar Riemannian
form.

Theorem 2: If V is a standard deformation connection
with respect to an integrable gauge H, then

tR (A, B)C=0, (4.9)
R (tA,1BRC =0, (4.10)
R (HA, HB)HC =*R (HA, HB)HC, 4.11)
R(HA,HB)1C =(V 43h)cHA - (V4 ,h) HB, (4.12)
R(HA,1B1C = (V gh) HA - hohgHA, (4.13)
R (A, 1BYHC = [hy, 1, ]C, (4.14)
(0, Rlya,tB)yBy={(0, (V,zh)gva) — (B, (V,,R)gya) @.15)

for any vector fields A, B, C and form fields «, 8,0.

Proof: Equations (4.9)—(4.11) follow directly from the
standard connection requirements. Equation (4,12) is an
alternative version of the Codazzi identity [Eq. (4.7).
The remaining results are derived just as in ordinary
Riemannian geometry, with the use of Eq. (3.22) to
simplify Eq. (4.14). The details of the proof are given
in the Appendix.

B. Index notation

The abstract notation that has been used up to this
point has the advantage of keeping the geometrical con-
cepts front and center. However, it does not handle
tensor contractions and higher-order covariant deriva-
tives as well as the traditional index notation. Let ¢,
be a frame-field with 6¢ its dual coframe field and de-
fine the components

Ry = (6%, Rle,, ey)e,),
He,: =(6%, He,),
12,1 =(6°, 1e,),
e, = (6%, hese),
hs = hd‘”

v = (6%, v8"),

H,:={"'He,, He,)=g,,.
In this notation, one raises indexes with y**. The de-
generacy of the geometry prevents one from lowering
them at all. The standard deformation-covariant de-
rivative is denoted by a dot as in

T gyt = (VekT)(G', LN SN PR A B

A shortcoming of the index notation is that projec-
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tions of high-rank tensors produce bewildering arrays
of indexes. This defect can be remedied by adopting the
convention that an index which is followed by the symbol
t has been projected with H°, while an index which is
follwed by the symbol+ has been projected with :. For
example,
Ver=V.H,, V,, :=Va,, V:H,V.
I adopt the convention that a deformation-covariant
derivative which is indicated by a dot is to be performed
before any indicated projections. For example, the
definition of the second fundamental tensor becomes,

h"bc: =Ha'c.b' :HurHrc.,sHsb'

When a covariant derivation is indicated by a vertical
bar, then all indicated projections are to be carried out
both before and after the derivative. For example, the
spacetime-covariant derivative of a tensor field T, is
defined to be

Ty ot =T 100 = H (,H' (H" JHE T, HY..
In terms of this index notation, Theorem 2 yields

the following decomposition of the deformation curvature
tensor:

B =0, Rleigin=0, (4.16)
RE g =R s 4.17)
R aior =W gecape = Woyrceas = Woacins = Hrycians (4.18)
R gine = W oy = B ol = ey = 1R G, (4.19)
R i pipn =1 iy = HE (4.20)
RY = h 0 = 1O = 1, — By e (4.21)

Notice that the projection indicators are omitted from
the twice-projected derivatives in Eqs. (4.18), (4.19),
(4.21). This omission causes no ambiguity because one
can use the projection identities [Egs. (3.10), (3.11)]
of Proposition 3 to show that only one combination of
projections,

3 — k!
haclb_h etcilp?

is not zero.

The deformation Ricci tensor R ,: = R° ., has the de-
composition

Rcvnlecb’ 4.22)
Ryt =Royr = Hoy1000 = Peipr = M4c1a0 4.23)
. “_p <
R‘-‘b._h,°—h°“'—h.c—hu|a’ (4.24)
R =gy = h‘jchj-bz hep = haﬁ-‘hj“"’ (4.25)

which follows directly from Equations (4.16)—(4,21)
above. The deformation scalar curvature R:=yR,_,
is just the ordinary spacetime scalar curvature ‘R
because of the degeneracy of y.
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The index notation may be used to contract the
Bianchi identities. One contraction yields
R

~ Ry, T R4, =0 (4.26)

bdre

and a second contraction by means of the deformation
tensor yields

RPyy= R, g+ YR, =0. 4.2m
An inspection of Equations (4.16-21) reveals that
V¥ R%yy, = R%y, (4.28)

Thus, even in this non-Riemannian geometry, Eq.
(4.27), the twice contracted Bianchi identity, takes
the familiar form

2G5 =0 (4.29)
where
G’y =R’ - 1RO, (4.30)

is the geometrically natural definition of the deforma-
tion Einstein tensor.

IV. DEFORMATION FIELD EQUATIONS AND
FIRST ORDER PERTURBATIONS

A. Gauge conditions to complete the geometry

The gauge tensor H on a deformation is arbitrary so
far. To fix the geometry of a deformation, one must
impose further conditions which determine H. For a
given fiducial gauge H’, the gauge H is determined by
the tensor a: = H -~ H'. Proposition 4 relates this tensor
to the second fundamental forms % and A’ corre-
sponding to H and H’. In index notation, the relation is
(5.1)

rap — pab (a <)
neto=rt - a'ty

where parentheses are being used to denote symmetriza-

tion. This relation suggests that ¢ can be fixed by im-
posing conditions on k. There is just a one-parameter
family of conditions that are linear in h, involve only
first derivatives of #, and have the appropriate number
of nontrivial components to determine a: For a constant
k,

(h73 +Iy™ih), ;=0. (5.2)
Equation (5.1), the Ricci identity, and Eq. (4.9)
(which causes a term to vanish) then yield

a0+ L+ 2R R =~ (W TR, .

5.3)
The choice k=- 3 makes this system manifestly hyper-
bolic on each spacetime in a deformation, In a chart
aligned with either H or H’ the system then takes the
spacetime-covariant form

P 3K P K — oK 1 0kp1
@5y R a5y == (W5 = 2Y h(s>);x’

(5.4)
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where the components a° ;, are treated as components
of a collection of spacetime vector fields. If the com-
ponents g, and a°s)., are given as initial data ona
spacelike hypersurface in each spacetime of a defor-
mation, then the tensor field a and therefore the gauge
H are determined uniquely throughout the Cauchy de-
velopment of each hypersurface,!°

The choice #=-3 in Eq. (5.2) makes it convenient to
define the trace-reversed second fundamental tensor

W =Wy = 3H' jh (5.5)
so that Eq. (5.2) becomes
i, =0. (5.8)

In conventional treatments of spacetime perturbation
theory, the gauge defined by this condition is called
the “Hilbert gauge” or sometimes the “Lorentz gauge.”

Because the gauge concept has been divorced from
coordinates and given a strictly geometrical meaning,
one can regard the Hilbert gauge as an object that is
every bit as respectable as the normal vector to a
surface. The fact that there are many other gauges
should not be any more significant than the fact that
there are many different vectors that point out of a
surface. Thus, I propese to adopt the Hilbert gauge
condition, Eq. (5.6), as defining the “normal projec~
tion tensor” for a spacetime in a 4 +» deformation,

It should, of course, be remembered that this tensor

is not determined locally as it would be in a Riemannian
geometry but propagates according to a hyperbolic wave
equation in each spacetime.

B. Field equations on a spacetime deformation

The deformation tensor y of a spacetime deformation
is required to induce spacetime metrics which obey
Einstein’s equations in each spacetime. If the spacetime
deformation supports nongravitational fields, then these
are required to obey the usual spacetime-covariant field
equations in each spacetime, To cast these requirements
into a deformation-covariant form, notice that the
standard deformation connection reduces to the usual
spacetime connection whenever it acts on spacetime-
tangent vector and tensor fields. Thus, require the

contravariant form of each field to be tangent to space-
times, write each spacetime-covariant field equation

in contravariant form, and then just replace all semi-
colons by dots. The resulting deformation-covariant
field equations are then equivalent to the original space-
time covariant field equations. This section gives
several examples of this procedure.

If each spacetime in a deformation supports a Klein—
Gordon field ¢ that satisfies the field equation

(5.7

then regard ¢ as a function on the deformation and re-
write the field equations as

(b,aby“’:O or "a=0.

(5.8)
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The degeneracy of the deformation tensor y then en-
sures that Eq. (5.8) is equivalent to Eq. (5.7).

If each spacetime in a deformation contains a test
particle and the particle world lines are deformed
continuously as one passes from a given spacetime to
its neighbors, then these world lines form an n+1
surface in the deformation. On this surface there is a
spacetime-tangent vector field # which satisfies

unb,, =0 (5.9)
within each spacetime. The deformation-covariant
version of this requirement is therefore

iy =0, (5.10)

°aq

If each spacetime in a deformation supports an elec-
tromagnetic field, then there is a Maxwell field tensor
Fmt— — "™ which is tangent to spacetimes and obeys
the deformation-covariant field equations

P = A4qgm (5.11)

e prasm  femen —Q, (5.12)
where the vector field J is automatically tangent to
spacetimes and obeys the conservation law

Je.,=0 (5.13)
by virtue of Eq. (5.11). Thus, J represents the usual
conserved electric current within each spacetime
where one finds

(5.14)

The procedure for obtaining the deformation-covariant
form of Einstein’s equations is exactly the same as the
procedure for nongravitational equations. If each space-
time in a deformation obeys Einstein’s equations, ¢G"”
=87T*"”, then the deformation obeys the system

Gm? =8nT™", {5.15)
Equations (4.22) and (4. 30), together with the degeneracy
of the deformation tensor that must be used to raise
indexes, guarantee that the deformation Einstein tensor
G™" is tangent to spacetimes and induces the usual
spacetime Einstein tensor ¢G** on each. Thus, 77" is
automatically tangent to spacetimes and it only remains
to identify it with the usual spacetime stress—energy
tensor to recover the spacetime Einstein equations. The
deformation Bianchi identity given by Eq. (4.29) yields
a deformation-covariant version

(5,16)

of the stress—energy conservation law.

C. Perturbation equations from Lie derivatives

Once a system of field equations is in deformation-
covariant form, its response to spacetime fluctuations
can be obtained by differentiating both the field variables
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and the field equations with respect to the perturbation
parameter. For example, the response of a scalar
field ¢ is described by the functions

8d/ax M =4 (), where x4 =4,

and the field equations which determine the evolution

of these functions can be obtained by differentiating

Eq. (5.8) The conventional approach to perturbation
theory corresponds to taking the derivative 3(¢*2,)/ax'4).
A more geometrical way to express this procedure is

to say that one chooses a set of vector fields U ,, which
satisfy (6%, U, ,»=06{) and uses the Lie-derived field
equations

T uear(d?)=0 (6.17)

to evolve the Lie derivatives tU(A)¢ of the field.

In order to obtain the perturbation equations in a
useful form, one must reexpress them as restrictions
on the Lie derivatives of the field. Thus, one must
move the Lie derivative inside of the covariant deriva-
tives that appear in Eq. (5.17). This need to interchange
two different types of derivatives characterizes the usual
approach to perturbation theory and makes for lengthy
computations. Ordinarily one performs the interchange
by expressing everything in terms of coordinates. A
more geometrical statement of the usual procedure is
that one expresses the covariant derivatives in terms
of the Lie derivatives, changes the order of Lie differ-
entiation, and then expresses the resulting equations
in terms of covariant derivatives of fa(A)d’-

D. Nongravitational perturbation equations from
covariant derivatives

This paper proposes to simplify spacetime perturba-
tion theory by using deformation-covariant derivatives
instead of Lie derivatives to obtain the response of a
field to spacetime fluctuations. In this approach one
chooses a gauge tensor H with its corresponding identi-
fication gauge tensor : and represents the response of
a scalar field ¢ to a spacetime fluctuation by the form
field v ¢ =¢,,17,6°. One takes the perturbation equation
to be the projected covariant derivative

¢ =0 (5.18)
of the deformation-covariant field equation. In order to
reexpress this equation in terms of the form-field
¢.,, one first uses the Ricci identity to change the order
of differentiation and obtain

$..% — b, R, =0, (5.19)
Next, one uses Eq. (3.21) in the form
1y == My (5.20)

to change the order of differentiation and projection so
that Eq. (5.19) becomes

¢Islaa + Z(b-dahdas + qb-d(hdas-a - Rds¢) =0.
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The deformation compatibility of the connection and the
projection identities satisfied by ¥, p®,, and R?,
make it possible to insert spacetime projections into
this expression without changing anything. The per-
turbation equation then becomes

(i)lsia,af + Z(bld'a'hdas + ¢|d'(h’das-a - Rd'st) =0.

Now use Eq. (4.24) to evaluate the Ricci tensor term
and notice that the result can be written in the form

qblsama' + Z(i) ldta'hdas + 2(1) ld'ﬁ‘ms-a :0’

which the Hilbert gauge condition simplifies further to
just

¢|sna'at+2¢|dvathdaszo' (5-21)

To see that my notation is not concealing any un-
pleasant complications, use Theorem 1 to write Eq.
(5.21) in an aligned coordinate system:

(6,057 +28,5a8°% (5, =0. (5.22)
Here, the spacetime-covariant derivative treats
® (s, a8 a collection of scalar fields. This result is
not quite the same as the perturbation equation that
one obtains from the conventional Lie derivative varia-
tion procedure. The conventional procedure yields an
equation in which the second fundamental form that
appears in Eq. (5,22) is replaced by its trace reverse.
The two versions of the perturbation equation agree
when the scalar field equation is satisfied, but not
otherwise.

The procedure which has been illustrated here for
a simple scalar field equation can be applied to any set
of nongravitational field equations. It has several ad-
vantages over the conventional approach:

(1) 1t is entirely geometrical and does not require
the introduction of coordinates or basis vector fields.

(2) It saves one the trouble of varying connection co-
efficients and reexpressing the result in terms of co-
variant derivatives. All such computations have been
“prepackaged” in the form of the Ricci identity and
the Gauss-—Codazzi equations of Theorem 2,

(3) Because the deformation connection is deforma-
tion-compatible, one may raise and contract indexes
on tensors either before or after varying them without
worrying about the introduction of additional terms.

(4) Because the Hilbert gauge condition can be re-
garded as a part of the deformation geometry, one can
use it without compromising coordinate independence.

E. Gravitational perturbation equations from
covariant derivatives

The procedure for obtaining a perturbation equation
from Einstein’s field equation is similar in general
outline to the procedure for nongravitational equations,
However, the presence of the curvature tensor in the
field equation changes some of the details of the pro-
cedure. As before, the perturbation equation is taken
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to be the projected deformation-covariant derivative

Gmn  =8T™ . (5.23)
Also as before, the projected derivative is to be moved
inside of the spacetime derivatives that are already
present in the field equation. However, the Ricci
identity cannot be used for this purpose because the
spacetime derivatives in G™" are all hidden, However,
the contracted Bianchi identity in the form

G”m-s :Rms-n - ,ymnRes.e + Ramsn.a
serves the same purpose and converts the perturbation
equation to the form

R™ -n_,}/mnRe +Rams‘rl.¢:8w7mn.s..

St Sleg

Equation(5.20) can then be used to change the order of
differentiation and projection with the result

i 3] o hms Rmr - ynmResx fe Ym"h"esRer

S

+ Rllm n

st la

+ I, RO M= 8T,
Now use the Gauss—Codazzi equation (4. 24) in the form
Rams‘n — Ramns‘ — hmﬂsid - hans-m

together with the Hilbert gauge condition and the Ricei
identity to obtain the perturbation equation in the form
e+ 2R P =80T, (5.24)

where T™" denotes the trace reverse of the stress—
energy tensor.

The insertion of spacetime projections into Eq. (5.24)
is a trivial operation that brings it into the more ex-
plicit form

Jmn et F2RmT M b = g (5.25)

In an aligned coordinate system, this equation becomes

B sy o T2RE VB gy =8TT™ (5. (5.26)
Notice the similarity between this equation and the per-
turbation equation for the scalar field (5.22).

If Eq. (5.26) is compared with the Lie derivative
perturbation equation that one normally sees, ! one
finds that it differs in exactly the same way as the
scalar field perturbation: the undifferentiated second
fundamental form has had its trace reversed. This
change makes Eq. (5.26) somewhat simpler than the
conventional perturbation equation. If the stress—
energy components are given as particular functions,
then the simplification is a notational illusion because,
by Theorem 1,

Fuy D PV 1, b oY
T, (5)=T" (5y = Th" o5y = T 1y 5y

When the additional terms which have been introduced
by the deformation connection are taken into account,
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one may use the field equation to obtain the conven-
tional perturbation equation from Eq. (5.26). If, how-
ever the stress—energy tensor is expressed in terms
of nongravitational fields, then the simplification is
real because the deformation-covariant derivative
T",(s, can be computed more easily than T*” 5.

APPENDLX

Proof of Proposition 2

Use the abbreviation V ¢,: =¥y, ., and note that
(dxB)) ¥ 0,3/ 3x @) =~ (V 0, dx‘®), 3/axA)

=— (Y0P, 3/ 3x ) =0, (A1)

Expand 9/8x'C in the covariantly constant basis
vectors ey,

(AYy (K)
3/0x® =F 1) Fekys

so that
<dx(B), V(c)a/ax(A)>:F(A)(K)’(C)<dx(3)! e(K)>°

Equation (A1) and the linear independence of the forms
dx'®’ and the vectors e, then imply

(K} —
F(A) ’(C)_0

so that the coefficients F,,'¥’ are constant on each
identification surface, But then

Vi3 25 =90 (F (4, e ()
=F,®, creu) T Fia OV e =0
Derivation of Eq. (3.12)
(Z,v¥)(Ha, HP)
=—(Ha, V1 U) - HB, V, 21U
=—{a, HY ) - (B, HY, 1U)
={a, [V, HIUY + (B, [V,q, H]t)
={a, hyyB) + (B, hyya). (A2)
Derivation of Eq. (3.15)
From Eqgs. (3.14) and (A2)
2, Wy B)
=—(H'a, V,,t'U) = {H'B, V,,1'U)
={t'V, H'a +¢'V, H'B, U)
=4V, 4Ha +1V  HB +aV  Ha +aV, HB

-1V, a0 =1V, a8, U).
Here, the terms quadratic in ¢ vanish because a anni-

hilates spacetime-tangent vectors, With this expression
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and Eqs. (3.14) and (A2) again, find
2a, (h'y - hy)vB
=(aV,,Ho+aV, HB — 1V, a0 -1V, aB, U)
=(a(V H)a +aH,go +a(V, )JHB+ aHY, 8
-1V, a)a —1aV 50 - 1V, ,a)B - 1aV,.B, U). (A3)
But
@V, Ha, U)={a, (V,;HalU)={a, hyrB)
and, from Eq. (3.11) and the fact that aU is in yT,*,
My = Ryyy =0
so that two of the terms in Eq. (A3) vanish and leave
{a, 2(h' y= hyhyB) = (aH - 1a)(V,a + ¥V, B
-1V pa)a = 1(V,,a)8, U)

=(Y,,a + 9,8, (Ha—a)U) - {a, (V,z0)el)

- B, (Vyaatl).

But HaU =aU and, because H and H' must both reduce
to the identity on yTp*, aH=0 so that at=qa and there-
fore (Ha - 1)U =0 which leaves

{a, (W'y=hy)yBy=—3{a, (V,gall) + (B, (V,,@il)}

%{(d, (Vygaz)(]— a(VrBZ)Lf>

i
|

+{B, (V,,a)U=a(V, 1)U}
= - 3{a, (V,,a)U + ahyyB)
+48, (V,,@)U +ahyra)}

=-3{a, (V,,@)U)+ (8, (V,,a) D}
Proof of Theovem 1

First note that the identification surfaces can be
used to construct an aligned chart on /} from each chart
on the spacetime . Thus there is a neighborhood
U of £ which can be covered by such aligned charts.
If Egs. (3,18)—(3.20) hold on each such chart, then
they define a standard deformation connection on U
and imply Eq. (3.16). Thus the existence of the stand-
ard connection is proven by construction.

The nontrivial part of the proof is uniqueness: Assume
that V is a standard connection and show that it must
satisfy Egs. (3.16)—(3.20) in each aligned chart. It is
convenient to establish Eq. (3.16) first. Use the de-
composition 1 = H+{ to obtain

V,B=V,,HB+V, 1B+V ,HB+V 1B, (A4)
From gauge flatness, HV, ,1B=0 and iV ,1B=4 1B so

that V_,1B=é, ,1B. From Proposition 1 [Eq. (3.6)],
V ,4HB is tangent to spacetimes so that vV, ,AB=1,,HB.
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The first and last terms of Eq. (A4) have now been

brought into agreement with Eq. (3.16). Now consider

the term:

VuatB=Vy,B-Vy HB=Vy,B-[Vy,, H|B
-HV,,B=1V,,B - h A.

From Proposition 1 [Eq. (3.6)], ¢+V,,B=1V, B so that

VyatB=1V,1B - hzA.

Because the torsion vanishes, V,,1B=V ;HA+[HA, 1B]
and thus

VyuatB=1V HA +1[HA 1B]~ hyA.
Another use of Eq. (3.6) then gives

YV atB=1[HA, 1B] - hgA.
Only one term of Eq. (A4) remains to be considered,
The techniques that have just been used reduce it as
follows:

V  HB=HY HB=HV 4.1A + H[1A, HB]

=—h,B+H[iA, HB]

and Eq. (A4) yields Eq. (3.16). Now take the vector
fields A and B in Eq. (3.16) to be the basis vectors
e, =9/8x* and e, of an aligned chart. Equations (3.18)—
(3. 20) then follow.

Derivation of Eq. (3.22)

The simplest procedure is to write out the components
in an aligned chart:

] 1,8 o 6 o 14
B acay ey =R aay, my TR airy T oy = Boiay I acm)

— L 6o P (]
=20, &ads 3) = Waca)Wocs)

(] 4
TR oy s

=§Yw, anm8oa T %YW. (4)8pa,(B) — hpa(A)hﬁn(B)
+ B oy B o)

=3 ¥ (armroa = 28 (s Roaiey T B oiay W aca)
ORI TS

2%7”; (4))y8pa = (hop(A)hpa(B) + h‘op(B)hpa(A))"

This expression is manifestly symmetric in (4) and
(B) which establishes Eq. (3.22).

Derivation of Eq. (4.7) (Codazzi identity)

Equation (4.1) and the Jacobi identity for commutators
imply that, for any vector fields J and K,

[R(Ja K)) H= [[Vclv VK]! H]'- [V[J,K]!H]

2303 J. Math. Phys., Vol. 19, No. 11, November 1978

== [[ny H]; V,]-. [[H, VJ], vx]
- [Vis, k1 H]
=V, [V, H]= [V, HIV ; + [V, H]Vy
"‘VK[VJ!H]" [v[J,K]’H]'
Now take J=HA and K= HB and use the definition of 4

[Eq. (3.9)] to obtain [R (HA, HB),H]C=V, h HB
= hy, ,cHB +hy  cHA - VyshoHA - ho[HA, HB]. Use

vanishing torsion [Eq. (3.1)] to reexpress the last
term:

[R (HA, HB), HIC=(Vy,hcHB ~ by, cHB— eV y4HB)
~ (VyghcHA = hy cHA = ho¥ 35 HA)
=(V 4 h)cHB - (V, 3h) HA.

Pyoof of Theorem 2 (Gauss, Codazzi, Mainardi
identities)

To eastablish Eq. (4.9), calculate
(9(A), lR (A: B)C>= <0(A)7 [VA! VB]C - V[A,B]c>°

Deformation compatibility [Eq. (3.3)] makes it possible
to bring all of the derivatives outside of the inner
products

O, 1R (4, BYC)=([V4, V5] - Via,5) 4, C)
=([A, B]- [A, B]) (¢4, C)=0.
Thus, Eq. (4.9) is established.

Equation (4.10) is just a statement of gauge flatness.

Equation (4.11) follows directly from Egs. 3.16
and 4.8.

Equation (4.12) is obtained from Eq. (4.7) by re-
placing the vector C by :C.

To establish Equation (4.13), write the definition

R(HA,1BWC =Y,V 52C~V gV, 0C =V, ;52C
(A5)
and then use the definition [Eq. (3.9)] of & together with
Egs. (3.1) and (3.5) and the consequence [V,,,1]=0 of
gauge flatness to commute all of the 2 factors in (A5) to
the left:
V5atC=[Vys,t]C +19 4, C=1V4,C - hcHA,
V., sVuatC=V,519,,C~V ghcHA
= thBvHAC - VtB thA: (AG)
VuaVi1C=VyytV,5C =194,V ,5C— hy  cHA. (AT)

The last term in (A5) must first be simplified by using
vanishing torsion:
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[HA,1B]=V B -V HA=1V,,B—~ hHA
~V,gHA=1V,,B— Hh sHA — HV ,HA.,
The last term in (A5) then becomes
Vina, 810 =V,9,,81C = Viaggnare, gnartC
= ’st”ABC - 1Vﬁ(nBﬂA+v,BﬂA¢C
+ho(hgHA +V 4 HA). (A8)
Now use Eq. (4.9) to obtain
R{HA,1BC=HR (HA, 1B):C. (A9)
Equations (A6)—{A8) yield
HY 1V, ,1C==HV jhoHA =~ (1 - 1)V ,Hh HA
=-V,zhcHA [use Eq. (3.6)], HV,,V, nC
=~y ,cHA,
HY (44 ,51C=he(hgHA +9 gHA),
and Eqs. (A5) and (A9) then become
RHAB)WC = hy  HA+V yhcHA - hhyHA =1,V ,5 HA
= (V5 h)HA = hohg HA,

which establishes Eq. (4.13).

Equation (4.14) may be obtained from Eq. (4.13) by
using the cyclic sum identity in the form

R{1A,tBYHC =R (HC,1B)1tA— R (HC,1A)uB.

Equation (4.15) may also be obtained from the cyclic
sum identity in the form

Rlya, 1BYyB-R (¥B, 1B)=R {ya, vyBrB.

Use the deformation compatibility of the connection
{Eq. (3.5)] to put this identity into the form

0, R tya, 1B)yB) +{a, R (¥B, 1Blya)={0, R lva, yB):B).
(A10°
Now define the quantities
x:=(0, R{ya, 1ByyB), ui=(,R o, yBlB),
vi={a, R(¥B, tBWyo), v:={a,R(¥8, yonB),

z2:={B, R (yo, 1Byya), w:={B,R{yo, yanB),
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and notice that a cyclic permutation of (@, 8, 0)
produces cyclic permutations of {(x,y, z) and («, v, w).
Thus, (A10) becomes

Xx+y=u

and cyclic permutation yields
y+z=p and z+x=w.

Solve these three equations to obtain
x=3(u—v+w),

and then use Eqgs. (4.5) and (4.12) to obtain Eq. (4.15).
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Causality in homogeneous spaces
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A simple proof is given of the microcausality of quantum fields defined on certain homogeneous pseudo-
Riemannian spaces. The proof is group theoretic in nature and does not depend on the detailed form of the
generalized Pauli-Jordan propagator. As an illustration, applications are given to de Sitter and anti-de
Sitter spaces; in the latter case, it is shown that the commutator of any boson field vanishes for any pair

of points in the space.

1. INTRODUCTION

It is of some interest to consider the quantization of
fields in pseudo-Riemannian spaces, having in mind its
possible application to gravitational and cosmological
external field problems. The quantization procedure is
free of ambiguities and permits a straightforward and
invariant particle interpretation in the case of a space
on which a group of isometries acts transitively; the
quantization is formulated in such a case along group-
theoretic lines, ! and it has the additional mathematical
interest of its applications to the representation theory
of the corresponding group.

The causality properties of a quantum field defined in
that context may be studied by considering the behavior
of the generalized Pauli-Jordan propagator A, which is
defined either from a differential equation point of view®
or by group-theoretic considerations,! the latter aspect
being related to the former one by means of harmonic
analysis on the group of isometries.?

In the following we give a proof of the causality of A
which depends on the group invariance of A and its anti-
symmetry, making it unnecessary to consider its explic-
it form in each particular case. Such a procedure may
be applied to certain homogeneous spaces, of which ex-
amples are given.

2. MICROCAUSALITY IN HOMOGENEOUS
PSEUDO-RIEMANNIAN SPACES

Let us consider a pseudo-Riemannian space M, a
homogeneous space of a group of isometries G. Let
be an arbitrary point in M and H,, its isotropy group; we
have M ~G/H,. Let ¢(x) be a free-scalar quantum field
defined on M. The notion of causality we are going to
consider is that of microcausality, that is to say,

[px), $(v)]=0

for spacelike separation of x and y [timelike, spacelike,
and null separations are defined by means of the square
of the geodesic distance between x and y on M, denoted
in what follows by I'(x,y)]. On the other hand, in order
to have the desired dynamics of the field, positivity of
the scalar product, a particle interpretation in Fock
space, etc., we require

[p(0), ply)]=ialx,y),

2)present address: Depagtamento de Métodos Mateméticos,
Facultad de Ciencias Fisicas, Universidad de Madrid,
Madrid-3, Spain
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where A is the generalized Pauli— Jordan commutator
funetion. In order to implement microcausality we must
therefore require

Alx,y)=0,
for x,v spacelike. A satisfies the following properties:
(i) Group invariance:
Alx, v)=alg. x,g.y) for any g&G

(where we denote by g* x the group action GxM — M).

(ii) Antisymmetry
Alx,y)==-A,x).

These two properties are enough to ensure micro-
causality in those homogeneous spaces which satisfy the
hypothesis of the following lemma, independently of the
fact that A is an eigendistribution of the Laplace~Bel-
trami operator on M.

Lemma: Let f(x,y) be any group-invariant, odd func-
tion (distribution) defined on M =G/H,. Let us assume
that any point z&M which is spacelike with respect to
satisfies z = g* Q for some g< G (always true by transitiv-
ity) and z =h. g "' for some h < Hg. Then flx,v) =0 for
any pair of points x, y which are spacelike relative to
each other.

Pyoof: Let x, v&M be spacelike. By transitivity, there
exist g,,g,€G such that x=g¢ ., yv=g,.8. We have

f(,v,y):f(gx°Q,gy.Q):f(Q,g;“g\,.Q).
But  and g;'. g,.§ are spacelike,
r,gt.g.9=r,.Q,8,.29 =T,y

due to the invariance of T under the group of isometries
G. Under the hypothesis of the lemma, we have

gl g, Q=g.Qand gt. g, .Q=h.g7Q for some g=G,
h=H,. Hence

2.1)

A2, gt g, Q) =Aa, h.g7'0) = fhit, g7 Q, £70)
=f2,g7') =fg.Q,0) = g}g, 9, 0)=1(g,.Q,2,.2)
=f(y, x). 2.2)

Finally, (2.1) and (2.2) imply f(x, v) =0 by the antisym-
metry of f(x,y).

Remark: Let us mention that the preceding lemma
provides a simple proof of the causality of the usual
Pauli-Jordan propagator in Minkowski space without
any reference to its explicit functional form or the fact
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that it is a solution to the Klein—Gordon equation. G is
given in the present case by / (XTI,

3. APPLICATION TO DE SITTER SPACE
We may define de Sitter space M as the hyperboloid
Tepia®? = =1

embedded in a five-dimensional flat space S with normal
hyperbolic metric: 7, =diag{1,-1,-1,~1,-1) (a,b,
+-+=0,1,2,3,4).*

The isometry group SO(4,1) X ; of the embedding
space S is restricted to SO(4,1) on de Sitier space. The
corresponding Killing vectors £ ,, labelled by the ten
antisymmetric pairs of indices {bc}, have the following
contravariant components in S,

é‘{lbc) = ngc - 5:xb'
The one-parameter subgroup generated by the Killing
vector £, , will be denoted by g,.,(?).

It is easily seen that the square of the geodesic dis-
tance between points x and y in M is

T'ix,y)= (arccosh]nabx“y”] )2,

where x2,y® are the coordinates of x and y considered as
points in S, Spacelike points x,y are therefore charac-
terized by

lnabx“y”l<1. 3.1)

Let us introduce the following parametrization of
zeM
2° =sinha
z! = cosycosha
22 = sinbcos gsinycosha
2° = sinfsingsinycosha
z*=cosfsinycosha,

with a€IR, 8, x<[0,m, ¢<[0,27). (3.1) is now written as

|cosycosha| <1. (3.2)

We choose © as the point =(0,1,0,0,0) in the em-
bedding space. Then, z=g.8 with

g=g{23]((ﬂ).g{24)(ﬂ/2 - 9)-g(12}(x)'g{01}(' ajl.

The isotropy group of Q, H, is generated by the one-
parameter subgroups

gmz)(t), g[os)(t): g{on(f): g[23)(t), g‘z‘,)(t), g{sq)(t)-
The hypothesis of the lemma is satisfied by taking

k= Bi25)(#) . &(za) (1/2 = 6) . g(omarccosh | COSX *+ cosha.
foon 7 Etam sl cosycosha +1

(3.3

and hence A(x,y) vanishes for spacelike separation of

its arguments. The solution (3.3) given for # depends

on (3.2); for instance, no solution can be found for
cosycosha +1=0, according to the fact that it describes
one sheet of the light cone of Q, where A 15 not supposed
to vanish in general.
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4. TRIVIAL NATURE OF BOSON FILEDS IN
ANTI-DE SITTER SPACE

In analogy with the procedure followed in the preceding
Sec. 3, we define anti-de Sitter space as the hyperboloid

NypX*a®=—1
in a five-dimensional space with metric given by
n,,=diag(l,1,~1,~1,~1)
We choose the parametrization
2% =sinho cosp
z! = sinhasing
z? = cosha sinfcos ¢
z%=coshasingsing
z*=coshacoss,
with ¢ €IR, 8,Xx€[0,7), B, ¢<[0,27).
The group of isometries is SO(3,2). The Killing vec-
tors are again of the form
Elbey = 0%, — 8,%x, .
Take £2=1(0,0,0,0,1). The isotropy group H, is gener-
ated by
g (1), Zloay(t), Loy (1), &1uay (s guay (), giagy (D).
The generic point z is given by z=g¢.8 with
=801y (= F) - 8iasy (@ = 1/2). g5y (= 6). (o0 (— )

We find that for all points z€M, we can find h€H,
such that z=g. Q@ =h.g'Q2. There are three separate
cases:

(i) cos@coshy +1<0
h is then given by

h= 2’(01](— B) w‘{(z;ﬂ(cp - ﬂ/z)vglog)

arccosh cosha + cosét
ree " cosbcosha + 1)/

(ii) cosbcosha +1>0

h:glm)(”‘R)'g[zs}(‘ﬂ+”/2)'g(oap
re h _cosha + cosb
arccos cosfeosha + 1}/
(iii) cosfcoshe +1=0

h= g1 (= p) -8i23) (p+7/2). 803}
( h 1+ cos%])
arccosh |- —5-——5—| )

We conclude that A(Q,z)=0 for any z, and therefore
Alx, v)=0 for any pair of points x and y by group in-
variance. This conclusion is also valid for any antisym-
metric, invariant function, and as a consequence the
. commutator of any boson field (not necessarily a scalar
field) vanishes identically, leading to a trivial theory.
This result should not be surprising, as there exist in
this space closed timelike curves, which spoil
causality. *
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The expansion of harmonic oscillator states in discrete coherent states on a von Neumann lattice leads to
relationships between lattice sums and expansion coefficients of the Weierstrass o function. It is shown
that these relationships can be generalized to arbitrary lattices. Some interesting identities are obtained

between infinite sums of different convergence rates.

. INTRODUCTION: THE VON NEUMANN LATTICE

There has recently been revived interest in the
von Neumann disgrete set of coherent states.!=*, This
set is defined as follows. Assume that o) is a nor-
malized coherent state®

ilay=ala), (1)
where a is the annihilation operator
D Y DU »)
= +7—
e <" "l @)
and « is the eigenvalue
D L
= +=7).
“ =N <x i 1’> ®)

Here % and ) are the coordinate and momentum opera-
tors, and ¥ and p are their expectation values in the
state | ). The constant X (A2 =Ji/mw) is associated with
the harmonic oscillator for which the ground state is
the coherent state 10) (o =0).

The von Neumann discrete set of coherent states
la . is obtained by defining a lattice of points (w1
=0,+1,...),
1

2m
=T +i==A%
@, v <ma i )\ﬂ) (4)

in the o plane, where a is an arbitrary constant and
the unit cell area is 7. The states 1« ) with a__ in (4)
form the von Neumann set. This set was shown to be
complete!~? and it can be used as a basis in which an
arbitrary vector | f) can be expanded.®* For carrying
out such expansions a biorthogonal set of states

{1@, ) was defined

(5)

<Olm"a’ Cymn>:6m'm6
where the states | a,, ) and (&l are excluded. This
latter exclusion is necessary because the von Neumann
set la ) is overcomplete by just one state,?'® that is,
if one member is removed from the set, the rest are
still complete, but this is not true if two are removed.
Without losing generality, one can remove the state
logy. In Refs. 2 and 4 it was shown that any state | f)
can be expanded in a series

n'n?

? Supported by a grant from the United States—Israel
Binational Science Foundation (B.S.F.), Jerusalem,
Israel.

2308 J. Math. Phys. 19(11), November 1978

0022-2488/78/1911-2308%$1.00

1y~ a3 (&, ), (6)

msn
where the prime excludes the state ia,,). For a co-
herent state 1o ) the coefficients (&, | @) are?

o — (- +n+mn _ L 2 imo(_a)__
@&, la)=(-1)m exp(- 4| )oz(a—oz”m)
X exp(—va?). (n
Here o(a) is the Weierstrass ¢ function®
, o o o?
ole)=a 11 1—-—>ex < + >, (8)
mn < &mn p amn 2(\/?""

where again the prime excludes o, =0. The constant

v in (7) is expressed by means of the ¢ function in the
following general way? (the notations in Ref. 2 coincide
with the ones used in the literature® after replacing

w, " 20, wy— 2w))

v=1 (tlw)of = cwwr). ©)

The definition in (9) is given for a general lattice

o =2mw, + 2nw, (10)

with Im{w,/w,)#0. S in (9) is the unit cell area which
for the von Neumann lattice equals 7.

In Ref. 4, the harmonic oscillator states | N) were
expanded in the set | ¢ ) and the coefficients {« 1N}
were found to be

<&mn‘*\">:‘ (= 1)mememn (N1)1/2 Ln/zl 1y, ¥, | (11)
(o, )Y 50

where [N/2] equals N/2 for even N and N/2 -}, for odd

N, and a, are the expansion coefficients of the even func-
tion
— 2 o
leexpl=ve?) 55 e (12)
@ p=0 P
(12a)

_ 1 d Jole)exp(- uaz)] (
% - plda? « =0
In particular, it was shown in Ref. 4 that the following
closure relation holds
Z’ M ‘ O n ) <amn ] Ny = GMN

men

where (@, [ N) is given in (11) and the well-known co-

/

efficient (M!a ) for the harmonic oscillator is*®

( o )A\I

(13)

{M|(vmn>:exp(—é anjz)W . (14)
© 1978 American Institute of Physics 2308



It was noticed in Ref. 4 that the closure relation (13)
together with the result (11) and the known expression
(14) lead to some interesting identities. First by putting
N=0and M=p in (13), (11), and (14) one finds

S@=2" (= 1)mmmar exp(-1]a, |9)=-5

0
mn #

(p=0), (15)

where the superscript v stands for von Neumann lattice.
This identity holds for any positive p (for odd p, S, is
trivially zero). More generally, the relation (13) leads
to the following additional relationships (see Ref. 4)

X,
%6 azPSZ‘;;ZZN ==y, (for any N), (16)
where, in general, for any p

=2 (= 1)mmmnar, exp(= 4] a,,|?). (1)
mn

The identities in (15) and (16) are of some very gene-
ral nature. While the identities in (15) were shown
(see Ref. 2) to lead to connections between © functions,
those in (16) give relationships between the expansion
coefficients a,, in (12a) and the sums (17). On the other
hand, both (15) and (16) follow from the closure rela-
tion (13), which holds for the von Neumann lattice when
the unit cell area S=7. Because of their general nature
the validity of (15) and (16) could not be restricted to
the von Neumann lattice and it should be possible to
derive them for an arbitrary lattice.

In this paper a derivation of the identities (15) and
(18) is given for a general lattice (10) and some of their
consequences are discussed in more detail. In parti-
cular, some interesting relations are obtained between
sums of quite different convergence rates.

Il. GENERAL LATTICE

An alternative simple derivation exists for the iden-
tities (15) and (16) on a general lattice (10). First we
notice that Eqs. (9) and (12) hold for a general lattice.
In addition, there is a well-known theorem for analytic
functions with only simple poles that equate the function
to an expansion in terms of the poles and residues
(see Ref. 6, p. 134). From this theorem the following
expansion is obtained for the inverse of the function in
(12) [the residues can be found according to formula
(26) of Ref. 2],

aMi-l , — ag;l
of{a)exp(— uaz)‘g (= 1)menvmn T
7
x exp (~ 55 |a,,] (18)

for any M = 0. This expansion can also be rewritten as
follows for a < |o

mn”

aM-u o .
o@) expl=ra®) ~ L Su-es®™ 19)

where the sums S, _,, are simple generalizations of (17)

’ tnem a 7
Sit.2p =27 (= 1)mensmn @ m"‘"’)'zp exp (—- 25 ‘amn‘z) (20)

mn

(the superscript is omitted).
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Let us now show that the information contained in
Egs. (12) and (18)—(20) is sufficient for rederiving the
identities (15) and (16) for general lattices (10). First,
the left-hand side of (18) equals 6,, for a =0. By
comparing (18) for a =0 with the definition in (20) we
find the generalized relationship for (15),

! 7
Sy=00 (= 1)mememn gil exp (— 55 ldm,,lz) ==0y,. (152)
(15a) goes

For the von Neumann lattice (S=7), Eq.
over into (15).

It is also easy to rederive Eqs. (16). For this let us
multiply both sides of (19) for M =0 by the corresponding
sides of Eq. (12). Since the left-hand sides of these
two relations are the inverse of one another one arrives
at the following result,

0

Pv%’;:o aZpS-zb'QZ(Pw'):—l‘ (21)
By putting p+ p’ = N and by keeping in mind that SZD:O
for p>0 [See Eq. (15a)] we find from (21)

N

,;20 S 525 == O o (16a)

These relationships are clearly a generalization of (16)
for the general lattice (10). For N=0, (16a) agrees
with (15a) for M =0. For N#0, the Eqs. (16a) give
connecting formulas between the expansion coefficients
a,, of the function in (12) and the sums S,,_,, as de-
fined in (20). For later reference let us write down
explicit expressions of the Eqs. (16a) for N=1,2,3,
and 4:

a,=S_,, (22)
a,=S%,+5_,, (23)
a4y =S%,+28_,5_,+S_, (24)
a, =S, +35%,5_,+25_,S  +52,+5_,. (25)

It can now be shown that the relationships (22)—(25)
[and in general (16a)] establish interesting connections
between sums of apparently quite different nature. On
one hand, the S_,, are given by the infinite sums (20).
On the other hand, the coefficients @y, are in a simple
way connected with the coefficients in the power series
of o(@)/a (Ref. 7, p. 635),

G(Q):1+aa4 +haf+ oo B e (26)
with
& s % 27
a= 243305,1)~ 23.3.5-7 7 9,32.5.7" (27)
and
r 1
g2:60§a4 ; 28)

!
g, =1402, 51 .
mn mn
From the Eqs. (26)—(29) and (12) it follows that the
expansion coefficients a,, can be expressed in the fol-
lowing way:

(29)

ay=-v, (30)
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v 1
G==12 —— +307, (31)
mn
15w 1 v r 1 1 3
“s*‘;;nz,', cufrm+4§ at TFY (32)
5 1 2 v P 1 Vz r 1
= —— + = -
%= " 224 <m a;m> 52 @t T8 z at
+iu4, (33)

24
where the prime in the sums excludes the term with
m=n=0. And finally, by comparing Egs. (22)—(25)
with (30)—(33) we find the following relations:

1
- il S =38, s, (34)
mn ¥
1
= 2 = (S, LS., + S (35)
mn mn
S.g=— 2553, = F 5% — S8, - 2252, (36)

Let us consider in more detail the results in (34)—
(38). The first two lines express relations between sums
of different convergence rates. While the sums on the
left-hand side in (34), (35) converge rather slowly,
those on the right hand contain the factor
exp|— (7/29)] @, 1?] and converge, in general, much
faster. The additional relation [Eq. (36)] connects
sums S_,, with different indices. In fact, by using Egs.
(16a) and the information on the coefficients a,, one
can express any S_,, with p>3 by means of S_;, S_,,
and S_;. (36) is the corresponding expressions for S_,.

The Eqgs. (34)—(36) simplify considerably in the case
of a square lattice

o =2wln+in). (37

(The von Neumann square lattice corresponds to
w=vr/2.) In the case of a square lattice, v=0. This
follows from the following considerations. First, from
(9) we have

v:—gi[dw) - ¢(w)].

Also, for w=1, {{1)=n/4 and ¢(f)=—in/4 Ref. T,

p. 680), and &(w)=wi(l), tlw)=wil) (Ref. 7, p. 631).
Therefore, v=0. As a consequence of this, the expan-
sion coefficient a,, in 12 will become

1 & [olo)
azp :W {dQZp <T>] o . (38)

The sums in (20) will assume the form

L S e €XR[=(1/2) (% + %)]
S-ZP h (2w)2P E (_ 1) (m + i?Z)ZP . (39)

From (39) it follows that S_,=0 {this also follows from
Egs. (22), (30), and »=0). One can also check that
S_¢=0 in (39) [this is in agreement with (24) because
for a square lattice g, =0; See Ref. 7, p. 629]. The
Egs. (34) and (36) will turn into the following equalities
[(35) has zeros on both sides):

Y 1 Rt nemsmn €XP[= (1/2) (2 + 12)]
T o (m +in)? ‘R (-1 (m + in) ’
(40)
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! men+mn exp[_ (77/2)(7”2 + nz)]
Z =D m +in)°

19 ! men+mn exp[— (ﬂ/z)(mz + 712)] ?
“a\Z ey (m +in)? Y

men

In (40) we have an equality of two infinite sums of
very different convergence rates. Because of the factor
exp[- (7/2)(m? +#n2)] on the right-hand side of (40) the
latter converges much faster than the sum on the left-
hand side. The sum 3’ , [1/(n +in)!] is in a simple
way connected with g, [see Eq. (28)] which is tabulated
(Ref. 7, p. 680) and is known up to ten digits. The
right-hand side of (40) was calculated on a computer®
and the number —0.787803005384747 was found. Up to
ten known digits it coincides with the left-hand side of
(40)!

Equation (41) is a consequence of (40) and the known
recursion relations (Ref. 7. p. 636) for the expansion
coefficients of o(x)/@. More generally, (34) and (35)
are new relations between infinite sums of different
convergence rates while Eq. (36) is a consequence of
the latter and the above recursion relations between
the expansion coefficients of o{a)/a.

Another relation that is worth mentioning is the one
that follows from (9), (22), and (30),

f (tlw)wf - tlw)wr )= =S_,. (42)
Together with Lagrange relation (Ref. 6, p. 446)
Hww, — twyw, 152’1 (43)
we find
* *
€(wl)<wg‘ —3"—294—> =SS, —i st (44)
w, 2w,
Pla) (21827 — ox) =iss, -1 22
W @, Wy ] =W, Tiy w,

These relations lead to an alternative way of finding
the values of ¢ functions at half periods by means of
the sums S_, [see Eq. (20)].

In conclusion, we would like to point out that the
lattice sums considered in this paper [Eq. (20)] are of
similar nature to the ones that were discussed in de-
tail in a series of papers by Glasser.® These sums have
recently attracted much attention!® and they appear in
various physical applications.!!"** One final point:
Equation (21) is perfectly symmetric under exchange
of the S symbols and the @ symbols, so that one can
express the S_;, in terms of the q,, by making the sub-
stitution $_,, ~— a,, in (22)— (25). Thus we can, if we
wish, adopt the viewpoint that the new sums S5_,, are
evaluated in terms of known quantities from elliptic
function theory, in the spirit of Zucker’s approach.

ACKNOWLEDGMENT

The authors would like to thank Professors
H. Bacry and A. Grossmann at C.N.R.S. in Marseille
for useful and profitable discussions.

M. Boon and J. Zak 2310



ly, Bargmann, P. Butera, L. Girardello, and J.R. Klauder,
Rep. Math., Phys, 2, 221 (1971).

2A.M. Perelomov, Theor. Math. Phys. 8, 156 (1971).

3H. Bacry, A. Grossmann, and J. Zak, Phys. Rev, B 12,
1118 (1975).

4M. Boon and J. Zak, Phys. Rev. D 15 (1978).

5J.R. Klauder and E, C.G. Sudarshan, Fundamentals of
Quantum Optics (Princeton U, P., Princeton, New Jersey,
1955).

6E. T. Whittaker and G. N, Watson, A Course of Modern
Analysis (Cambridge U, P., Cambridge, 1950).

™. Abramowitz and J. Stegun, Handbook of Mathematical
Functions (Dover, New York, 1965).

8The authors would like to thank Prof. A, Peres at the

2311 J. Math. Phys., Vol. 19, No. 11, November 1978

Physics Department of the Technion for verifying that only a
few terms contribute to this sum.

9M. L. Glasser, J. Math. Phys, 14, 409, 701 (1973); 15,
188 (1974).

10A, N, Chaba and R.K. Pathria, J. Phys. A 10, 1823
(1977).

11g, Greenspoon and R. K. Pathria, Phys. Rev. A 9, 2103
(1974).

25, L. Fetter, P,C, Hohenberg, and P. Pincus, Phys. Rev.
147, 140 (19686),

BF,E. Harris and H.J, Monkhorst, Phys. Rev. B 2, 4400
(1970).

41,3, Zucker, J. Phys. A 7, 1568 (1974).

M. Boon and J. Zak 2311
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The Bicklund problem for the equation 32z/8x 'dx * = f(z) is discussed for analytic functions f, using
the procedure of Estabrook and Wahlquist, starting from a Lagrangian formulation. The condition
d*¥/dz* = kf, k constant, necessary for the existence of nontrivial Bicklund maps when the space of
new dependent variables is R, is shown to be closely related to the structure of the Lie algebra SL(2,R).

1. INTRODUCTION

The problem of determining Bidcklund maps! for the
equation
0%z .
2= z2) (1.1)
where f is an analytic function of z is discussed in this
paper using the procedure of Estabrook and Wahlquist. 2
The starting point is a differential ideal of 2-forms
naturally associated to (1.1) through the Lagrangian

gz 0z

- Tyt Ay +2F(2)

(1.2)

where dF/dz =f, from which (1.1} is derived.

In the special case where the space of new dependent
variables is R, the well-known condition
Y

= (1.3)

where k is a constant, ® appears as a condition for non-
triviality of the Bicklund map. For functions f which
satisfy (1. 3) it is shown that the equations given by the
Estabrook—Wahlquist procedure can be integrated to
give not only the underlying Lie algebra, which is
SL(2, R), but also the representation of the algebra
appropriate to the function f. The usual form of the
Bicklund map is obtained in each case.

In the general case, the space of new dependent
variables is R" and the Bicklund problem®' is reduced
to the problem of finding representations of an infinite-
dimensional Lie algebra associated to the function f.
Solutions to this problem in terms of finite- dimensional
Lie algebras are discussed. It is shown that the condi-
tion (1. 3) is closely related to the structure of SL(2, R).
The problem of determining the class of functions which
may be associated to other finite-dimensional Lie
algebras in this way is briefly considered.

2. THE GENERAL FORMALISM

The first part of this section comprises a summary
of the relevant definitions and notation from the theory
of jet bundles.* In the second part it is shown that the
solutions of {1, 1) can be characterized by a differential
ideal of 2-forms naturally associated to the Lagrangian
(1.2).

Syupported by the National Research Council of Canada,
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Let C*(IR?, R") denote the set of C™ maps from R? to
IR" and let J(IR?, R") denote the k-jet bundle of these
maps. For k> let 7¥ denote the natural projection

T L JH(R?, R) — J(R2, R").
The 0-jet bundle J°(IR?, IR") is identified with R®*xXR", If
x= R? and g C*(R? R"), let j%z and j*¢ denote the k-jet

of g at x and the k-jet extension of g respectively. The
source projection is the map

@ J*(R?, R")—~ R?

by jig —x.
Let x*, a=1,2, be coordinates on R’ and let z and v,
uw=1,2,...,1, be coordinates on R and R" respective-

ly. The summation and range conventions on indices
a,b,c and i, v will be used throughout. Standard co-
ordinates on J*(R?, R) and J*(IR?, R") are x, z,2,,...,
Zg ovvay AN B S U U s ¥ oeay» Where if fis any
function in the equivalence class j*7,

_ *(x)
QTR B % (x) e e e Dxa,

= (), ..., 2

and similarly for v*,v%, ..., -"ual"'ak'

In these coordinates the 1-form 8 =dz - z,dx* is by
itself a basis for the contact module 2, on J'(IR?, R) and
the 1-forms ¢ =dv* - v} dx" comprise a basis for the
contact module 2, on JY(IR?, R").

Let V denote the subspace of vector fields tangent to
JYIR?, R) such that @, X =0 for X< V. The vector fields
3/¢z, 8/¢z, form a basis for V in standard coordinates.

In the jet bundle formulation, the differential equation
(1.1) is the subset Z of J*(IR?, R) defined by £ =0 where
T is the function given by Z = z,, — f(z). The Lagrangian
(1.2) is regarded as a function on J'(IR?, R) defined by

J =72,2,+ 2F(2). (2.1)
A solution of (1.1) is a map g« C”(IR?, R) such that
Zojrg=0.

The solution of (1.1) may also be characterized by a
differential ideal of 2-forms associated to / in the
following way.

The Cartan form associated to / (Ref. 5) is the 2-
form o defined by

N 1 PR AN _2_8/“ 1
9= fdx' rndx®+ EZItHd,x 37 B A dxt,

2
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From (2.1) it follows that
0=(2F(2) - z,2,)dx* ndx® + z, dz A dx® — 2z, dz A dx*,

Let I be the module of 2-forms generated by
{X J1do|X e V}. This module has a basis consisting of
7', 7%, and 7° where

1::i_l dO® =~ dz Adx® + z, dx* A dx?,

T 0z,
2.2)
-rzzzgaz——_Jde:dz/\dx1+zzdx‘/\dx2, (
2
™= 5824 dO=dz, Adx' = dz, Adx® + 2f(2) dx' A dx®,

It is easily verified that [ is a differential ideal. The
ideal characterizes the Euler—Lagrange equation (1. 1)
for /, in that a map ge C*(R? R) is a solution of (1.1)
if and only if (jlg)*({)=0.5

3. THE BACKLUND PROBLEM

In this section, the Bicklund problem® for Z is
formulated and the procedure invented by Estabrook and
Wahlquist? for solving this problem is briefly outlined.

Let ¢ be a C* map from J*(R?, R)XR" to J(IR%, R")
such that diagram (3.1) commutes

JYR?, R)xIR" % JY(IR?, R")

aXidmn (3.1)

IRZX]Rn

In this case ¢ acts trivially on IR® and IR" and the map is
completely determined once the coordinates y* are
given as functions of x%, z, z,, and y*, say

Ve=Ur(x" 2, 7, 7).

If g and  are maps g= C*(IR?, R) and ke C*(R2?, R")
respectively, consider the following maps from R? to
JHIR?, R"):

jihiRZ—~JYR?, R") by x+~j'h,

and fi:=yo(jlgxh)eA:R2— JY(R?, R") by x~ ¥ jig, h(x))
where A is the diagonal map A(x)=(x,x). From diagram
(8.1) it follows that j'% and & agree iff they give the
same prescription for v*, that is, iff

Ya
on* °g
o= (2, 2500 (3.2)
Equation (3. 2) will be satisfied only if the map
satisfies an integrability condition. In local coordinates
this condition can be written conveniently in terms of

the vector fields 3, defined on J3(IR?, R) X R" by

=~ 0 0 3 d
= 1 i , 2 v _Y
% 5 | agz T e 9z, * ¥ oy "

The integrability condition is?
3t =0, (3.3)
where square brackets denote antisymmetrization.

The map ¢ is called an ordinary Bidcklund map for Z
if the integrability condition (3. 3) is satisfied on the
subset Z=ZxR"~ J*)(R?, R)XR". The problem of find-
ing such maps is called the Bicklund problem for Z.
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In the case where the functions ) depend only on the

vV

3, the map will be called trivial.

If ¥:JY(R%, R)XR" —~J'(IR?, R") is given, a map
P (R, R)XR" — J2(IR?, R") called the first prolonga-
tion of # can be defined.® This map is required to be
such that diagram (3. 4) commutes.
J(IR?, R) X R" —*— J2(R?, R")
72 Xid g 7 (3.4)
JYR?, R) X R"———= J(R?, R")

It remains only to specify the coordinates y;; and the
appropriate choice is!

y:b =0 (a¢ll;)’
where round brackets denote symmetrization. Succes-
sive prolongations ¥° of ¢ can be defined inductively. If
for some s, the image of y° restricted to Z is a differ-
ential equation Z’— JS(R?, IR"), the correspondence be-
tween Z and Z’ is called the Bicklund transformation
determined by ¥.!

A very efficient technique for finding solutions to the
Bicklund problem has been developed by Estabrook and
Wahlquist. This technique, which they call prolongation
will be referred to as the “Estabrook—Wahlquist
procedure” in the following and the word prolongation
will be reserved for the process described above.
Their procedure, as it applies here, may be described
as follows.

Let ¢ be a map, ¢:JY(IR?, R)xR" —~JY(R?, R"). The
induced map of forms ¢* pulls back the contact module
2, on JY(IR? R") to ¢*(R,) on J}(R?%, R)xR", The 1-forms
Y% =dy* ~ g% dx* form a basis for ¢*(%,). Let [ be the
differential ideal with basis 7, 7,, 7, given by (2.2) and
denote by I’ the module generated by / together with the
1-forms ¢*6*. The requirement that / be a differential
ideal imposes on the function ¢* a system of partial
differential equations. These equations are sufficient to
ensure that the integrability condition (3. 3) for ¥ is
satisfied on Z. Thus a solution of this system of equa-
tions provides a solution of the Bidcklund problem for Z.

4. THE ONE-DIMENSIONAL CASE

In this section, the system of partial differential
equations for the functions i, is derived. The equations
are solved in the special case of C* maps i,
¢ JHIR?, R)X R —~ JY(IR?, R") with n=1.°® The general
case where n > 1 is left to section 5. For simplicity,
only maps which have the translational invariance of
(1.1) are considered; thus 3*/2x* =0 is assumed.

Since [ is a differential ideal, [’ will be a differential
ideal iff there exist functions f* and 1-forms n% such
that

3 :
d@*s*) =25 i+ nher, (4.1)
i1
It follows from (4. 1) that ¥* must satisfy
GLA ey | otk
—L = # _— e = =
. 0, a#*b, 5ot 0, (4.2)
and
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oW, 0u LAl (aws‘ aw)
S g2, 9%, OY2 BAC RN 48

¥ 2y~ Tl gy’ 15, TR, f(z) 9z 9zy/°

It is easily verified that (4.2) is sufficient to ensure
that the functions ! satisfy (3. 3) when 2y, =f{(2). Partial
integration of (4.2) gives

W =A%(z,9") +2(B* () (4.3)
and
Iy =C* (2, y*) - 2,B" (y*),
where
A% oB* A"
B ayv _AII ayv =?Z‘_’ (4- 4a.)
, 3B ac*  ac*
N T .40
and
2Cc* dA¥
A%y ~C ey mYE (6. 40)

Now specialize to the case of maps from J'(R?, R)

XTR to J'(IR?,IR). Without loss of generality, Bl(y!)#0
since otherwise it follows from (4. 3) and (4. 4) that the
functions d)}, would depend only on y! and the Backlund
maps would be trivial, Let y be defined by dy =dy!/B!
and let A and C be defined by A:=A'/B! and C:=C!/B!,
From (4. 4) it follows that A and C must satisfy

9A 02A

a—v- =37 (4. 5a)
aC aC
3y ="z {4.5b)
and
aC 2A
A—a;_c—a; =2f(2). (4.5¢)

If coordinates u:=z+yand v:=2z -y are used it
follows easily that

T =1PA, (4. 6a)
ac
=1 . 6b
@ 60
and
&
-d—zfzkf, (4. 6c)

where % is a constant. The condition {4, 6¢) has been
derived in various ways.° It will be discussed further in
section 5,

If a function f satisfying (4. 6c) is given, then (4. 6a)
and (4. 6b) can be integrated to give A and C as functions
of y as well as of z. All solutions are of the form

A =ay(z) + a(2) Y1 () + ay(2) Yo (y),
C :CO(Z) + ci(z)Y1(y) + Cz(Z)Yz(y),

where the functions Y; and Y, are such that d/dy,
Y(d/dy, Y,d/dy is a representation of the Lie algebra
SL(2,1R), characterized by the constant k. This is in
contrast to the usual situation which arises in the use of
the Estabrook—Wahlquist procedure’” in that
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(1) the representation as well as the algebraic struc-
ture is determined.

(2) the structure constants of the algebra contain no
“eigenvalue” parameter; the parameter (see Table I)
arises as a constant of integration in A and C.

The Backlund map is given by
C))
where ZIJE': :zpﬁ/B‘. The first prolongation of ¢ is defined
by va =9¥s, and thus, in particular,

Y12 =0yl = %<Agy£ +C%)-
It follows from (4. 5¢) and (4, 8) that

1= =A+y)+2y, =i, =Clz-y) -2,

(4.8)

vy =g(y)

where d*g/dy* =kg. If Z' is the subset of J*(IR?,IR) de-
fined by y;; =g(y), then ¥ determines a Backlund trans-
formation between Z and Z’,

In Table I a summary of the results is given for
various solutions of (4.6c). The usual form of the
Bicklund map is obtained in each case.®

5. THE GENERAL CASE

In this section, the general case is considered where
Y is a C* map ¢ : JHR?, R)XR" —JY(IRY, IR") and > 1.
In this case the solution of (4.4) involves an infinite-
dimensional Lie algebra «, associated with the function
f. The Backlund problem for Z is reduced to the prob-
lem of finding representations of «; or of its image under
a Lie algebra homomorphism. It is shown that the ex-
istence of a homomorphism to a finite-dimensional
Lie algebra « requires that the function f have a certain
decomposition (to be defined below) with respect to «.

It is convenient to define vector fields
bl

TR g0 cev O
Ar=ass, Bi=Bos, and Ci=C'gy.

With these definitions (4. 4) is equivalent to

DA
[B’A]—_E—Z_’ (5- la)
aC
[c,Bl==, . 1b)
[A,C]=27(2)B, (5. 1c)
where
v (g dY L AX\ B
[x,¥]: =[x, Y] a~y—v_<x“ P ™ By“) -
The solution to (5. 1a) and (5. 1b) is
Alz,v") = exp(zB)A(+") exp(~ zB), (5.2a)
C{z,y") = exp{~ 2B)C (3" )exp(z B), (5. 2b)

where
Au(y’) :=A(0,9") and Cy(y*):=C(0,3").

In order to use these solutions in (5. 1¢), it is con-
venient to rewrite (5.2) in the form
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TABLE I. Backlund maps for various solutions of (4, 6c). Note that in each instance the entries for f(z) =z are the linearized

versions of those for f(z) = sinz and f(z) = sinhz.

),

f k Defining equation Backlund map Defining equation Representation of
for Z for z* SL(2, R)
d
sinz -1 2yy=sinz ¥,=2a sin(L;i-)+ 2, Yo = siny 2 sin(3y) ay 2 cos(3y)
—og!sinf2= 2 _ <4 4
¥y =2a sm< 2 ) 2, & @
4 .4 4
z 0 2=z yi=aly+2) +z Y=y ydy, ¥ & dy
ally - 2) -z,
d
sinhz 1 Zyy = sinhz =2asinh 2 ;z +24 ¥4 = sinhy 2 sinh(3y) o 2 cosh(3y
=941 sinh 2 4 4
¥, =2a"1 sinh -2, “dy o
d d d
2 =gl = = y & - 42
etz 4 Zpp=e y,=aexplz+y)+z, Yp=0 o © ay o

yy=alexplz—y) -z,

A=Ay+2, —1'—z"A,,,
n=1 1.

C=Cy+2 —1,-,2”C
n=1 M-
where

?"A

A,,::az,,

=ad"B(A,)

2=0

and

a"C

C,i==
SRCEAS P

= (= 1)"ad"B(C,).
0
The Jacobi identity together with (5. 1) yields

"A 2
32" 7 3z™

=0,1,2,.

C} 21-n-mf(n*m)B (5. 4a)

1, M
so that in particular

[Am Cm]zzi'"'mf((g;”') B’
where f* 1 =d*/dz".

(5. 4b)

Let «; denote the Lie algebra generated by 4, B,
and Cy. The multiplication table for«, is given in part
by (5. 4b) and more of it can be deduced by using the
Jacobi identity, Note that none of the brackets [A,, 4]
or [C,,C,] are given explicitly, although, for example,
[B,[A,,A,]l and [C,, [A,,A,]] can be computed.

The vector fields A and C are given in terms of
vectors frome; by (5.3). This is the usual situation

arising from the application of the Estabrook—Wahlquist

procedure, %7

If a representation of a4 or of its image under a Lie
algebra homomorphism can be found then the Bicklund
problem for Z will be solved, If the representation is
given by

2
Ao"/]o::/}'étﬁi, B~ B:

0 a
:Bua_nu’ Cy _‘CO::COW’

then the Backlund map is given by
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(5. 3a)

{5. 3b)

=A*(z,n") + 24 8* ("),

)~ 2B (1), 6.5)

7y =C*(z,n

where
=AY+ 2 ad B A
and

=4 +Z 2)ad B(Cy))".

In particular, if a homomorphism / froma,toa
finite-dimensional Lie algebra « can be found, then by
Ado’s theorem, ? a faithful finite-dimensional repre-

sentation ¢ of « exists. Then ¢ o will be a representa-

tion of @ ; and hence provide a solution to the Backlund
problem for Z, It is this case which will be considered
here,

It follows from (5.4) and (5.5) that if #{«,) is Abelian,

or if any of 2B, hA, or hC, is the zero of e, the
Backlund map will not depend on z, z;, or z, and will
therefore be trivial. Only homomorphisms % giving
nontrivial Backlund maps will be considered.

If the function  satisfies (4, 6¢) the results of Sec. 4
show that a homomorphism %:«, —SL(2,IR) exists.
This is illustrated for f(z) = sinz in Example 5.1 below,
Conversely, if #:a; ™ SL(2,R), then by using a one-di-
mensional representation of SL(2,1R) in which 4B is
represented by b(y) d/dy with b(y) £ 0, the arguments
of Sec. 4 may be repeated to show that f must satisfy
(4. 6¢c) for some constant %, Thus the condition

d*f/dz* =k f is necessary and sufficient for the existence

of a homomorphism # :a, —~ SL(2, R).
Example 5.1: Let

2n+1

f(z) =sinz = Z

70 (2n +1)! (=1)".

From (5, 4c) the multiplication table for« , is given
in part by

W.F. Shadwick
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[Ay, Cy]=2F(0)B =0,
[Ai; CD]= [A(b C1]=f’(0)B=B,
(A, Cl=[A4, C] = [A), Cyl=37"(0)B=0

Let Yy, Y,, Y5 be a basis for SL(2, R) with
(Y, l=-Y;, (Y3, Y=Y, and[Y,,Y;]=7Y,.

Define & by hAy=a¥,, hB=3Y;, hCy=(1/a)Y, and extend
to a Lie algebra homomorphism. Thus for example
hAy=h|B, Ay = 1B, hA¢)=(a/2) Y,.

Let
hA B :hAO +Z i"Z”hz4n
n={ 1
and

e ::hc0+im—1,z"hc .

n

It is easy to check that

z

hA:a(cosZ

Y, + sin% Y2>

and

1 z LR
hC—a<cos2 Y1—-sm§ Y2>.

If the representation of SL(2,IR) given for f(z) =sinz in
Table I is used, the Bicklund map is

+z
2

y=-2

yy=2asinTat +z,, vy=2a"sin -z,

Similarly, a homomorphism % can be found for any of

the functions f in Table I by working backwards from
the basis of SL(2,IR) given there,

If one associates the condition (4. 6c) on the function
f with SL(2,IR) it is natural to ask what conditions on f
are implied by the existence of a homomorphism from
a; to some other fixed finite-dimensional Lie algebra«.
In Example 5, 2 below, it is shown that if « =SO(3), the
function f must satisfy

d2
= kY

for some constant £##0. Conversely it can be shown that
for the functions sinlk |z and cos|kiz a homomorphism
h:a s~ SO(3) can be found.

In general the function f for which #: =, ~ « exists
must admit a decomposition with respect to « in the fol-
lowing sense.

Let Y;, i=1,2, ... N be a basis for « in which hE
= Y; and let I}, be the structure constants for this basis.
Since the ¥; form a basis, kA can be rewritten as
A =at(2)Y; (using the summation and range conventions
on indices ¢, j, ® here and in the following). Similarly
hC =ct(z)Y,. From (5,1) it follows that 3/3z hA
=[hB, hA] and 3/3z hC =[hC, hB] so that

2316 J. Math. Phys., Vol. 19, No. 11, November 1978

oat
—_ 1
7z~ T
and
act
R
Thus

a*(2) = (exp 2T})a’(0)
and
c(z) = (exp - 2I})}c’ (0)
where I} is the matrix with (I})}: = IY,.

From (5. 4a) it follows that the function f must have the
decomposition

(exp zT)ja’ (0)(exp - 2 I})Ic™(0)IF, = 2f(2) 5%, (5.6)

It is clear from (5, 6) that for a given algebra «, the
class of functions may be quite small, This is illustrat-
ed in Example 5.3 where it is shown that for a certain
nilpotent algebra the only possibility is that the function
is constant,

Example 5, 2: Let « =SO(3) and let 2 :a;— « be the
homomorphism, Let Xy, X,, X; be the basis of SO(3)
with

[XI’X21 :X35 [X3!X1]:X2’
Then 2A=a'(z)X;, hB=b'X, and hC =c(z)X,.

and [XZ,XS]:Xi-
It is convenient to use a vector notation with
a=(al,a*,a®, b=(!,0 0%,

Since 3hA/dz =[hR,hA] it follows that

and c¢=(cl,c? c%.

bxa

QIR
[

and similarly that

gg:EXB,

From these equations it follows that
a=ay+a,cos|b|z+asin|b|z

and

€=Cy+C cos|b|z+cysin|blz

Since
a%hA ]_1 &f
[ 92 ,hC T2 4Lt hE,
and
- _ d*f
bX(lo_—_O; Ez—z_:.-‘l‘bizf'

Example 5, 3: Let « be the Lie algebra with basis
Y, ..., Y5, where [V, Y,]|=[V;, ¥,]=Y; and all other
brackets vanish, Let hA,=a'y;, hB=>b'Y, and hCy=c'Y,,
Then

hA1 — ((11[)2 —a?bl + a¥pt - a4b3)Y5= : (;Ys
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so that 0=%#A,=hAg=---, and hA =a'Y, + a¥;z. Similar-
ly, hC=c'Y; +C¥z. It follows from [kA,hC|=2f(z) hE
that by =b,=5h;=0,=0, and that f is the constant func-
tion given by f= 3(b%)1{alc? — a?cl + aPct - alc?),
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Path integrals with a periodic constraint: Entangled strings
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Path integrals with a periodic constraint f bds =@+2mn (n =integer) are studied. In particular, the
path integral for a string entangled around a singular point in two dimensions is evaluated in polar
coordinates. Applications are made for the entangled polymers with and without interactions, the
Aharonov-Bohm effect, and the angular momentum projection of a spinning top.

1. INTRODUCTION

The study of path integrals in the presence of topo-
logical constraints is unquestionably important, It is
known that statistical properties of polymers, such as
the elasticity of rubber and the melting point of DNA,
are considerably altered by entanglement of their
polymeric constituents.® A path integral, if it describes
the statistical function for an entangled polymer system
should be subjected to a constraint due to the entangle-
ment. The soliton—soliton scattering problem may be
another example for which the path integral approach is
powerful. In order to select the transition between two
correct momentum states, one must again insert a
constraint into the path integral.? There are indeed a
number of situations for which one has to deal with path
integrals involving constraints. However, as the class
of soluble path integrals is very limited, so is the class
of soluble constraint problems. Therefore, any single
example, if soluble, would be worth investigating. It
could be a key to further extensions.

¥

What we shall study in the present paper are path
integrals with a simple periodic constraint of U(1). To
visualize the constraint best, we consider an idealized
flexible string which, having two fixed end points, is
entangled around a singular point in two dimensions,
and describe the probability function for its possible
configurations in terms of the constrained path integral.
This is basically the same problem as that Edwards
has formulated for an ensemble of long polymer chains
and solved by reducing the path integral to a differential
equation.® However our problem differs from that of
Edwards in the following two points. First, our main
interest is in carrying out directly the path integration
for the constrained system, Secondly, our path integral
is set more general than his, so that the result may be
useful to a wider class of problems. For the calcula-
tions, we utilize the polar coordinate formulation of
path integrals,*'® thus demonstrating the usefulness
of polar coordinates in the path integral evaluation.

In Sec. 2, we set up our problem in the path integral
form mainly following Edwards.® In Sec. 3, we perform
the polar path integration for the entangled string under
the influence of an arbitrary central potential. The
calculation in polar coordinates is not all trivial but far
more advantageous than Cartesians. Section 4 is devoted
to applications. Ag the first example, we deal with the
model Edwards considered for entangled polymers and
reproduce the result he obtained in a different manner,
An immediate extension of the above is the second
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example which treats the path integral for extangled
polymers with an interaction of the form V{r)=a»®
+b/#%. A possible application tothe Aharonov—Bohm
effect® is discussed as the third example; flux and
charge quantizations are also considered in this con-
text. The final example is a spinning top (a two-
dimensional rotator) which involves the nonperiodic
radial constraint as well as the periodic angular
constraints,

2. PATH INTEGRAL FOR AN ENTANGLED STRING

In order to make it easier to visualize the topological
constraint, we consider an idealized string commencing
at r’ and terminating at r” by stipulating that a possible
configuration of the string is given by a path of the
random walk from r’ to r”. The probability that such a
random walk is completed in a time period 7 is

P(r”,r";7) = (4nD7)  expl - (r” -1’ )?/(4D7)], (2.1

where D is the diffusion coefficient. If the random
motion takes place with an average speed v, the total
length of the path will be ¢ =v»7, Thus, by using this in
(2.1), we obtain the probability of finding the string of
length ¢ in a configuration that one end of it is at r’ and
the other at r”.

P(r”,r";0) = (ml0) " exp[ - (r” - r")?/(10)].

where 1 =4D/v is a constant having the dimension of
length. In the Wiener representation, we have

P(r”,r’;o):A/exp[—llfai‘z(s)ds] Dr,

where the integral is taken over all paths r(s) such that
r(0)=r’ and r(o)=r”, and the normalization factor is to
be so chosen that

[P 750 dr" =1,

(2.2)

(2.3)

2.4

As usual, one can convert the probability function (2.3)
into the propagator for a free particle of mass 4 in
quantum mechanics by replacement,
o—~T, 12/ 1, (2.5)
and into the density matrix in statistical mechanics by
o g, 1T2m/ 1, (2.6)

where $=1/(,T). The above consideration is applicable
in a three-dimensional! Euclidean space, but henceforth
we shall confine ourselves to a two-dimensional plane
where r= (r,0).
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To impose a periodic constraint on the string, we
place a singular point in the plane, Since the space
becomes doubly connected in the presence of the
singularity, the configuration of the string extending
from r’ to r” without encircling the singular point is
homotopically inequivalent to that in which the string
encircles the singular point. The topologically different
configurations can be classified by the number of turns
around the singularity, Let the singular point be our
coordinate origin and let ©® (0 < © < 27) be the angle
cos™!r’ +r”)., Then we have

f:é’ds:(~)+2rm, 2.7

where n=0, +1, +2,...,n indicating the number of turns
(n turns counterclockwise if #> 0 and n+ 1 turns clock-

wise if n< — 1) around the singular point. The configura-
tion with no entanglement corresponds to n=0 or n= -1,

Now we incorporate into the probability function (2. 3)
the constraint
fé ds=¢

by writing theprobability funcc'tion as 1 [

P, (r" ,r’;o)zAf5(¢> —jo 6 ds)exp [—l—/; rzds]D(lz‘. 0

(2.8)

The constraint (2, 8) selects a set of topologically
equivalent configurations. Apparently the constrained
probability function (2.9) satisfies the condition

P(r,r50)= [P dé. (2.10)
Using the relation,

276(x)= [ exp(ixy)dn, (2.11)
valid for any real number x, we express P, as
P (r",r';0) = (21) [~ P,(r",x";0) exp(irg) dx (2.12)

with a path integral.
1. .
Px(r”,r’;o)zAfexp [— —l-f (r2+ ixle)ds]Dr. (2.13)
(o]

Thus, we are led to evaluate the path integral (2,13).

In comparison with the Feynman path integral,’ the
path integral (2.13) is seen to carry an effective
Lagrangian of the form,

L=4r-U(r,?), (2.14)
with an effective scalar potential,
Ulr,r) =~ 1inld, (2.15)

Edwards® has written (2.14) in an alternative way,

= 3P+ 5/ g)A T, (2.16)
with an effective vector potential,
A=1g(yi-xj)/(x* +y?), (2.17)

where g is a magnetic charge. The latter form is very
similar in structure to the Lagrangian for a charged
particle of a unit mass u=1 in a magnetic potential.
By analogy with the Schrddinger equation for a charged
particle, one finds a differential equation for

P, (r,r’;0) of (2.13) to obey

2
[5-2- —% <V-i%A> ]Px(r,r’;s -s")=06(r -r")3(s —s').
(2.18)
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Solving this equation in polar coordinates, Edwards?®
has obtained the constrained probability P, of (2,12).
In the next section, we evaluate the path integral (2.13)
directly without resort to the differential equation
(2.18).

3. EVALUATION OF THE CONSTRAINED PATH
INTEGRAL

To evaluate the path integral (2.13), we first write it
in the standard time-division form,?

P, (r”,r’";0)=1imA,

N

2 & N-1
eXp[-l_,g’:S(rf’rf-l)] Mdr,, (.1)

where r =r(s)), ro=r', ry=r",5, -5, ,=0/Nand 4,
is the normalization factor in the Nth approximation.
The effective Lagrangian (2.14) may be used to define
the action S in (3.1), However, in order to make the
problem slightly more general, we modify the effective

potential (2.15) in (2.14) as

Ulr, )= - S8 + V(r) (3.2)

by allowing the influence of a central force from the
singular point at the origin on each small segment of
the string. Then we attempt to carry out the integra-
tions in (3.1) in polar coordinates.

The partial action in a small interval As,=s,-5,,
=¢ is approximated by

S(r,, r,.))=3(Ar,)/e —=eU(a6,/¢,7,), (3.3)
where &r,=r, -r,, and Af,=6,~6,.,. In polar
coordinates,

S(r,,r,,) =207 +75)/e - (r,r,../e)cos(6, - 6,.,)
+2iN(6, - 8,,) - €V(r)), (3.4)

where (3. 2) is explicitly used. In order to take account
of contributions up to first order in ¢, we utilize the
following approximation formulas for small e,

cos(A0) = cos(A8 + ae) + ae b8 + 3a’é, (3.5)
and

” e \1/2 = ) VN
expl— cos)=|( — 2explimb+— - 5(m? ~ L= }-

€ 27u M. € u (3.8)

The last expression follows from the expansion formula

exp(’ei cosB) = i exp(ime)lm(§> ’

b

(3.7

ms=o

and the asymptotic form of the modified Bessel function
for small ¢,®

1/2
Ll (%) et ot - 05 row). @

which is valid for larg(u/e)|< /2, The exponential of
(3.4) can be computed as

exp (—- %S(rj,rj_l))

1 2 2
=exp (— T (rf+7iy)+ -{-V(rl )) exp [——17;"67"

; 2
Xcos {8 _9_1+ iMe >___7t_l€_
T ry ) vy
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le 1z 1 2 2
() e [ s e

EAR AL
= 20,7,
x 75 exp(im((?j -6,.) +_LZYZ—1;L —[on+12= 4
ma=w
le )
X .
4;’17] L

Use of (3.8) in this result enables us to put the integrand
of (3.1) in the form

2 N
exp( llz\/b(r],rj_»

—jI\il (mjéﬂexp[zm (0, -9, )]ijﬂ(rj,rj_l)), (3.9)
where
Rvj(rj v,)=expl - (r} +v5.)/Ue)
e DV O, @07,y le). (3.10)

After interchanging the multiplications and summations
on the right-hand side of (3.9), we substitute the result
into (3.1) to obtain

N

r0)=lim4d, 2 | H[exp(zm Ad)

N-w mymgesomy §=1

P (r”,

N-1
11 0rydryds ).

%R (3.11)

mjfx(;fj ’Vj-l)]

The angular integrations in (3.11) can easily be
performed if the following orthogonality relation is
employed,

_f:” expli(m’ —m)0}do =276 , . (3.12)

Namely we get for the angular integrations
N N=1 N-1
J jr=11 explim JAej]jr}l de 12(271)”'1}31 ) explim y(8” - 8")].

(3.13)

mij

Consequently the probability function (3.11) takes on the
form

<

27 explim(e” -6’

m==e

P,(x",x":0) = M@l 7i0)  (3.14)

with the radial probability function,

N-
Q" 7! U)_hm(27r)N 14 JFI R\(r,,7,. 1)[ (derj). (3.15)
which remains to be evaluated, contingent on specifica-

tion of the interaction potential V().

Now we turn ourselves to the constrained probability
function P, of (2.9) which is given, upon substitution of
(3.14), by

P, L 20 explim(p” =8 +ird)Q .dx

20 e

(3.16)
Changing the variable x to A —m yields

—5- J7 X explim(8” - 6" - )+ ix0]Q, dx. (3.17)

Use of the identity,
2 explimB)=2x 22 6(6 + 2mn),

mz~e n==e

(3.18)
further reduces (3.17) to the form
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P (r",r;0)=2,58(8" ~ 8’ — ¢ +2mn)
n

x 7 exp(irng)@, (" ,7;0) dx. (3.19)
The delta function in this expression selects out the
probability function for a particular set of topologically
equivalent configurations of the string with ¢ =6" — 6’

+ 27n; namely,
P (y", 07, 6%0) = [ explin(6” - 6’ +2mn)]
XQ,r" ,v";0)dx. (3.20)

The probability that the string can take any configuration
is given by

Pe",7;0)= [ P,dp=2P, (3.21)
n

which is written, with the aid of the Poisson formula,

as

P(r”,r’;0)= 2, explim(p” - 6)]

m=me

Q,(r",7";0). (3.22)

4, APPLICATIONS
A. Entangled polymers without interactions

The result obtained in the previous section is of
course immediately applicable to the Edwards model
for the entanglement of polymer molecules in which
no interactions between molecule chains are assumed.
We identify the string with a flexible long molecule
chain, and interprete the constant [ as the size of each
segmental molecule. The effective Lagrangian is

L =502 +26%) +5i\0, (4.1)
and the radial function (3.10) for this system is
R\(r,7;.) =expl— (v] + 7))/ Ielly (2,7, /1e),  (4.2)

with which we calculate the path integral,

Q. ¥ = }Vi_“i@”w-lAN exp| - (% +»"2)/le)

X fexpl=203 +vi+. ... +7%.)/ le

N=-1
XI,(2vor,/l€) « « + 1,(27 47 y/ l€) 11_11 (rydr,). (4.3)

In a previous paper,® the following has been derived,
. N-1 N-1
jo exp(iag%zf?)jlifllv(— i/}rj_lrj)jI:l1 (r,dr,)

-1

N=1
:i]l (i/2a,) exp{- z[rf,g (B:/4a,) +ryB/ aylt

XL(=iBy¥r y), (4.4)

valid for Re(v)> - 1 and Re(a)> 0. Here o, and 8,
are coefficients to be determined by solving the
algebraic equations:

ay=a, oy =a-F/4a,),

for j=1, (4.5a)

j .
Bi=8, 5;4»1:5&(5/20‘»)» for j= 1. (5.4b)

The multi-integral formula (4.4) enables us to write
(4.3) as

Q" ,7r";0) :,lvim(zﬂ)”'lANan explif g + ig wry)

XL (—dayvo¥y) s (4.6)
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where
N=1
ay =11 (i/2a)). (4.7a)
i=l
Ny
Su=56-23(8)/4a)), (4. Tb)
gy =3B~ 8/ (4ay). (4.7¢)
For o =8, (4.7a) and (4. ) yield, respectively,
(YJ:%Q<j+1)/j, (4.83)
B,=alj. (4. 8b)
Accordingly, with o =2i/(l¢) we find for (4.8)
a,=2(le/2)¥(10), (4.9a)
fy=ilo)?, (4. 9b)
gy=1ilo), (4.9¢)

Thus we arrive at a simple expression,
Q,(r",¥":0) = (a10) " expl - (7% + »"2)/10]L, 2¥'r" /10),(4.10)

where we have used the normalization factor 4,
= (nle)™. Substitution into (3.20) yields

P (v",0":7",0";0)=(7lo) " exp[~ (' +7"?)/10]
xft exp[in(8” -6’ +2mn)]
X1, (2¥'y" /10) dx (4.11)

which is identical with the result Edwards?® obtained
from the differential equation (2.18). The total pro-
bability function calculated by using (3.7) and (4.10)
in (3.22) is

P(r”,r’;0) = (glo) Y exp| - (r" - v’)?/l0], (4.12)

which coincides with (2.2) as expected.

B. Entangled polymers with interactions

To be more realistic with the polymer model, we
would have to consider an interaction between two
molecule chains entangled with each other. Such an
interaction must include both long range attraction and
short range repulsion. A reasonable choice for the
potential is

V{r)=av*+b/7?, (4.13)

where a and b are positive constants. Since the radial
function (3.10) is expressible with the help of (3.8) as

1 1/2 PVRY.
RA(Vj’yj-l):< € 1) exp[__(_rf__ﬂ_()\z_%)

dnr 7. le
le 2€
Xy
T tS (y,)], (4.14)

the radial path integral (3.15) can be put in the form

" - 2 1,
Q).(’V ,Y';U):(ﬂl) 1 exp{_z-f 5,’,z

oDl

or more explicitly,

(4.15)
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e foof 3
- -%; (zﬁ - 4l> - ar"’] ds}/)r

with v = (A% + 8b/7%)"/2, In an earlier paper,” the follow-
ing formula has been derived,®

T PR R\ W
/-exp{ﬁf[sz _ZM'Z(V )~ 3 ket atDr

=il 2w eselwT) expl L G hw/B) (572 + 7 ?)

(4,16)

xcot{w T [ - i(uwrv"/H) csc(wT) ], 4.17)

for Re(v)> -1, Replacing i —~-2/1, u—1, and 0*—~ 2a
in this formula gives us the correct form of the right-
hand side of (4.186). Inserting this result in (3.20), we
getlo

P (r",6" v, 6"0)= f:(ﬂl )"v2a csc(V2ao0)

xexp| ~ (V2a/1)(#"% + ¥"?) cot(V2ao)]
XI \[2(V2a /Ur'r" esc{¥2a 0)]
Xexplix(6” ~ 6’ +21n)]dx,

where v(x) = (A% + 8b/12)1/2,

(4.18)

For the case of the harmonic potential V(y)=a»’, we
put 5=0 in {4.18) to get

P = j:('nl)‘lez_a csc(V2ao) exp[~ (Y2a/1) (7% + #"?)

xcot(vV2a0)|,[2(¥2a/1)r'r" csc(¥2a 0)]

xexp[in(8” — 6’ + 27n)}dx. (4.19)

For the case of the inverse-square potential V{r)=4/+?,
we set a=0 to obtain

P = |~ (@lo) exp[~ (' +7"%)/(0) )L, [ 207"/ 10]

Xexplin(6” — 6’ + 2an)]dx. (4.20)

The statistical properties of entangled polymers
described by (4.18) and subsequent specialized cases
will be discussed elsewhere.

C. The Aharonov-Bohm effect, flux and charge
quantizations

Edwards® has exploited, in reducing the constrained
path integral (2.13) to a different equation, the important
fact that the constraint introduced in (2.13) behaves
like a vector potential A of (2,17). An additional
interesting fact is that the magnetic field counterpart
of the potential vanishes,

B=VXA=0. (4.21)

If the singularity at the origin is taken as representing
magnetic flux passing through the singular point and

if the string is interpreted as the path of an electron,
then we have a complete setup for the measurement

of the Aharonov—~Bohm effect. ®

By including the reduced mass p explicitly in both
terms of (2.186) instead of setting u =1, and by making
the replacements, I =244/, »~ 2eg/ck, s = ¢, and
o7, we get
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L:%ur2+§A-i. (4.22)

By the same replacements, we obtain from (4.10)
Q" ¥"i7) = (1/2mikiT) expl - (' +»") 1/ 2iki 7]
X8 — 2eg/Hc ), (- ir'r" u/k7)., (4.23)

Thus we can write down the constrained propagator of
the electron directly from (3,19) and (3.20) as

K (", r";7) :%}5(9” -0 -+ 2m)K (r", 0", 0";7),

(4.24)
where
K (r",8" ", 0"7) = (u/2nifi ) expli(r’® + »"*) /20 7]
xexp[2ieg(6” — 6’ + 21n)hc)
XL (30g 10 sl = 077" B/HT]. (4.25)

The nonvanishing phase difference between the pro-
pagators for two different values of #, say, n=0 and
n=-1,

K /K., =expldrieg/lic), (4.26)

suggests an observable effect of the vector potential
A for which B=0 though.

Furthermore we notice that for r”" =r’,
¢:5ﬁéds :(e/ﬁc)bﬁA'dr

describe the magnetic flux passing through the origin,
measured in units of 7ic/e. The delta function in (4, 24)
indicates that the flux must be quantized as'!

kﬁ A-dr=2nniic/e (n=integer),

The full propagator evaluated from (3.22) with (4. 25)
takes on the form

K(r", 6", 8%7) = (/27 7) exp| — (% + 7" ?) 1/ 2ih T
X 25 8(m - 2eg/fc) (—ir'y" W/KT)

m==e

(4.27)

(4.28)

X explim(6” - 6')]. (4.29)

It is remarkable that the delta function in (4.29) implies
nothing but the charge quantization,!?

eg=3mlic (m=integer). (4.30)

A detailed account of this subject will be given in a
forthcoming paper.

D. Spinning top
The final example is a top spinning about its symmetry
axis, for which the effective Lagrangian is given by
L=1%I6% —ip (4.31)
where I=#?l is a constant. Imposing the radial con-

straint exp[ - w€V(r,)/n]="06(r —r,), we write the radial

function (3.10) as

R\(7,,v,,)=00r -7) exp[iu(rﬁ + rj_f)/zhe]
XI (= ipr,r,.,/Tie). (4.32)

The path integral (3.15) for the radial propagator can
be evaluated with the aid of the asymptotic formula
(3.8) as
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N ] 2
@ (r;7) = Lim(2r )N-IA”/;E {6(7 i (_iﬁe_’:)l

2117,7

ilry —r;-)° ifie 2 1 Nl
><exp|: e —27’,7’,-1 V-7 jfjl (r,dr))

= (4n21)*/2 exp(- N2 T/21), (4.33)

where we have chosen the normalization factors
A, =[2wifie exp(— ifie/ 4I)]"¥ /2,
Substituting (4.33) into (3.19) and integrating over i,
we arrive at the constrained propagator,
K (07,0",7)=2,6(8" - 8" — ¢ +2mn)K (6",6;7), (4.34)
n
with the projected propagator
K (6",0;7) = Q2nin )™ /2 explil(8” ~ 8" + 27n)*/ 2K 7].
(4.35)
The total propagator is also readily obtained by inte-
grating (4.34) over ¢ as
K(8”,0":7) = @uan )™V 2] explal(9” — 67 + 2an)?/ 2K ).
n
(4.36)
Using the theta function,?

9,0z, ¢}= > exp(2miz +im?nt) (4.37)

——
and its transformation formula,

9,4z, Ly= (=) 2 exp(-iz2/at)9{z/t, - 1/t}, (4.38)

we can also put (4, 36) in the form

K(8”,0,7)=(3/2nn 1)/ 2 exp[i (6" ~ 6')*/2¥T]
X9,ml(8" 0"/ 1T, 2nl/BiTh, (4.39)
or, in the standard form,
K(6”,6%7) = @) 2y exp(ifim?T/2])
et
x exp|-im(8” - 87)]. (4. 40)

It may be instructive to point out that K_ in (4.40) is not
the projected angular momentum propagator. The
integral number m appearing in (4, 40) is to be under~
stood as the eigenvalue of the angular momentum M,

If we are interested in the projected angular
momentum propagator, then we should insert 5(M - M)
into (4.33), identifying the running parameter » with the

angular momentum M divided by #, as
@, ;1) = (27 )18(M ~ W) exp(— AT/ 20). (4.41)

From this and (3.22) readily follows the propagator for
a fixed momentum,

K, (6",6%7)=(25)" 55 (M ~ mh) explim? 7/21)

xexplim (6" - 6], (4.42)

which coincides with the one that has been considered
by Callen and Gross.? The total propagator (4.40) can
be recovered by integrating (4,42) over M, i.e., by

K(6”,0%;7) = [K,(67,8";7)dM, (4.43)

5. DISCUSSIONS
In an effort to provide a general computational tech-

nique of the path integral with a periodic constraint of
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the U(1) type, we have evaluated the path integral for
the string entangled around a singular point in two
dimensions, and applied the results to such variegated
examples as the polymer problems, the Aharonov—
Bohm effect and the spinning top.

In application to the entangled polymers, we have
succeeded in reproducing the result reached by Edwards
via the differential equation (2.18). Since our problem
has been set up so as to be formally applicable to any
central force potential, the evaluation of the probability
junction of entangled polymers under the influence of the
potential V =a»® + b/7" is a straightforward, if not
trivial, matter. Our considerations on polymers have
been limited to the two-dimensional cases, but the ex-
tension to three dimensions is not too difficult. This and
other related problems will be discussed elsewhere.

3

The path integral calculations on the Cartesian basis
are severely restricted to the Gaussian class. The
harmonic oscillator with V(y)=a»? is a typical soluble
example. The use of polar coordinates has made it
possible to treat the potential V(r)=a»®+ b/7? within
the path integral framework.® Our calculations in the
present paper show that the path integral can be per-
formed for a system with a effective potential U(r, )
=ar®+b/¥* +c8, and indicate that the use of polar
coordinates is rather comprehensive in evaluating path
integrals.

In general, it is not easy to handle a charge particle
in a magnetic field B by the path integral method. For
a uniform field, the path integral has been computed, 5%
Since the periodic constraint behaves like a magnetic
vector potential A, we have another soluble example
with a vector potential. In this case, the potential is
rotationless, so that the magnetic field counterpart B
exists nowhere in the two-dimensional space but the
singular point. We have exploited this particular situa-
tion for considering the Aharonov—Bohm effect. It is
interesting that the flux quantization is built in the
present path integral formulation. The flux quantization
and the encircling of the electron path about a singular
point in the multiply-connected space appear to be
mutually related. It is also surprising that the formula-
tion is consistent only if Dirac’s condition for the charge
quantization is satisfied, Here we have adopted the
Aharonov—-Bohm effect as a possible application of the
constrained path integral, and put our emphasis on the
computational aspect. The path integral formulation of
the Aharonov—Bohm effect and its related problems
would deserve further investigations. They would serve
as means to study some questions of fundamental nature
in quantization.

In dealing with a top rotating about its symmetry axis,
we have demonstrated how the angular momentum pro-
jection can be introduced in the propagator. The number
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of entanglements corresponds to the number of rotations
but cannot be understood as the angular quantum number.
The entanglement number and the angular quantum num-
ber are in a sense complementary to each other. In our
treatment of the Aharonov—Bohm effect, we have used
the B-field concentrated at a point, This special distri-
bution of the B-field may seem unrealistic but does not
harm the generality of the argument, If we wish, we may
replace at the price of simplicity the singular point by

a finite circular extension in which B=0. For instance,
the analysis applied to the spinning top can immediately
be converted to the one appropriate for this purpose.

The angular momentum quantization gives rise to the
charge quantization, while the number of rotations
corresponds to the quantized flux number.
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Conservation equations and the gravitational symplectic form
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By considering space-times whose metric is given by a perturbation expansion away from a background
which admits a Killing vector, conservation equations, based on the energy-momentum tensor, are
derived to first and second orders in the perturbation expansion. To the first order, equations are derived
independently of the Einstein field equations, and describe secular changes in the energy-momentum
distribution of the matter fields. To the second order, a gravitational energy-momentum contribution
arises from the conservation equations which may be constructed from the symplectic inner product on the
solution space of the linearized Einstein field equations. Considering a similar scheme based on the
Bel-Robinson tensor, it is shown that whilst first order conservation equations can be formulated, the
lack of a symplectic form for the perturbed Bel-Robinson tensor implies the nonexistence of second order
conservation equations, except when the background is flat. The results are applied to perturbations of a
stationary black hole, and simple expressions are found for the mass and angular momentum fluxes,
through the event horizon, due to a gravitational perturbation. By considering a monochromatic wave, it
is seen that the conservation of the gravitational symplectic form reduces, in suitable coordinates, to the

Wronskian condition of Teukolsky and Press.

1. INTRODUCTION

Conservation laws play an important role in both clas-
sical and quantum physics, enabling one, for example,
to investigate problems of interacting systems where a
detailed knowledge of the interaction is either unknown,
or is too complicated to have any practical value.

In Newtonian physics, the most important conserved
properties of an isolated system are its mass, linear
momentum, angular momentum, and energy. The first
three of these quantities are multipole moments of the
system. The latter, however, arises as a useful con-
cept, purely because it satisfies a conservation equation.

The kinetic energy of a system is related to its ability
to do work under the influence of some force. However,
in order that energy be a conserved quantity, it must be
generalized from merely being kinetic; in the case
where the force derives from a potential, this is not
difficult.

This process of generalization is central to this paper,
where we shall examine conservation equations in gen-
eral relativity.

Consider a space—time (M, g, ) which admits a Killing
vector k%, and whose matter fields are described by the
symmetric energy-momentum tensor, 7, which by
virtue of Einstein’s equation satisfies the divergence-~
free condition

1.1)

Using (1.1) and Killing’s equation, then we have the well
known integrable equation

v, (T%,k) =0

VQT‘”’ =0.

(1.2)

describing the conservation of the energy-momentum
content of the matter fields, relative to the Killing vec-
tor.

3 present address: Geophysical Fluid Dynamics Laboratory
Meteorological Office, Bracknell, Berkshire, England.
b Address for reprint requests.
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When space— time does not admit a group of motions,
then the process of generalization must include a con-
tribution to the total energy-momentum content of the
gravitational field itself. In the full nonlinear theory of
general relativity, this process has proved difficult to
formulate, and has led many investigators to reject the
energy-momentum concept for a generic space— time.
However, in a recent paper,?! the author has shown that
in fact these difficulties can be overcome, and meaning~
ful equations for the conservation of the total energy-
momentum content of a finite spacelike Euclidean 3-
volume in an arbitrary space— time, can be given.

In this paper we consider a restrictive class of space
—times, in order to investigate this process of gener-
alization. Consider a perturbation of the nonempty space
— time which admits a Killing vector #*. The question
we ask is whether the divergence-free condition (1.1)
can be expressed as an integrable conservation equation,
and if so, under what circumstances can one educe from
it, for each order in the perturbation expansion, an
expression for the gravitational radiation flux through an
arbitrary hypersurface, and when will this flux be gauge
invariant?

We shall see that to second order in the perturbation,
this flux will naturally emerge in terms of the symplect-
ic form on the solution space of the linearized Einstein
equations. For this reason, in Sec. 2, we review some
salient features on the existence and conservation of the
symplectic form for second-order linear differential
operators.

In Sec. 3 we set up a perturbation scheme, and con-
sider first-and second-order perturbations of {1.1),
showing in particular how the symplectic form naturally
arises.

As an example where conservation equations cannot be
formulated (due to the nonexistence of a symplectic
form) we consider in Sec. 4, a similar scheme for the
Bel— Robinson tensor®® T, ., which in vacuum satisfies
in an analogous fashion to (1.1), the restriction
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(1.3)

In Sec. 5 we apply the results of Sec. 3 to perturba-
tions of a stationary black hole space— time, obtaining
simple gauge invariant expressions for the energy-mo-
mentum flux density through the event horizon due to a
purely gravitational perturbation, obtaining the results
of Hawking and Hartle? as a special case. We also show
that the conservation of the covariant gravitational sym-
plectic form reduces in suitable coordinates to the
Wronskian condition of Teukolsky and Press.®

v, T® =0,

Some concluding remarks are made in Sec. 6.

Throughout this paper we shall employ the Battelle
sign and index conventions of Penrose.®

This work is based on part of the author’s doctoral
thesis at the University of Oxford.” Many details may be
found therein.

2. THE SYMPLECTIC FORM

It is usual to obtain the energy-momentum tensor of a
matter field by varying the action of the matter
Lagrangian with respect to the metric tensor. In this
section we shall discuss an alternative though equivalent
method for constructing the energy-momentum of a
linear field whose field equations are determined by a
symmetric differential operator.

This technique for constructing an energy-momentum
flux has been used by Ashtekhar and Magnon® in the con-
text of quantization of classical matter fields in curved
space—time, and by Friedman and Schutz® in the con-
text of Lagranian perturbation theory of stationary
fluids.

As mentioned in the introduction, our motivation for
discussing it here is that it will emerges as a natural
candidate for describing the energy-momentum of gravi-
tational fluxes on curved space— time backgrounds, a
regime where there is no immediate divergence-free
energy— momentum tensor.

Let us start by considering a field ¢?, where I is a
multiple index. (For example, if ¢/ is a tensor field of
valence », then |I| =#.) Suppose I satisfies the field
equation

UIJ¢J:0 2.1)

(indices are raised and lowered with g’7 and g,,) where
D' is a second-order linear differential operator.
Explicitly we may put

DY =Aley v +Bl7ey +CH, 2.2)

To examine the conditions under which /7 is sym-
metric, we introduce the inner product
@1, %), = [ &"¥dv (2.3)

on the space—time (M,g,,), where &/,¥, are elements
of the inner product space of tensor fields of valence
1l with compact support.

Using (2.2) and (2.3), and Stokes’ theorem, the con-
dition that/)/’ be symmetric on this domain, i.e., that

(CDI,U[JWJ)M:(DIJ@Jy\I[I)M (2.4)
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imposes the restrictions

A=A, (2.5)
B,,*=29,A,,® -B, 4, (2.6)
C,;=C;; =V B, 2 +V VA, % 2.7

where, without loss generality, we may also impose the
condition

A”ab :AIJ(ab)’ (2 i 8)
since the term
V9,87 2.9

is expressable in terms of &’ and the Riemann tensor,
and thus may be absorbed into C,”&,.

Therefore, considering two solutions ¢, and §, of
(2.1), with symmetric /) ;75 we have for some compact
4-volume v (with boundary gv)

0= [ (0,7 ¥s =¥, ¢ v

= [l APV - $TAL 5V ¢ (2.10)
+ ¢#(B,y* - By WY,
Hence the sympletic form
¢, W)= [ ($7A,,9,8
(2.11)

- wIAHabe ¢)J + zd’lB[rJlan)dZa

is independent of the choice of Cauchy surface, assum-
ing space— time to be globally hyperbolic, and that the
boundary conditions on ¢f and §f are sufficient to ensure
that the surface integral at spacial infinity vanishes.
This latter condition means physically that the energy-
momentum of the field is finite on Z.

Now if the background space— time admits an isotropy
group, so there exists a Killing vector field k2%, then the
Lie derivative, {w with respect to k%, will commute
with )% so that if ¢f is a solution of (2.1), then so is
£,9'. The quantity 302(¢?,£,¢?) is our candidate for the
energy— momentum along k¢, of the field ¢,

As a simple example, a massive scalar field, ¢, sat-
isfies

(O+m?e¢=0. (2.12)
The operator is symmetric with
A, % =gt (2.13)
B,,*=0, (2.14)
C,y=m?. (2.15)
The symplectic form is given by
Q9. £,0) = [_(6VL, ¢ ~£,6Vd)dzZ,. (2.16)

Using Stokes’ theorem, and employing suitable boundary
conditions, one may readily show that

Q¢ £,0)=2f T ktaz,, .17

where 7*, is the energy-momentum tensor for ¢, given
by

79, =V ¢V, ¢ - 36% (V, ¢V P — m2¢?). (2.18)
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3. CONSERVATION EQUATIONS BASED ON THE
ENERGY-MOMENTUM TENSOR

Consider an arbitrary vector field k* defined on an
arbitrary 4-volume v, compact with boundary, in space
—time. From (1.1) we have the identity

V(T4 R) = = AT o 8. (3.1)

Using the notation that for a derivation/), and arbi-

trary valence tensor fields A7, B’
A7) B =AY)B’ - BIp A (3.2)

then the right-hand side of (3.1) may be written in the
form

AT g% ==, T+ gk, T, (3.3)
Defining the quantity E(3v) by
E@uv)= [, T,k dZ,, 3.4)
then using Stokes’ theorem and (3.1) we have
E@v)=-3] T 8% dv (3.5)
or from (3.3) )
E(3v)= ff(g‘”’{ T, ~£,T)dv. (3.6)

Let us now introduce a perturbation expansion. For
any quantity § defined on some space— time (M ,Aub), we
assume the expansion, for some suitable ¢,

Q=Q+eQ +e2Q + -+ 3.7
1 2

about the background space—time (M, g,,). For a geo-

metric interpretation of thigs expansion see Ref. 10. In

particular, the metric tensor, and the energy-momen-

tum tensor are expanded as

Bap = 8ap Gy + €y T (3.8)
and

f‘ab:Tab +€,{ub+ez’£ab+u e (3.9)
The vector field k2 is also given by

%:kﬂ+el§zﬂ+ezlgﬂ+°w ) (3.10)

We shall assume in the following that &% is a Killing
vector field of the background metric. The vectors If“,
Ig“, >+ shall be completely undefined.

By expanding the identity

o = E 4 @10

and equating coefficients of each power in ¢, the expan-

sion of the inverse metric to (3.8) may be found. The
result is

Zc’;ab :gab — €hab 2(711b (3 o 12)
where the indices on Ak, and j,, have been raised with the
background metric.

ha hcb 4coo ,

Let us now return to (3.5). Using (3.8),(3.9),(3.10),
and (3.12) we have, retaining terms to Of),

{E(av): fauq‘ab + 3T, h)E dZ,

:%f Tl ™ dv,

(3.13)

where h=h_,g®. In deriving (3.13) we have used firstly
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the fact that k* generates a group of motions in the back-
ground space— time, and secondly that the terms con-
taining the undefined vector field If“ cancel. Indeed, it
is clear that this cancellation will cecur to all orders in
the perturbation expansion, so that (3.10) may be re-
placed by

fo = b, (3.14)

Noticing that T, is dragged along %2, then from (3.13)
we have the Of¢) conservation law

I;I(av)+113(av):0, (3.15)
where

E(o) = favz;bk“nb d®x (3.16)
and

P@v)= =3, T®hykon, &, (3.17)
where we use the tensor density

Taw=V-8T, (3.18)

and the unit normal, n,, to dv.

For a globally hyperbolic space-— time and vector
field 3/3v transversal to one of its Cauchy surfaces T,

(3.15) may be expressed as

d
;1;(11?(2) +11>(>:))= (3.19)

This conservation equation describes secular changes
in the energy-momentum distribution of the matter
fields. Outside the support of the energy-momentum
tensor, the integrands of E and P are identically zero.
Clearly to Of{e) no energy-momentum is carried away
from the matter fields by gravitational radiation.

To consider these radiative effects, we must retain
terms to O(e?). However, before doing so it should be
noted that although the integrands of E and P are not in
general gauge invariant, an application of the Einstein
—Klein theorem!! will show that the sum (E + P) is.

Now, from (3.6) we may put

E(3v) :%fUA dv (3.20)
where, using (3.14)

A=gos T 4,7 (3.21)
Hence, using (3.12)

A=0, (3.22)

A=2L,(®T,,) (3.23)

1
and

‘3 :{k{z(jab = hach’cb)Tab + hab?ab}

- g, Tos (3.24)

Now, using the first order field equations

Ix{ab - %gab}lz - %habR == K:fab ’ (3 " 25)

where k=87G/c? is the Einstein gravitational constant,
then a little manipulation gives
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hynd 1
W £ Toy==2 (1 = 3hg™) LR,

(3.26)
+3h £, (WP ,).
Furthermore since
E@v) =%/ 4+ 3hA)dv (3.27M)
2 v i

then (3.23),(3.24),(3.26) and another small amount of
manipulation gives
fj(av) = ifv,ka av+ (1/4K)fv(h‘”’ - $hg??) fk{{ab dv, (3.28)
where
Q = (24%% = 2% R,b + hIPY) T, + W T, . (3.29)
1

Notice that the first integrand on the right-hand side of
(3.28) is already in the form of a pure divergence.

Concentrate on the second integral on the right-hand
side of (3.28). Using the well known result (see for ex-
ample Ref. 12)

Ry =%1hy, - V¥ kot (3.30)
where
oy = Hyy — 3h& 14, (3.31)
together with the identity
VaVoky' =V Tayk,! + $R,CRE+ 3R k1, (3.32)
then, in the notation of Sec. 2 we may put
Rop =0 " keg (3.33)
where
[)ab ed :Aabod (ef)Ver + Babcdeve + cabef, (3.34)
Aabcd(ef) :% (ac(sb)dgef - %gabgcdgef
_6(acéb)(eg“d’ (3‘35)
B, =0, (3.36)
and
Cop™ = 2R )" #1207, R,)". (3.37)

From (2.5),(2.6), and (2.7), the conditions for the
symmetry of /) ab” are satisfied. As a consequence

(B0 0,7 og), = (D4 % 4k ), (3.38)
may be expressed as an integral on dv.

From (3.28) and (2.10) we have the explicit O(¢®) con-
servation law

]25‘(81)) :%faqud dz,
1 -—
+ ﬁfav{h"”th(vdha,, -2V _i,%)

~ B E VR E Vb b £V A,
(3.39)

Outside the support of the energy— momentum tensor
125(811) =@ =0. Only the second integral on the right-hand
side of (3.39) is nonzero. This is our candidate for
gravitational energy— momentum. Considerable light
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may be shed on this somewhat unwieldy expression by
imposing a gauge condition. One suitable choice would
be the de Donder gauge, V k%, =0. In terms of the nor-
mal, n,, to 3v, another convenient choice of gauge is

kP, =0 (3.40)
and it is this one we shall employ in this paper.

We may use the freedom in the choice of the normal

n, to dv in the perturbed space—time to set
;[a fruat na 5 (3 . 41)

so that the undefined covector », is set equal to zero and
also

y{“:—h“bnb+g“brllb:0. (3.42)
Now consider the symmetric tensor
K, = s (3.43)

where we extend », onto an open neighborhood of dv.
Using (3.42) we have

Ky =0Vl =29 By ,). (3.44)
Also, using (3.40)

K=—h"K , +g®K,,

' ! (3.45)

=nfV,h.
If ¢ is transversal to dv, we may define the extension
of n, by
£,0,=0. (3.46)

If k* lies in dv, our results will be extension indepen-
dent.

Defining the tensor density

By =Ky~ K8,V -2 (3.47)
then from (3.43),(3.44), and (3.45)
% o =0 E (P, ~290)
(3.48)

- he Vh+h £,V 0~ g n,.

Comparing (3.48) with (3.39), then in the gauge given
by (3.40), the O(e?) conservation equation becomes

1 -—
EB(ov) =3, Q¥ dn,+ o [ W Fmopds. (3.49)

1a8
In terms of a Cauchy surface %, suitable boundary
conditions to ensure that the total energy— momentum
content on T is finite, and a vector field 3/9v, trans-
versal to =, then (3.49) may be written as

—

—d—[E(av)—%szk"dEd—a—IK—th“” krlr“d"x]:O. (3.50)

dv |z

Again, using the Einstein— Klein theorem, the ex-
pression in square brackets may be seen to be gauge
invariant,

If, to O{¢?), space—time is vacuum, then the quantity
-2 _ 1 —
Qs (hab J{:khab) = - 4_Kf,:hab _fkqabdsx (3 . 51)

is independent of the choice, %, of Cauchy surface.
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Here, %% is the spin-2 symplec tic form. In terms of
two solutions h and b, of the linearized Einstein equa-
tions, it may be defmed by

=2 gy ) il L ol = e, ) (3.52)
A B
We have already seen that for a scalar field
. §=0
=g, £,0) =2 TR dz, (3.53)

defines a conserved energy— momentum tensor. Simi-

larly, putting

4=2
2, f ) =2 [ TR d2, (3.54)
defines a conserved energy-momentum tensor for the
linearized gravitational field on a curved vacuum space

—time.

Treating h®®, the projection of 4% onto &, as general-
ized coordinates on the space of solutions to the linear-
ized Einstein equations, then the canonical momenta are
given by 7,,. ¥ Introducing the Hamiltonian density,

H(k) on %, relative to the Killing vector k%, we have

£ 1,01‘3 _aH(k) ﬁas, (3.55)

WTag™ = 3 ) /305, (3.56)
Substituting (3.55) and (3.56) into (3.51) we have, using
(3.40)

t e ) =

I /—/(k) (3.57)

(ab’

thus relating £%= with a canonical formalism.

4. PERTURBATIONS OF THE BEL-ROBINSON
TENSOR

Before going on to consider concrete examples where
the conservation equations derived in the previous sec-
tion apply, it is instructive to consider an example
where integral conservation equations on space—times
with Killing vectors cannot be extended when space
—time is perturbed.

In vacuum, the Bel—Robinson tensor may be defined
in terms of the Weyl spinor ¥ ,,.,° so that

(4.1)

Topea =¥a50p¥arnrcrp -
It may be seen from (4.1) that 7, , is symmetric,

trace-free and divergence-free [cf. (1.3)], and so if
space—time admits the Killing vector £ than

.fav T e bed

It may be commented that (4.2) is a special case of
an equation holding when space—time admits a confor-
mal Killing tensor of valence three. A Killing tensor
need not be reducible to three Killing vectors, an ex-
ample of which being the valence two irreducible Killing
tensor of the Kerr space—time.!*

PRI A, =0. (4.2)

In a similar fashion to the energy-momentum tensor
we may put
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T(v) = f Tab, kcktkgab dv

:% .{v gabﬁk (Tabcdkckd)dv- (44)

Perturbing away from the background space—time on
which ¢ is Killing, it is straightforward to derive an
Ofe) conservation equation based on the Bel—Robinson
tensor,

Putting
Topca = Topea T Tabcd T (4.5)

and

Tabcd =v-g Tubcd (4 * 6)
and using (3.8), (3.12), and (3.14), we have in an
analogous fashion to (3.15), (3.16), and (3.17)

T(Bv)+il/(av): 4.7

1
where

T(v) = jav [ g RR RN, dx 4.8)
and

V(30) = fav T wveq HPRCR RN, dPx. 4.9)

However, the Bel—Robinson tensor is quadratic in
the gravitational field variables, and insofar as it
describes, some property of gravitational radiation,
then conservation equations derived from it are only
useful to O(e?) and higher. This is where the trouble
begins.

As with the energy-momentum tensor, the crucial
term to study in attempting to formulate an O(¢?) con-
servation equation is

N2 T gpea K4 do. (4.10)
Writing
cd
?abcdkckd :6“ hcd’ (4'11)

then the possibility of writing (4.10) as a divergence
will depend on whether € ,** is a symmetric differential
operator.

In terms of the Riemann tensor and its left dual, then

Tabcdkckd = (RaeCbeedf + *RGZCf*R bedf)kckd : (4 ) 12)
Further, putting
EShy =AY Vb, +B,7%V h, +C, hy (4.13)
we find from (4.12) that
B1=0 {4.14)

so that, from (2.6), a necessary condition for the sym-

metry of 5,’ is that
VQAIJ‘”’:O. (4.15)

It is easily shown that (4.15) is satisfied (trivially) if
and only if

R, =0. (4.16)

1hed
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Hence, in general, the Bel— Robinson tensor does not
yield conservation equations to O(e?) in the metric per-
turbation.

When (4.18) is satisfied, then the generalized Bel
— Robinson tensor (for an arbitrary zero rest mass
field ¢ ,,...,, satisfying 3% ;¢ ,5.., p=0)

Tﬂboo-devc-fg--oh: aEE'.,vaFF' (Z)ABQ..D

4.17)
Xaccl..uayy' ¢A‘B'-00D’

is divergence-free on all its indices.

These conservation equations have been investigated
by a number of authors (e.g. see Ref. 15). In the litera-
ture they are referred to as “zilch.” They correspond to
the fact that the number of quanta associated with each
mode of a free field is a constant in time in flat space, a
somewhat trivial property.

The nonexistence of conservation equations derived
from the Bel— Robinson tensor under circumstances
where they would be of dynamical interest make it a
rather unsatisfactory object to be of importance in gen-
eral relativistic situations. One might regard the exist-
ence of equations derived from it when space— time
admits a conformal Killing tensor as being an unstable
feature on the solution space of Einstein’s equations.

5. BLACK HOLE PERTURBATIONS

We shall now apply some of the preceding formalism
to a situation of some astrophysical interest, by taking
the background metric of the perturbation expansion to
describe a stationary vacuum space— time containing a
black hole (characterized by the existence of a regular
event horizon). It is now well known that such a space
— time is uniquely described by the Kerr!'® metric which
admits two commuting Killing vector fields. That
Killing vector which is timelike at infinity and so corre-
sponds to time translations is denoted by K®. That Kil-
ling vector which is spacelike and corresponds to rota-
tions about the axis of symmetry is denoted by K¢,

For simplicity, let us suppose that this space— time
is perturbed by a purely gravitational disturbance. Fur-
thermore let us take the bounding surface 97 to com-
prise those regions of space— time in which one is most
interested; at infinity and on the event horizon. Hence,
we shall take

gu=_q*U g-UHUH, 5.1)

where, with a slight abuse of notation, ¢ * and ¢" are,
respectively, future and past asymptotic null hypersur-
faces, H* and - are, respectively, the future and past
event horizons.

With this, the O(€®) conservation equation becomes

’{wzh‘”’dsx:o, (5.2)

8—1{" 3y
where k* may be equal to either K¢ or I~{¢.

Let us concentrate on the gravitational flux through
H* which we can suppose is zero at some early (retard-
ed) time, and decays away at some late (retarded) time.
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Our contention is that the mass and angular momen-
tum flux through #/* are, from (5.2), given by

oM :8—1;{'}“?“2;1«%% (5.3)
and

6J = i f"ﬁ . qab‘ﬂhabd%, (5.4)
respectively.

Now on // * we have

R ds, =0 (5.5)
so that, by an application of the identity
fzﬁgf“dza:_f]:g“vbfb s, +2f, gofrdz, (5.6)

for arbitrary g?,f¢, and 3-surface =, it may easily be

shown that

3 Tk dx= 1t N, (6.7
giving
1 -
6114:R~JH§ qabthabd:ix, (58)
—_1_ ab g3 ..
O =gc),. Tatehdx. (5.9)

Before preceeding with these expressions, it should
be noted that an interpretation of the expression

ﬁqa;ﬁkh‘”’ (5.10)

as a gravitational energy— momentum density only
makes good physical sense if it is gauge invariant.

Let £ generate an arbitrary gauge transformation,
Then (5, 10) transforms as!?

ZIE’I“ I #——%’;(qab+{‘nah)(£kh"b —t g™ 6.11)
which is gauge invariant only if
Ty = 0. (5. 12)
From (3. 43) and (3.47), (5. 12) holds if
£ 182 =0, (5.13)

where the generator, /° of //* is an element of the
Hawking— Hartle tetrad {I%, #%, m® m%},* given by

P=K+w K, (5. 14)

w, being a constant, From (5, 14) we see that (5. 13) and
therefore (5.12) is satisfied, and we may therefore,
with confidence, proceed with our analysis.

From (3.48), and the gauge condition (3.40) which
now reads

Rgpl® =0 (5.15)

we have
6M=11; [, Ed® by — £t p)as (5. 16)
w:i [, i hy, £t Az, (5.17)
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Now in terms of the null tetrad,
g% =21 —2m'm®, (5.18)

Using the fact that on /#* the Newman— Penrose!®
quantities

p=0= 0 (5- 19)
then a straightforward calculation gives
1
M= [, (Bl nd g =B i) AT
(5.20)
+ (- +* complex conjugate),
1
6 =7 fﬁ (027D thim = B2 P )AZ
(5.21)
+ (complex conjugate),
where
B = hgym°mi®, (5.22)

etc,

In order to express (5.20) and (5.21) in terms of
Newman— Penrose quantities, we shall use some work
of Chrzanowskil’ who was able to relate the perturbed
spin coefficients and perturbed curvature scalars to
derivatives of the metric. (In fact we must generalize
his work very slightly as we cannot, a priori, use any
additional gauge freedom to set 2 =0; full details are in
Ref. 7). The results we need are that

QZalhmﬁ (5.23)

and

9 =40 e (5.24)
Now the O(¢) Newman— Penrose equation for the rate
of change of R along 1% is, on

a,qz.Ze;; (5. 25)
S0 p increases exponentially in magnitude with time,
This implies that the surface area of the horizon would
be continuously increasing, which would not be compat-
ible with the black hole returning to a stationary state
when the perturbation died down. We must therefore
choose the zero solution of (5.25), Hence, from (5.23)
we have, on

Bihmm =0, =0 (5.26)
so that
— 1 ab
sM_a—Kthkh £ h,,d%, (5.27)
1 a
aJ:ZEfmtzh v h,, d%, (5.28)
or, equivalently,
6M=4if 8¢k, 3 b= T
Ko A (5.29)
+ (complex conjugate),
6J=—1—-f 03 0 1hz A
4k He %7 mm” 17 mm (5 30)

+ (complex conjugate).
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If the background metric is static, then on #* we
have

Ki=1° (5.31)
and
1
éM:ﬂf wadyh, 8 hom dS (5.32)
2 _
== [no5az, (5.33)

using (5.24).

This is the famous result derived originally by
Hawking and Hartle,* based on calculating the area
increase of the horizon. Hawking and Hartle’s method,
however, does not extend to calculating separate mass
and angular momentum fluxes for a rotating black hole.

Notice that from (5.29) and (5. 30) we have the im-

mediate result that
M +wsI=2 1, o5 ds (5.34)
L + _ K He 11 . .

To express 0M and &J purely in terms of Newman—
Penrose quantities, we may use the results of Hughston
and Sommers®® that the Killing vectors K* and K¢ may
be obtained from the irreducible Killing tensor of the

Kerr space—time. Details of this may be found in Ref.
7.

For the present, let us derive coordinate expressions
for &M and 6.

Teukolsky®'!® has shown that the curvature scalar
¥, may be written in an ingoing null coordinate system

{v,7,6,¢} as
b=/ dwexp(—iwv)lzg exp(im¢)S, (6)R,, (r), (5.35)

where S, and R, are solutions of ordinary differential
equations.

The O{e) Newman—Penrose equation for the change
in the shear of #/* is given by

3,9=2¢g + 4. (5.36)

Integrating this equation, using the boundary condition
that the perturbation dies away at late times, we have,
using (5.35)

c:—fdwfﬁ, ) (5.37)
1 Im "
where
5 = CLe S L (OR ,(0) (5.38)
m 2 +iw-iw,m
Hence, from (5.24)
h, =2if dod —ta— (5.39)

Im W=wWmM

Therefore, from (5.29) and (5.30) we have, using the
orthogonality of the azimuthal functions, the results

o =2Ref, @[ dof d’ T ey (@15, (") (5.40)

1*m w=wm

2 s m —
()J:;Refmdzf dwf dw' 2 w_%m(f,m(w)ﬁ,,,,,(w')-(5-41)

1,
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The expression for 6J has been obtained in a completely
different way by Prior.20:2

Notice that for each mode, we have the immediate
consequence

OM /b =w/m. (5.42)

So far our discussion has been confined to the event
horizon. A similar analysis may be performed on one
of the asymptotic null hypersurfaces. In terms of a
suitable null tetrad on ¢*, and putting K?=#°, we have

1

1
= ab 3. * o
4K‘ Ha qabLkh d x_z,{fﬂfanh'mmanhmmdz' (543)
Interchanging #* and »® in (5.23) and (5.24) gives
sm=2] aas (5.44)
K- g+ 11

which is the well known Bondi mass flux® expression at
future null infinity.

For a monochromatic wave of frequency w and azimu-
thal number m, it is now completely straightforward to
show that the covariant conservation equations (5.2)
reduce to the Wronskian condition of Teukolsky and
Press, that

v 2 1 1
[k(4eg’+k2)[w°[ }m = [;,EIM”E[%P]M, (5.45)
where

k=w-wm. (5.46)

At the time, Teukolsky and Press commented;

“Although not surprising physically, this result is
surprising mathematically, because there is no known
divergenceless T,, for gravitational perturbation on the
Kerr background.”

In fact, at that time, one did exist.?® However, we
have shown in this paper that the symplectic form is a
particularly simple way of representing this T,,» and
does reduce to (5.45) for a monochromatic wave.

As a final comment for this section, notice that whilst

142 =T, 00l (5.47)

it would be misleading in view of our previous analysis,
to suppose that the conservation equation (5.45) was in
any way related to the Bel— Robinson tensor.

6. CONCLUSIONS AND OUTLOOK

In this paper, we have seen how conservation equa-
tions may be derived by perturbing the energy— momen-
tum tensor of a space— time which admits a Killing
vector, a gravitational contribution arising from the
symplectic form on the space of solutions to the linear-
ised Einstein equations. We have also seen how the
method breaks down for the Bel— Robinson. The success
of the methods depends on the self-adjointness of the
field equations. In this respect the symplectic form
unifies the concept of energy— momentum for different
field theories.
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In a forthcoming paper? the author will explore the
formal similarity, provided by the symplectic form,
between fluxes of gravitational energy— momentum in
Newtonian theory and in Relativity theory. These two
fluxes have very different physical interpretations, the
former being inductive, the latter being radiative. Con-
ditions under which the relativistic flux may be consid-
ered inductive will also be investigated.

For the present, however, let us conclude by consid-
ering extending the perturbation expansion to include
terms of O(¢*). The nonlinearity of the field equations
now becomes apparent, manifested by the fact that

d . -
Ry=0 ws Jea T F ool

where 7 is a nonlinear differential functional of %, ,
0,5 being given in Sec. 3. This latter term in

(6.1) effectively destroys the elegance of our approach,
and a certain amount of brute force and perserverence
is necessary to obtain conservation equations to this
order. For this reason we shall give no details here,

(6.1)
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Constructing quantum fields in a Fock space using a new

picture of quantum mechanics?
M. O. Farrukh®

International Centre for Theoretical Physics, Trieste, Italy
(Received 13 December 1977)

For any conventional nonrelativistic quantum theory of a finite number of degrees of freedom, we

construct a picture which we call “the scattering picture,’

combining the *nice” properties of both the

interaction and the Heisenberg pictures, and show that, in the absence of bound states, the theory could
be formulated in terms of a free Hamiltonian and an effective potential. We generalize the equations thus
derived to the relativistic case and show that, given a Poincaré invariant self-adjoint operator D densely
defined on a Fock space, there exists an interacting field which is asymptotically free and has as the
scattering matrix the nontrivial operator § = e?, provided that D annihilates the vacuum and the one-
particle states. Crossing relations could easily be imposed on D, but, apart from a few comments, the

problem of analyticity of S is left open.

INTRODUCTION

In a conventional nonrelativistic quantum theory (of
a finite number of degrees of freedom) there exist three
well known equivalent pictures: the Schrédinger picture,
the Heisenberg picture, and the interaction picture.
However, trying to meet the requirements of relati-
vistic invariance, the Schrd&dinger picture was found to
be a “bad” picture,® because it treats the time coordi-
nate in a way essentially different from the way in
which it treats the other spatial coordinates. Also, the
interaction picture was found not to exist.? So we were
left with one picture, i.e., the Heisenberg picture. But
all attempts to construct a nontrivial relativistic quan-
tum theory in four-dimensional space—time in the
Heisenberg picture were not successful.?

The problem of constructing a nontrivial quantum
field theory has two aspects: the kinematical aspect,
which is the construction of the underlying Hilbert
space with the unitary representation of the Poincareé
group, and the dynamical aspect, which is the construc-
tion of the quantum field itself as a local covariant op-
erator-valued distribution. However, the two aspects
are closely related to each other, to the extent that
solving one of them might be equivalent to solving the
other.

We think that this situation exists because the axioms
of quantum field theory are too restrictive.? Trying to
see what a general quantum field theory, not necessarily
satisfying the Wightman axioms, 2 might look like, we
had to first study the nonrelativistic analog of a quantum
theory having a finite number of degrees of freedom.
We have found that for such a theory one may construct
a picture, which we call “the scattering picture,” having
the following properties:

(i) To every element ¢ in a subspace of the Hilbert
space, called the subspace of scattering states, which
in the absence of bound states is equal to the whole
space, there corresponds another element in the Hilbert
space denoted by ¢y,.

awork supported by the Lebanese Univesity Council. )
b permanent address: Department of Physics, Faculty of Sci-
ences, Lebanese University, Hadeth, Beirut, Lebanon.
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(ii) To every Heisenberg operator A(f) there corre-
sponds a scattering picture operator denoted by A(/)
satisfying A(f) = exp(itH,/MA(0) exp(~ i/H,/7), where H,
is the free Hamiltonian.

(1) If ¢~ @y, ¢~y and A(Y) ~A(/) in the above cor-
respondence, then

<§0, A([)J)> :<(pina‘&(t)d)in>-

(iv) There exists a unitary operator S such that for
any bounded operator A(f) in the scattering picture
there correspond two operators A,,(/) and A4, (/) satisfy-
ing the conditions:

(@) A,, (1) =exp(itH,/ M A, (0) exp(- itH,/ 1),
(b) A, (t)=exp(itH,/ ) A, (0) exp(- itH,/ 1),
(€) A4, (H=S"1A,,1)S,

(d) w-lim {A(#) - A, (D}=0,

fmmeo

(e) Wt:]‘+i.£n {A<f) - Aout (f)} = 07

where “w-lim” means the weak limit.

(v) In the absence of bound states one may introduce
an “effective potential F(t) satisfying F(¢)
= explitH,/H)F exp(- itH,/ ) such that the integral
/= F(t) di= D exists, and such that the equation of
motion of an observable in the scattering picture is
given by A(t) = UL (1)A,(H)U(#), where U(t)
=exp(i[LF(¢’) d') and Ay(z) is the equation of motion
in the interaction picture, i.e., the “free” observa-
ble. The S matrix is given by S=exp(iD).

One may easily note that the scattering picture has
the “mathematics” of the Heisenberg picture of a
free theory, yet it contains all the information about
scattering. The states are time independent as in
the Heisenberg picture, and the observables transform
under the free Hamiltonian as in the interaction
picture. Hence, using the scattering picture instead of
the Heisenberg picture, one can disentangle kinematics
from dynamics, losing nothing, except of course the
direct information about bound state, if there are any.
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The relativistic version of the equation of motion
of an observable in the scattering picture in the
absence of bound states can be easily guessed. The
underlying space is the Fock space with its “free”
representation of the Poincaré group. If {G(x);x € R*}
is an integrable covariant self-adjoint operator-valued
function over space—time, then the integral
Lier_«)G(v) d*y, where T'_(x) is the past cone of the
point x €R*, exists and is a covariant self-adjoint
operatoa-valued function of x €ER*, which converges
strongly to zero as x goes to the infinite past along
a timelike direction, and converges strongly to
D= [,-zs G(y) d*y as x goes to the infinite future
along a timelike direction. The general equation of
a field operator is ¢(x)=U"'(x)@,(x) Ulx), where ¢ (x)
is the free field and U(x)=exp(ifcr_)G) d%y).
This is the equation of an asymptotically free
covariant field, where ¢,,=¢,(x) and ¢@_, =S5"¢,(x)S,
and S =expliD).

One could safely say that in fact this is a theory of
the phase matrix: For given a Poincaré invariant
self-adjoint operator D which annihilates the vacuum
and the one-particle states, one could easily construct
the scattering matrix S=exp(iD) and an effective
potential density {G(x); x € R?} such that D= [G(x) d*x,
from which the interacting field could be derived. The
field theory thus constructed satisfies all the Wightman
axioms? except microcausality. If we try to satisfy
this requirement too, then, as a consequence of
Haag’s theorem?, we must take D=0, On the other
hand, the S matrix thus constructed satisfies all the
required axioms®* except crossing and analyticity,
which are consequences of microcausality. >

On could think that such a theory cannot be physical
because it violates causality. Yet, it is believed that
the S matrix could have macrocausal aspects without
the fields being microcausal.” The various conse-
quences of microcausality are discussed below.

Spin and Statistics: The correct relation between
spin and statistics could be derived by assuming that
the asymptotic fields are microcausal.®?® According
to an argument due to Doebner, !° it makes sense to
talk about the commutativity of local asymptotic
observables for a spacelike separation, because we
only measure these observables, However, the spin
of a particle during the interaction might not be a
meaningful concept.

Crossing ard PCT: 1t is not difficult at all to choose
among the possible phase matrices those operators
which satisfy the requirements of crossing and PCT,
and regard the rest as being nonphysical.

Analyticity: This is the hardest part of the construc-
tion. It is not easy to tell what choice of the phase
matrix would give an analytic S matrix. To a person
who is interested in the theory itself, this would
be the right point to tackle, while to a person who
is interested in numerical results, microcausality
is a tool by which the number of unknowns in the
theory is reduced to a few numerical parameters, which
can be fixed by comparison with experiments. It is
not difficult at all to suggest for the D matrix schemes
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with this property, but this still leaves open the
question of the analyticity of the S matrix.

I. THE SCATTERING PICTURE OF QUANTUM
MECHANICS

A. The theory of scattering

This section is a revision of a work by Jauch, !
presented in a slightly different notation and included
for the sake of completeness,

Axiom I (quantum assumption); # is a complete
Hilbert space and H, (the free Hamiltonian) and
H (the total Hamiltonian) are self-adjoint operators,
densely defined on /-/, each having a dense set of
analytic vectors,!?

It follows directly from Axiom I, that because both
H,and H have dense sets of analytic vectors, the
series exp(itH,/#)= (l/n‘) (itH,/R)" and the series
exp(itH/ 1) = i) (1/n! )(th/ﬁ)" converge strongly on
their respectwe sets of analytic vectors for every
t€R. Since exp(itH,/#) and exp(itH/7) are bounded
operators, they can be extended by continuity to all
elements of #.

Defining V(t)=exp(itH, /%) exp(- itH/%), we can write
the equation satisfied by the wavefunction of any system
in the interaction picture in the form

U=V, 0 =yEAH. 1)

Denote by #/, and #_ the sets of vectors ¢ €4 for
which the strong limits s-lim, _,, V(#)¢ and
s-lim,__, V()¢ exist, respectively. #, and #_ are closed
subspaces of /. If ¢,, =s-lim,___V(t)p, 9 EH_,
Poue=8-lim___V()¢,¢ < H , then the maps W.9o=og,,
and W,¢= (pout, called the wave operators, are unitary

transformations from their domains #/_ and 4, into their
ranges W_(#_) =/ and W (/) =F, respectively,

If I, denotes the identity map on an arbitrary set
A, then the unitarity of W_and W, can be expressed in
the form

WIW.=1,, WIW,=l.,

W_Wt :I/An, W+WI:[,,outn (2)
In order to get more information, we must postulate
something about the domains and ranges of the wave
operator. On a physical basis, one can say that any
free state may undergo some scattering process, and
the outcomes of all scattering processes cover the
full range of free states. Hence, we introduce the
following axiom about the ranges of the wave operators.

Axiom II (asymptotic completeness):

Hin:]L/out — ILII.

Also, if something goes into the scattering region,
something should come out of it, and nothing comes
out of the scattering region unless something goes
into it, Hence, we introduce the following axiom about
the domains of the wave operators.
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Axiom III (unitarity):

H, =H. =Hee.

To the free Hamiltonian Hy, all elements of // repre-
sent free states, while to the total Hamiltonian H,
the space # is decomposed into two orthogonal sub-
spaces: the space 4% of scattering states and the
space #° of bound states. These two spaces are in-
variant under H, On the other hand, H decomposes #
into two orthogonal subspaces: the space #° of continuous
spectrum and the space A of discrete spectrum,
Usually, axiom III is stengthened by requiring Hee

With the aid of Axioms II and III, Eq. (2) takes the
simple form
WIWl=Ls, WWI=L (3)
It follows directly from the definitions of the wave
operators that
exp(itH,/ MW, =W, exp(itH/%), t<R (4)

or, equivalently, if /), and /) are the domains of H,
and H, respectively, then

H=WHW, on )N H =W (D). (5)

Recalling the definitions of ¢, and ¢,,, for any
@ €/°¢ and defining the S matrix by the equation
S@,. =¥y it follows that S=W,W!. Also, if we write
U{t) = exp(itH,/m)W! exp(- itH,/ 71} defined on # and
ranging in #(t) CH, then, for any i€ R, U(t) is a
unitary transformation of # into #/(¢) with the property

s-1imU{¢) =1,

te=v

s-1imU(¢) =S. (6)

t=+e
B. The scattering picture

We derive in this section the scattering picture for
a general quantum system satisfying the three axioms
of the previous section., We first note that because
U(0)=w!, we have #(0)=/*°, and if E*° is the projec-
tion operator on 4*°, then E(t) = exp(itH,/%) E*
Xexp(—itH,/%) is the projection operator on /(f).

Let ¢ € /and A be an operator (densely) defined on
#, and denote by the subscripts S, H, and I, the
Schrodinger, Heisenberg, and interaction pictures,
respectively. Now, for any ¢ < IR we have the well-
known equations of motion

A =4, @ t)=exp(-itH/ Do,

Ay(t)=exp(itH/mAexp(- itH/R), ¢4t)=9,

Ayt) =exp(itH, /) Aexp(~itH,/n), ¢[()=V()op,
M

provided we fix A (0)=A,(0)=4,(0)=A and ¢ ¢(0)
=¢,(0)=¢,(0)=¢. The equivalence of the three pictures
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is established by the relation
<¢S(t), As(t)ll)s(t)>= <¢H(t)’ A”(t)l/)H(t))
=<§01(t),A1(t) d)l(t», (8)

where (, ) denotes the scalar product in#4/.

We shall write, for simplicity, A(¢) instead of A,(#),
A,(t) instead of A;(t) and substitute for ¢ ,(¢) its
value ¢.

Let ¢, y €4, then W9 =¢,,, Wy=4,, or 9=W!q,,
Z/J=Wt.§bm

and
(@, A =(W'p,,, exp(itH/ ) A exp(~ itH/R)W¥y,,)

=(exp (- itH/ W)W'@,,, Aexp(~itH/B)W!{,,)
[and using (4) we get]
=(W!exp(- itH,/K)¢,,, AW! exp(— itH,/R)Y,,)
= (W! exp(= itH, /1)¢,,, E° AW! exp(- itH, /H)yy,)
+(Wlexp(-itH,/R)@,,, - E*)AW!
X exp(— itH, /M)y, ,)- (9)

But exp(- itH, /R)¢,, €A and EAW! exp (- itH, /T)y,, CH*,
hence, by unitarity of W! (between// and 4/%¢) we get

(Wlexp(~ itH, /1)@y, E*AW! exp(-itH,/F)y,)
= (exp(— itH, /F)p,,, W.ES AWYexp(— itH,/H)¢,)
={@,,, exp(itH,/R)U', E(0)A,(0)U(0) exp(~ itHy /1)i,,)
=(@y0s UNDEDANUDY,,)- (10)

Also, W!exp(—itH, /)y, €H* and (- E*)AW!
X exp(—~ itH,/ M)y, €H? = (H*°)*, hence

(Wt exp(- itH, /1@ ,, (I - E*)AW! exp(- itH,/R)y,) =0.
(11)
Hence, from (9)—(11) we get

(@, AW = (@0 UHDEBANDU D) p)e (12)

Using (12), we define the scattering picture operator

Aty =U"(DEWALU) (13)
satisfying
Alt) =exp(itH, /n)A(0) exp(— itH,/Tt) (14)

and the scattering picture state ¢, = W_¢, whenever

@ €4/, Hence, we have shown that to every Heisenberg
operator A(f), there corresponds a scattering picture
operator A(t) such that for any ¢, § S4/°° we have

@, ADY) =@ 1y ADYy,)- (15)
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Going back to Eq. (13) we have
A() =exp(itH,/R)W_E<AW! exp(- itH,/F)
=W_exp(itH/#)E*°A exp(- itH/E)W?
= W_E*° exp(itH/ h)A exp(— itH/ K)E*W

=W_E*A(t)Es°W!, (16)

Hence, W._: 4% —~4/ defines a unitary equivalence
between ESCA(t)E*°, the restriction of A(¢) as a quadratic
form to 4/s¢x /¢, and A(¢). The inverse of (16) is given
by

ESCA(H)ES=WA()W.. (17

Although Eq. (16) defines the scattering picture
operator A(t) in terms of the Heisenberg operator A(f),
Eq. (17) tells us that A(¢) cannot be recovered from
A(t) except on Hsex A%,

C. The S matrix

The S matrix in the interaction picture is defined
as the unitary transformation which relates the asympto-
tic behavior of a scattering state at t =+ to its
asymptotic behavior at t=-— «. This gives the expres-
sion S=w, Wi,

In the scattering picture, the states are time inde-
pendent, so we should be able to derive the S matrix
from the observables.

We shall prove that w-lim,._ {A(t) - A,(t)}=0 and
w-lim, . {A(t) =5"4,(¢)S} =0, whenever A is a
bounded operator,

To prove the first limit, we note that
A(t) = A(t) = U EDA(DU(E) - Aylt)

=UTOE® AU - I} + {UH (D E@) - TTAL(0).

(18)
Let f, g€4, then
(f, AW - A,00}e) = {f, V"DEWDAKUE) - T}g)
+(f, {UNDE@) - IJA,(1)g)
=AU £, {U®) -~ I}
+{U) - 1}£, At)g). (19)

Hence
Kf, {At) -4y} o |
< K A®uey, {ve - g
+ [ (ue) - 117, Aq(0)g)]
<HADUD SN I{UE) - Igll+ I{U@) - BN Abg

<WA"HH £l 1 {u@) - I}gll + Hu@ -teinailigh.
(20)
But because s-lim,___ U(#) =1, it follows from (20) that
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w-lim,.__{A(f) - A,()}=0. The proof of the other limit
follows the same steps. Hence, the S matrix derivable
in this picture is defined on all // and is identical with
the $ matrix derived in the interaction picture. How-
ever, it is known'? that if A is a bounded operator on
#, then the Heisenberg operator A(¢) converges weakly
on /s¢x }/% to an in operator as ¢ — — « and to an out
operator as f—~ +, related to each other by a different
S matrix given by S=W!, If ¢, y= 4%, then

(@, Spy={p, WIW,p)=(Wlo,,, WI W, Wiy,

= <Wz¢na WfS%n) = ((ptn} sd)n>, (21)
which is the correct formula for the transformation
from the Heisenberg picture on /¥ to the scattering
picture on .

D. Pure scattering and effective potentials

We study in this section the special case of pure
scattering, which means the absence of bound states.
Mathematically, this means /% =/ or equivalently
E* =], Hence, the wave operators W, become unitary
operators on 4, and U(¢) becomes, for any {€ R,

a unitary transformation of # into itself. In this case,
the scattering picture becomes equivalent to any other
picture, and the time dependence of an operator in
this picture takes the form

A(t)= U (1) ADUR). (22)

To derive the other pictures from the scattering picture,
we introduce the following table:

Picture States Observables
Scattering @ A(t)

Interaction e )=U®) @ A =UR) AR U@)
Heisenberg ept)=U0) ¢ Ay(t)=U0) AG) U(0)
Schrodinger @M =U0) e Mo A ()=U(0) A0) U1(0)

We now proceed to analyze the family {U(:): € R}.
Since W! is a unitary operator, it follows that there
exists a unique resolution of the identity on the interval
[0, 27] such that*

Wi= " exp(iNdE,, (23)

Using.this we define the bounded self-adjoint operator

2r

A= [ NdE,. (24)
Setting A(t) =exp(itH,/k)A exp(~ itH, /F), it follows that
expliA(t)] = exp(itH,/ K) exp(iA) exp(- itH, / F)
=exp(itH,/n)W' exp(- itH,/%) = U(t). We also set
F(t)=(i/n)[H, A(t)], from which it follows

AW - A=/ "R ar. (25)

Q

We show in the Appendix to Sec. I that under mild
mathematical restrictions, the strong limit of A(f) as
t— ~ is zero, Hence A(¢)=[f F(t') d¥ and thus

U(t) =exp(ift F(t') dt’). (26)
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It is because of (26) that we call F(t) the effective
potential. The left-hand side of (26) converges strongly
to S as t - +=, Hence, one would expect that the
integral D= [T F(¢) dt should exist. We call this quantity
the phase matrix, However, the prescription S— D
such that exp(iD) =S is by no means unique. For, if

N is a nonbounded operator densely defined on 4

with a dense set of analytic vectors, !? then the operator
U=exp(iN) exists and is unitary. Hence, there exists

a unique bounded self-adjoint operator B with spectrum
in {0, 27] such that U=exp(iB). Clearly, NB.
Because of these considerations, we are led to think
that the effective potential could be introduced as a
fundamental object, satisfying the condition of inte-
grability over the whole real line,

II. QUANTUM FIELDS IN A FOCK SPACE
A. The Fock space S matrix

If we consider all stable systems and all systems
with lifetimes much longer than the duration of the
interaction under consideration as elementary particles,
while considering other systems as resonances, then the
free states could be described using one single Fock
space. Apart from any field-theoretic considerations,
the overall transitions could be described using one
single unitary operator (called the S matrix) invariant
under the Poincaré€ group. The vacuum state and all
one-particle states are eigenstates of the S matrix
with eigenvalues on the unit circle {z:2€ € and |z|=1}.
These multiplicative unimodular Poincaré invariant
constants have no physical significance. Hence, it
should be assumed that the vacuum state and all one-
particle states are eigenstates of the S matrix with
unit eigenvalue. This assumption is necessary for the
subsequent discussion.

Since the physics of scattering, whether elastic or
not, could be described using a single Fock space, we
choose the relativistic Fock space as our framework
and introduce the following axiom.

Axiom I (relativistic Fock spcae): 7 is a Fock space
and U is a unitary representation of the Poincar€
group E(1, 3) on 7.

Notation: We use natural units in which i=c=1.
The 4-vector x = (x,,x) where x=(x,, %,, ¥,). The inner
product xy =x,9,-X+y, where X-y=x,y, +x,V, +x,9;.
In particular, x®=xx=x2- |x|2. If p is the 4-momentum
of a particle, then pT=(p,, —p). We often write E, for
bo- If f and g are functions of x (and other variables),
then

—a_g(x’ ") :f(xy _) g_i(x, "‘)

0x

f:(x)_)

Definition 1: V! ={p:p €R*, p,>0 and p*=m?} is the
mass shell of a particle of mass m= 0.

The Fock space 7 is not very suitable for the
following discussion. We need a space with nicer
properties. We choose a subspace (7)< 7, called
the subspace of good vectors, as follows.

On the space §g (IR®*") of good test functions® of 3n-real
variables, we define a sequence of norms as follows:
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f(x, -)gle, =).

for any s€N, f< S¢(1R3")

851 851 851
lfls:x%9§3" A+ %, [B) @12 o A+ |x,[H%p P o
lel, 181<s
2 38 95
- 3wl 3x2 8x3f( x) s

where

o =ay +ag 4o o,
and

(Bl =B+ B+ B+ + 8+ B+ B

Consider for simplicity the case of a single scalar
neutral particle and define 7 as the subspace of
n particles. Denote by E, the projection operator on
F™. S(F@)y= 7O and (7™) for n € IN* is the
subspace of 7™ consisting of vectors with good wave-
functions in momentum space, Now, if ¢y = 7™ with

= fp(")@(f)u Das -« 317n) |[)1, Doy ,P,,>

~(n)
where [ denotes
b

ap,
2E, ’

531)1] d .bl

then [jyll, = Ws-

Definition 2: S(7) is the set of vectorsf = 7 such that
for any , sE€ N, lifll, ;= Snon!n 1 E,flIIE<+ =, A sequence
{f,inc ]N} of elements of S(}) converges to zero in
the § topology iff lim - I ll, ;=0 for all »,s =N,

As we have mentioned in the Introduction, we are
interested in the case where S=exp(iD) (which is
always possible'?) with D satisfying certain conditions.
We now prove a theorem about a special class of self-
adjoint operators on 7.

Theovem 1: Let D

(i) be a self-adjoint operator densely defined on
7 and having §(7) in its domain,

(i) be commuting with U(A, a) for every (A, a) S E(1, 3),

and

(iii) have the space 7@ 7% as a null space,
then there exists a densely defined operator-valued
function {G{x): x © R*} such that

(2)Gx) = Glx) for every x TR?,

(b) U, ) Gx) UM A, a)=G(Ax +a), for every

(A, )= E(1,3), and
(¢) J G(x) d*x = D strongly on $(7).

Proof: We shall prove the theorem for a theory of
a single neutral scalar particle of mass m > 0. The
generalization to other cases should not be difficult.

Let a be the annihilation operator of 7. Since §(7)
belong to the domain of D, there exists a double
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sequence of distributions G“* € §{(V!)*}; (j, k) € INXIN
such that on §(7) we have

) Cr)  Cik)
D=2i [ Gl B2 us o B
Xat(py)a’(p;) X a¥(p)a(p,)a(p,) .- alpy), (27

where

f(n)_f d3p1 oouf Espn

» 2Ep, ZE‘," )

Because of Bose statistics, the G'#* distribution
can be taken to be symmetric in the first j and the
last 2 an variables, without any loss of generality.
From self-adjointness of D we have
GXUBply Paye ey D D1 Pasev o D)

:G(k'j)(pu 23 ,=°-,Pk;p;’ pé»--wp;)' (28)

From translational invariance we get

GYR(pl, oo p' ) ply Dy e vns D)

=THp;y +r oo +p)— Py = oo = PIFER(p],

and Lorentz invariance implies (29)
FOBAD! o APl AP, ooy ADy)

=FUR(plcees DS Prseeeypy)
for any A € SO(1, 3). (30)

But because 7@ 7 is a null space of D, it follows
that

FUhO = PUD = FON = P ) =0 for any jEN.  (31)
Hence from (27), (29), and (31) we get
G 1oy et
szj jPlJ)f(k)F(hk)(pll’ e ,PS-QPU .. .pk)a'(p{)
Gh=2 P
x""aT(P;)a(Pl) "'a(p);)) (32)

where

) )y ( (

K Iy (k)

J, fp = fp TOp+ P = py— e = 1)

The functions F %) are well behaved square integrable

functions (because D is an operator and not only a
quadratic form),

Now, define the operator-valued function

G1= 5 S OFRG, i 1)

Xexp[z(pl' + oeo +p'] — Py = ree = oen __pk)x]
X at(p]) - a'(phalp,) - alp,). (33)

This functions meets the requirements of the theorem, o
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cos Dy Pisee s by)

We have two comments on the above theorem. The
first is that G(x) is not unique, for if we add to
F@#R jn definition (33) a term of the form

T R A Ry SO AL (/NN 7§ N R )

where F’:*) gatisfies conditions (28) and (30), then

the new function G’(x) also meets the requirements

of the theorem. The second comment is about requiring
F© @ 7% o be a null space of D, In general, by the
hermiticity and Poincar€ invariance of D, D could

have in addition to expression (32) a term of the form

a + BN where N= [,a'(p)a(p); @, BER. Such a term
cannot be obtained by the integration of any Poincaré
invariant function, unless o =g=0, which means that
F©a 79 should be a null space of D.

B. The interacting fields

In our model of field theory we do not have bound
states in the nonrelativistic sense, because, as we
have explained before, we consider such states either
as elementary, and hence include them in the free
description, or as resonances, and hence they corre-
spond to peaks in the scattering amplitudes. Hence,
the Heisenberg picture and the scattering picture are,
in our case, equivalent, However, we prefer the
scattering picture for two reasons. First, the equation
of motion of any observable is known in general, and
could be directly be written in terms of an “effective
potential density.” Second, the S matrix derivable from
the scattering picture has a direct experimental inter-
pretation because it is identical with the S matrix of
the interaction picture.

The fundamental object in our construction is the
“effective potential density.”

Definition 3: For any x€R?, I'_(x)={v:v< R?,
Vo< Xy, (v —x)?> 0} is the past cone of the point x € R?,

We state without proof the following theorem.,
Theorvem 2: For any n € V! and x ©IR?, the function

R—~P(RY,7—~T_(x+7Tn),
where P(IR?) is the power set of R?, is increasing,
Moreover,

Tl_i_n_gl"_(x+7n)=¢ and TIHQF_(x +7n)=R*,

We now introduce the following axiom.

Axiom II: {G(x):x < R%} is a densely defined operator-
valued function called the effective potential density.
It satisfies the following conditions:

(i) G'{x) =G(x) for any x = R*,

(ii) U\, a)G)U (A, a)=G(Ax +a), for any (A, a)
€ EQ1,3).

(iii) D= [G(x)d*x, called the phase matrix, exists
strongly on 7.

(iv) For any f= §(7), x ©R*, and n= V!, we have
S~ Tl_ip‘}.U(x +7Tn)f=Ffand §- Lim Ulx +7n)f
=exp(iD)f,

M.O. Farrukh 2337



where §-lim denotes limit in the § topology and U(x)
=exP{ijyer_ «G)dy}.

We are now in a position to “define” the S matrix
and the interacting field.

Definition 4: The scattering matrix S=exp(iD).

Definition 5: The interacting field ¢(x) = Ul(x)@,(x)U(x),
where ¢, is a free field.

It can easily be verified that the S matrix defined
above is unitary and Poincaré invariant, and the inter-
actering field is Poincaré covariant. The family
{U(x) : x= R} is a relativistic generalization of the
family {U(#) : 1= R} of Sec. 1. To prove this statement,
let x=(¢,x), then, in the nonrelativistic limit as ¢ -,
I.(x)~{y:ycR*and y, <t}

Hence,

Ulx)= U(t, x) “e}cp{i[idyojyem G(yo’ y)day}

=exp {i [ F(t)ar}=U(),

where F(t)= [dx G(t, X).

We prove in the Appendix to sec, II the following
important theorem.

Theorem 3: 7@ 7 is a null space of G(x), for
any x € R

Definition 6: Let f€ § (IR®), then the smeared field
oy D= @xok)fx).

Theorem 4: For any f€ Sp(R?), w-lim,._{¢(f, #)

- @qf, D}=0and w-lim,_, {¢(f, £) - S7@,(f, £)S}=0
on S(FIxS5(F).

Proof: Let A€ §(7'™), BE {(7™), and f € §_(R®),
then ¢

A, 10, - 08 (f, D}B)
= [ fwdx [ A @) [ B |
X exp(- ix - P){p™(t, 0) — 9$(t, 0)}X explix* P) | k)
= [dxplo) [ A% (") [ B(k) explite - K )x)e'| {0 (¢, 0)
-9 (t, O} k)
= [ 4w [ B Fl - k)0 {2, 0)
- @8, OV} R, (34)

where ¢ (x)= [a(p) exp(- ipx), the positive frequency
component of the field. Equation (34) takes the form

A, {p(f, D=-0i(f, 01B)
= [ @) [T BE)F O - | U 0091, OHUT, O)

1R+ [ A [ B Fe -k {U ¢, 0) - 1}
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x@&(t, 0)| k)

= [ A [ B F i -k") [ (& | U, 0alp){UE, 0)

—I}| k) exp(=iE,t)
[ Paxw) [V BRIk - k)

X (&' [{U(t, 0) = I} | kY exp(- iE, 1), (85)

where |k) = |k, ...

AR

Now, because |exp(—iE,t)|=|exp(-iE, t)| =1 and
there exists an ME R such that | f(k)|<M for all k<€ R®,
and because §-lim,._ {U{t, 0)=I}=0 on §(7) and
fp a(p) is §-continuous, it follows from Eq. (35) that

w-lim, . _ {0 (f, 1) - @ (f, O} =0 on S(F)*xS(F).
Now, since ¢ (f, t)=[@™(f*, 1)]', we get w-lim,__,
{o(f, ) = ¢o(f, D}=0o0n S(F)xS(F). The other limit
could be proved in a similar way.ms

It is well known that the free field expansion ¢,(x)
= fp{a(p) exp(~ ipx) + a'(p) exp(épx)} is invertible,

-

e . 9
alp) =i ot explipx) a—x—o—qoo(x) &*x

and

-—

0
atp)=-if - exp(- ipx) 5x—<p0(x) d3x,
% 0

In general, one defines the time ¢ annihilation and
creation operators as follows:

-~

alp, t)= ij;:o=t explipx) 5?(— ¢(x)d3x
1]

and
-

allp, )=- ifx . Sxp(=ipx) %@(x)dax
1” 0

Theorem 5: The vacuum and the one-particle states
are stable.

Proof:. First we notice that if iO) is the vacuum state
then ¢(x) |0} = ¢o(x) iO), for, by Theorem 3, U(x)|0)
= ! 0). Hence,

(x){0) = U ()@ (x) |0) = U'l(x)_f‘,\p> explipx)

=/, |p) explipx) = g, (x) |0).
Now
alp, D[0)=i_ explipx) 50 ()| 0)

= explipx)

Hence, for any t< R, a(p, ) annihilates the vacuum

and the vacuum is stable. Also a'(p, £)|0)=a'(p)|0)

= ]p), and the creation of a particle from the vacuum
state is time independent.m u
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C. Crossing and PCT

We discuss how one can impose crossing relations
on a theory of a spinless neutral particle. Assume
that Z" is a symmetric function of » R* variables
with the properties:

1) AX(kyyeeny B) =B (=R een, =k,),

(i1) B, (Aky, oo, AR) =B (ky, ..., k), AESO(,3).

Then the function
A5 ees )
=[ @k, v [Tk, explik,(y, — x| explik,(y, - x)]
B (kyy.eny k)

is symmetric in the y variables, with the properties:

1) AX vy, 0o, 9) =08, 91, « 0y 3,),

(ii) 8, (Ax +a; Ay, +a,..., Ay, +a) =4 (x;9,,..
(A, @)= EQ,3).

°,yn)9

Consider the quadratic form

Qux)=[d%y, =+ [d*y, 8, (6391, 0o o, 3,01 @o31) o @o(3,):

We can write 6)
Polx) = [P ()5 (p* - m*){al(p) exp(= ipx) + a' (p)
X exp(px)}
= [@*p8(p* - m*){8(°) alp) + 6(= p°) a' (= p)}
X explipx)} (37)

Substituting (37) in (36) we get
Q)= [y, [d*y, [@k, - [BR,
x explik, (v, = x)]o- explik,(y, - 08, (% ,...,k,)
X [@op0(p% ~ m?) wue 2D, B(p2 -
x{8(pDalp,) + 6(= pd)a' (= p,)} -
x{8(palp,) + 6(= pQa’ (p,)}: exp(~ipyp,) +--
X exp(~ ip,y,)

i}f(:)f (n~ J)CJA

J=0“ R’

x exp(i(k! +

Blyeeus =kp Riyeeny b))
+k'j— By - .a.kn_j)x]
Xa'(k]) = a'(&))a(k,) - alk,.,). (38)
From (36) one gets the important formula
FUR(p bl D1y y D)

(j+k)1

]lkl j#k( p1’°°°7-p;’p17°°°:pk)' (39)
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Equation (39) connects different physical transitions.
Although, upon integrating @,(x) over R?, the contribu-
tion from the terms with less than two creation or
annihilation operators vanishes, the form (36) is only
locally integrable. This is a consequence of Theorem
3.

We define the “R product” R{: ¢(y,) *=-¢(y,):} as
the initial product, but with the terms of less than
two creation or annihilation operators dropped. Hence
we now define

oy YR{: @(y,) oo @ (3,):}
{40)

G,0) = [d*, oo [d*y, B, (x5 91,

and the effective potential density takes the form

6l =256, (x).

To prove PCT invariance, all that is necessary
then is Zn(_pli —D2yooey "pn)zAn(pU Dasooe ’pn)‘
But this is a consequence of Poincaré invariance,
because & should be formed by the scalar product of
4-momenta.
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APPENDIX TO SEC. I.

A. The asymptotic limit of nonbounded operators

If A is a nonbounded operator and /) 4 1s the set of all
vectors f €4 such that || Aj()Fll, | A,(£)SFIl, and
I ANBU(t)f Il are bounded for all ¢ € R, then for every
f18€04,

x:l-_lim( 7 {A) - A (0}g)

=w-lim(f, {A(t) - S 4,(HS}g) =0.
The proof follows the same steps, with the exception
of the following:

s:t My=sup,c x| AAOU@)fIl and M, = sup, =gl Ay(1) g1,
then

[Kf, {AW) - 4,0} |

< MINU®) - Bgll + MU @) - B ).

B. The integrability of the effective potential

Let f<//, then | U(t) f- fII*= (U@)f -, U(t)f f>
=2{f, f)= 2 Re (f, U(t)f). Now U(t)=exp(itH,/R)W!
X exp —tho/ﬁ) =/ exp(in) dE, (1), where E,(r)
=exp(itH,/ h)E, éxp(- itH,/ 7). Since s- -lim, __ U(#) =1
1t2follows that lim,.__ Re(f, U(¢ f) (f,f) But
Jo &Fy O FY=(F, Boy(0)F) = {f, Eolt)f)=(f, f). Hence

»
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lim Re f," [exp(i) ~ 1]d(f, E,()£)=0

or

(a) Assume that there exists a 6> 0 such that

E,,..=1, then

P

0< [ sin® Saf, B < [ &lf, B(OF)

=(f’ Ezr(t)f) - <f: EZr.ﬂ(t)_f> =0°
Hence

11mf2' sin? —d(f,

toan

W f)=0,

But, if 0sx<27-5, then 0<)/(27—-6)sind/2 <sinA/2,
hence

lim [ (S, B, () f)

teaw

< 27-6 (ZTT - 6)
,l.l_rff sin?5/2 sin’
But
SN aCS, B fy=1 AW FIR;

d(f, Ey\(8)f)=0.

hence
s-lim,__ A(H)=0 and U(t)=exp{i [’ F(t") dt'}.

(b) [Weaker than (a)] Assume that for every fE4
and e > 0 there exists 6 >0 and L> 0 such that for every
t<—L, {f, E,,s(t)f)>1—¢. Then, given f€/ and
e>0, one can find two numbers 5> 0 and L, >0 such
that for any ¢ < — L, we have (f, E,,_,(£)f)>1~¢/87%
Also, one can find a number L, >0 such that for any
t< -L, we have

2r o -26

I, st s, B0 < (573) 3

Take L =max(L,, L,). Hence, for every ¢ < - L we have
2

Jiheads, B0

= [N, B0F)+ f;;x*dq, E\()f)

fo-ﬁ (27 -6)

-msm d(f, E() F)
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+ [ artals, B

s% +4r°(1 = (f, E,, ,(t) ) (%+ % —e

2
Hence, tl_lzr_lofo 'xzd(f, E,(#)f)=0or s-lim,___A(t)=0.

APPENDIX TO SEC. II.

Proof of Theovem 3: Since G(x) is strongly integrable,
it follows that G(x)G(y) is weakly integrable, Now,
{(x, p):x=R*and y eT ()} CR**R*. Hence [ __,d'

X fyer o 4"y G&)G(y) exists, But H(x)= G(x)

X fvEI‘_(x) d*yG(y) is a covariant function of xS R,

Hence the integral fxe et H® d*x diverges if G(x)

does not annihilate 7/°® 7, as can be seen
explicitly. .
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An alternative axiomatic system describing the concept of conditioning (or preparation) of states in a
quantum logic is proposed and its consequences developed. The main difference between this and the
system proposed by Pool is our reliance on Mielnik’s idea of transition probabilities, thereby avoiding
some ad hoc hypotheses as well as the theory of Baer *-semigroups.

1. INTRODUCTION

The purpose of this paper is to study the change a
state of a system has to undergo, given the occurence of
an event, classically known as the conditioning of a
state by the occurence of an event. In particular we wish
to point out how the basic structure of the set / of all
events can be recaptured, given the conditioning maps.
We have used this point of view in Ref. 1 but in the re-
stricted case of a “pure” conditioning. Pool has given,
in Ref. 2, a discussion of this idea, and it is important
to note the similarities and the differences. For the
reader’s convenience we have included as an appendix
a list of Pool’s axioms. The main tool used by Pool was
the Baer *-semigroup of all operations he constructs
using his axioms II.4 and II.5. These we shall not as-
sume because their physical significance is, in the
writer’s opinion, not immediate. Instead, we shall make
use of the concept of transition probability between two

states, by assuming essentially an extension of Mielnik’s

axioms.?3

In Sec. 2 we provide the basic hypotheses on L and
derive the results we shall need later. Section 3 con-
tains our discussion of the conditioning axioms, and
Sec. 4 gives the characterization of the basic structural
elements of £ in terms of the conditioning maps. In Sec.
5 we establish that Axiom II.8 of Pool holds, from
which the connection between semimodularity and pure
conditionings follows. Finally, in Sec. 6 we discuss the
consequences of the hypothesis that every state is a
mixture of pure states, which can serve to replace
some of our original axioms.

2. THE BACKGROUND HYPOTHESES

We shall assume that the set L of all events is an
ortholattice (relative to < and ’) and that the set/; of all
states is quite full, i.e., that for any A,B = L , if mB=1
for all m <=/} for which mA =1, then A< B. Write P for
the set of all pure states.

Our next assumption is the existence of a support for
each state [Axiom I1.8(a) of Pool]: Given any me/l, the
event L =inf{A|mA =1} exists and m(L )=

Pyopositon 1: The Jauch— Piron — Zierler (JPZ)
Axiom holds: if A=inf{A,;} and mA, =1 for all 4, then
mA =1 also.

Proof: Since mA,; =1, we have L <A, for all i, hence
L, <A;thus mA=m(L )=1.

Remark: For any m,nc/l we have m(L,) =0 iff L.iL,
iff n(L_)=0.
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Next we assume Axiom I.9(a) of Pool: Given any A #0,
there exists a pure state m such that mA=1, i.e.,
L,<A.

Now consider an event A#0, and let 2, be a tempo-
rary notation for the set of all m = P such that mA=1;
by the above, this is just {me /1L _<A} and is #0.
Consider all possible subsets § of P, for which m,
ne §, m#n implies L 1 L, ; such § exist (singleton sets
for example). Hence by Zorn’s Lemma we immediately
see that there exists at least one such subset §, of /7,
maximal with respect to inclusion.

Proposition 2: Given an event A#0 in L let {m,} be a
set of pure states as described above and let L, be the
support of m,. Thus assume that (i) m,(A)=1 for each
a, (i) L,1 Lg for a #p, and (iil) if m#m  (all o), then
L, is not disjoint from all L,, Then A=sup,{L,}, and
for any state m we have mA=Zm {L,)

Proof: Since L, < A for all @, we consider an upper
bound B of {L,}, and assume that AAB#A, i.e., that
C, defined as AA(AAB)’, is #0. Then there exists a
pure state # with nC=1. Since C <A we have nA=1, or
nC/JA. On the other hand each L <AA B, hence L lL"
for all @, which contradicts hypothesis (iii). Therefore,
C=0, or AAB=A, i.e., A< B, which means
A=sup{L,}. Now consider any state m; if mA=0, then
m(L,)=0 also and mA = Z)m( .) holds. So let mA=#0.
Smce for any finite number of mdlces o, , o, we
have Zm(L, )=m(ZL, ) <1, we see that {n Im )# 0}
is countable and we write 1t as {v;,a," " }. Let
D= EL ( A) and E=AAD’', Then mA=mD +mkE,

mD = Zm(L )~ m(L ). For ¥# o, we have L, lL
hence L, LD which implies L < E Also {L f‘( #ali @t
is max1ma1 dls]omt in E, because if L < E is disjoint
from all such L ,L, will be disjoint from all the L,
given orlgmallv, smce EID=FL, i which is impos-
sible. Thus E=sup{L la#all a, }, and since m(L,)=0
for o+ a; we have by JPZ that an 0. Hence

mA = mD = T mL,).

Our major departure from Pool’s system will now be
discussed. We assume that to each pair of states m,
nc /il a number (m|n) corresponds, which gives the
probability of spontaneous transition. Specifically we
assume that: 0< mln) <1, (min)=(@lm). Since L_is
the “cause” of all events occuring with certainity in the
state »n, it might appear reasonable to assume that
(min) is the same as m(L ), i.e., to identify the occur-
rence of L with the system’s being in state n. This,
however, is not quite allowed. For example, it is not
true in general that L"1 :an implies n, =n,, and in fact
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the classical Hilbert space model with (m|n)=Tr(TS)
(T,S the density operators representing m,n) violates
this unless #n,,n, are pure. We shall therefore impose
the condition ¢m}n)=m(L,) only for pure states n and
assume Mielnik’s Axiom: For pure m,n we have {(m!n)
=1 iff m =n. This property justifies our identification
of the occurrence of L with the system’s transition to
the state » (for »n pure):

Proposition 3: For n;,n, pure states we have L an
iff n, =n,.

Proof: Assume L, ; then nz(L )=
i.e., (nln)=1 hence nl——nz

no(L_}=1,

n2

Note also that this proposition implies Mielnik’s
axiom: Suppose (m|n) =1; then m(Ln) =1hence L, <L ;
by symmetry L < L _ also, hence L, =L _, and so n=m.

We now summarize all our axioms,

Axiom 1; The set L of events is an ortholattice with
respect to < (implication) and ’ {complementation) with
maximum element 7 and minimum element 0,

Axiom 2: The set/); of states is quite full: For any
A,B, if mB =1 for each state for which mA =1, then
A< B,

Axiom 3: For each m=/j),
exists, and m{L_)=1.

the event L_=inf{AlmA=1}

Axiom 4: For each A #0 there exists a pure state m
such that mA =1.

Axiom 5: To each m,ne/) there corresponds a num-
ber (mln) such that:

i) 0 mln)<1

(ii) min) =mlm,

(iii) For ne/? we have (niny=m(L),

(iv) For m,n<= /7 we have (m!n)=1 iff m =n,

Using Axioms 4 and 5 we can characterize the atoms
of L

Proposition 4: The event A is an atom of / iff A=L _
for some pure state m; such a state is unique.

Proof: Consider a pure state m, and let BsL_,
C=L_A B'#0; then there exists a pure state n with
nC =1, hence n(L _)=1. But then m =»n, hence mC =1
and so L _<C, which implies that B=0. Thus L  is an
atom. Conversely, let A be an atom and consider a pure
state m with mA =1, Then L <A and since L _#0 we
have A =L . Uniqueness follows from proposition 3.

To see that L does not determine m when m is not
pure, let m,,m,, °°° be pure states such that (m;lm,)
=0 for i+ and choosing a,> 0,Za,=1, let m =Za;m,
be the mixture. We shall show that L, —ZL Let
A=ZL_ and note that mB=1 1mp11es m, B_l or
L, B hence A<B, Thus4d<L . On the other hand
mA z m(L =Z,ZT,am; AL, but m, (L, )= 6,; and so
m(L )—aj ar{d mA E 42, _lj , Lm . Finally note
that changing the a; changes m [smce m(Lmj) =a;] but
does not influence A.

A lemma, crucial for future results, will be estab-
lished now.
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Lemma 1: Let a,{m,|n) = a,{m,| n) for all ne/). Then
@, =a,, and, if they are nonzero, we also have m,=m,.

Proof. For pure n the hypothesis becomes a;m (L)
=aym,(L,). Consider by Zorn a set of pure states {mo}
such that {L a} are disjoint, and maximal relative to
this property. Then I=sup{L u} and Z m(L, )=1by
Proposition 2. Thus @, =a, Zm,(L,, )=a&Zm,(L, )=a,.

o ¢4

Now for a,,a,#0 we get m (L ) mz(L ), and using a
maximal disjoint family {L } all contained in A, we
obtain as before m,A =m,A, S for all A, hence m, =m,.

3. THE CONDITIONING OF STATES

We shall now assume that the occurrence of an event
A while the system is in a state m will produce a transi-
tion to a state, which we shall write as m,,, and call
“the state m conditioned by (the occurrence of) A,” To
include the case where it is impossible for A to occur
in a given state m, we shall augment /) by a formal
state # and assume the following:

Axiom 6: For any Ac L, m=/jU{8} we have:

(i) m,, = 0iff m(A)=0;0,,=6

(1) M,y =m,,
(iii) m,, =m iff m(4) =1
(iv) (mlny=m(A) {(m,, | n) for each ncf with n(ad)=1.

The interpretation of (iv) is obvious: The transition
from m to a state n in which A occurs with certainty is
considered equivalent to the independent concatenation
of the occurrence of A (hence the transition to »,,) and
the transition from m,, to n.

Remarks: (a) Such a map m —~ m,, completely deter-
mines the event A, because if m,, =m, for all m, then
mA =1 iff m =m,, iff m=m,y iff mB=1; but since ) is
quite full, this means A=BR.

{b) Further, such a map m—~ m,, is completely deter-
mined by its fixed points, because the set {m|m =m,,}
is {6} © {mimaA =1}, and the latter one determines A
completely.

Proposition 5: For any m,ne/) we have mA)(m,, 1 n)

=nlA)n, Im).

Pyoof: First note that we may assume not both mi (A},
n{A) to be zero. But if say, m(A) =0, n(4) #0, then
(mlng,y=m(A)m ,\n,,) by (iv) of Axiom 6, since n,,(4)
=1; thus (m|n,,)=0 and the result holds. Finally let
both m(4), n(A)#0 [i.e., m , (A)=n.(4)=1] and apply
again the same axiom to obtain m(A) (m | ny =m(A)

nAXm V) =nlA) ning,y=nld)n,,lm).

Corollary: A conditioning is uniquely determined by
its effect on pure states.

Proof: Let f,(m), g, (m) be the result of conditioning
by the event A, according to two conditionings, and as-
sume f, (n) = g, (n) for all pure n. Then we have m(A)
X{fum)imy =n(A) nlfa () =n(A) (ml g, )y =m{A)
X{g,(m)|n) for all pure states. Now if mA =0, then
Ffulm)=6=g,(m); if mA#0, the argument in Lemma 1
applies to yield fA(m =g, (m).
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We shall call a conditioning “pure” if m,, is (either 6
or) pure for each pure state m. Note that there exists at
most one pure conditioning on a given [.In particular,
as in Ref. 1 we have that if m,, is pure, it is the unique
pure state in {m|mA =1} which maximizes (m|n) under
the constraint nA =1. First note that for m,, pure we
have {mim,, ) =mA)m. ., |m,)=mA, and so {(min
=m@A) (m ) <smA=mim,), i.e., m,, maximizes
{mln). Also, if min)={m,,|m) for some pure » with
nA =1, then again (m|n)=mA {(m | n) implies (m,, | m)
=mA (m,|n) or mA)=m(A)m,, 1 n); since mA#0 (m,,
is pure) we have (m, |n)=1, and since m,,, n are pure
they are equal.

4. THE ALGEBRAIC STRUCTURE OF IN TERMS
OF CONDITIONING

Characterizing A’ in terms of the map m =~ m, is
quite trivial.

Theovem 1: The map m— m,,, is characterized by the
property that its fixed points are the states mapped to 8
bym—m,,.

Proof: Because m(A’) =1 iff mA=0.

In case of successive conditionings it is convenient to
omit the brackets; we shall write, e.g., m,, ;5 instead
of (m.4):5.

Theorem 2: For any A,Bc [ we have B< A iff m,,
=Migiy-

Proof: Let B< A, and suppose nB =1; then nd =1 also,
hence n,, =n. But if m,; #6, we have m z(B)=1, and so
we obtain mg,, =my; if m,z =0 then m 5., =0 also.
Conversely, if m;; =m 5., and we consider a state m
with mB =1, we have m,; =m, hence m , =m;z,, =My
=m, i.e., mA=1 too. Thus B< A.

Proposition 6: If B< A, then m,z; =m,, ,z for all m.

Proof: We have m(B}m 5 n) =n(B)Xn,z1 m) =n(B) n,;(4)
X{n;5:, | m) since n,g(A) is either 1 or 0 (since B<A) and
in either case the equality holds. But n,5(A) {(ny5,, 1 m)
=mlA) (m,yln,,)=mA) m,(B) {m,, 51 n), and so we
have for all m,n that m(B) (m ;i n) =m(A) m ,(B)
X{m, 4, gln). Thus by Lemma 1 we obtain m(B)
=m(A)m, ,(B), and if nonzero we have m,;=m,,, 5. Now,
if m(B)=m(A)m (B)=0, we have m,; = 0 and either
m;, =0, or m,, ., =6, which all lead to m,5 =m,,p
again,

Remark: It is not hard to see that there are several
other ways of expressing the relation B € A by means
of conditioning: “m,,(A)=1 for all m with mB=1" is one
and "m(B)=m(A) m,, (B)” is another; thus, in particular,
Axiom II.6 of Pool holds. We prefer the way stated in
Theorem 2 because it contains only the conditioning
maps.

Theorvem 3: For any A,Be [, we have A | B iff
Mipia=0=Myy 5.

Proof: Since A | B iff A <B’, assume the last and note
that for mA #0 we shall have m,, (B’)=1, or m,,(B)=0.
Thus either mA =0 or m .5 = 6; in either case m,,,; = 6.
Since A | B is symmetric, we also have m,;,, =6 . Con-
versely, m,, ., =0 implies m,, (B)=0 or m, (B’)=1, un-
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less m,, = 6. Thus m(A)=1 will imply m ., =m # ¢ and so
m(B')=1 will hold, i.e., A <B’ will hold..

Theorem 4: The events A, B are compatible iff m,, .5
=m ., for all m. In such a case AA B produces the
conditioning m—m ,, ;5.

Pyroof: Let A=A, +C,B=B,+C with C=AAB, and
A,,C, B, mutually orthogonal. Then m., .4 =M:4:, for
all m, and in particular we have m.p; 4 w =Mipia:a
since BLA, and A; <A, we find m 5,44, =6, OT
m.p:4(A,)=0. In case m,z,;, #0, we have 1 =m 4, (4)
=mupiulB +C)=mup (A) + 5., (C)=mip;, (C). Thus
Mipiq ==M;p4,c and since C <A, C < B we apply Propo-
sition 6 to obtain m,, =m 5.,

If m,g,, =6, then m 5, ,.c =0 too, and the same argu~
ments leads to m ;. =m ., . Thus in all cases m
=m,5., and since compatibility is symmetric we end up
with m,. =m,, .y also.

Conversely now, let m 4,5 =m,,, and let C=AAB.
We must show that AAC’ | B,BAC’ 1 A; by symmetry it
suffices to establish the first. So let m{(AAC’)=1, i.e.,
mA=1,mC=0. Then m,, =m, hence m,, ,; =m.5 and
SO M,y =M ,5.,. Suppose m.g # 9; then m,;(A)=1 and
since m .z (B) =1 we have by JPZ that m,;(C)=1; but
m(C)=m(B)m 5(C), and so 0=m(C) =m(B)#0 gives a
contradiction. Therefore, m,; =46, i.e., m{B)=0, or
m(B’)=1. Thus m(AAC’')=1 implies m(B’)=1, or
ANC'<B’, which is the desired conclusion.

5. CHARACTERIZATION OF CONDITIONINGS

We shall now calculate the support of m,, given any
conditioning. Even though this will not characterize the
map m —~ m,, unless m,, is pure, the theorem below is
quite useful. Note that is just Axiom II.8 of Pool.

Theovem 5: If mA+#0, then Lm.A: (L,VA')rA,

Pyoof: Clearly Lm.A < A since m,, (A)=1. We shall
first show that LmM <L _VA’, by showing that
m,(L,VA')=1, of equivalently m,,(L’ A A)=0. Note
that L’ AA< L? , hence m(L! AA)=0. Since m(L! N A)
=m(A)m., (L' AA), while m(A)#0, we have the desired
conclusion. So we have reached the half point: L ms
<L _VA')AA. For the reverse, note that if it is false,
then by orthomodularity there is a pure state n such that
n((L,VA)ANA)=1,n(L, )=0. Thus we have n(d)=1,
n(L,VA')=1. Also n(L, )=0 implies n(L_,,,)=1,
hence L, <L/ , or m, (i ,) =0; but this means (nlm,,)
=0. Since n=n,, we use part (iv) of the conditioning
axiom to obtain {n, i m)=mAKn,Im,)=0, i.e., (nim)
=0. But again, as this means m(L_)=0 or m(L!)=1 or
L, <L}, orn(L,)=0, and since n(4’)=0, we apply JPZ
to obtain n(L vV A’) =0— a contradiction.

Covrollary (Pool): If a pure conditioning exists for / ,
then / is semimodular.

Proof: The argument given by Pool still holds. For
the converse, i.e., that on a semimodular / every con-
ditioning is pure, we need to have that if L  is an atom
of / , then m is pure. This is essentially assumed by
Pool in the form of Axiom I.9(b). It does not appear to
follow from our axioms, but we can establish that it
holds under another hypothesis which at the same time
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serves various other purposes. We discuss this in the
next section

It is interesting to note that in case of a semimodular
[ we can always define a map m — m_, from 2 to /0 sat-
isfying the first three conditions of Axiom 6, motivated
by the conclusion of Theorem 5. If mA =0, i.e.,
L <A', wehave (L VA )NA=A'"NA=0, som,, is
naturally defined as 6; for mA #0, (L_VA’)AA is an
atom, hence of the form L, for a unique pure state »,
which we define to be m,,. Thus we have (i). Part (iii)
is easy: If mA=1, then L <A, hence L _,A,A’ are
mutually compatible, and so L =(L,V A")"» A
=(L,NA)V(A'AA)=L_, and by Uniqueness m,, =m. On
the other hand, if m=m,,, then L =(L VA )AA<A,
hence mA =1. To verify m,,,, =m,, we must calculate
{l(L,v AYNA]JVA'}AA. Now (L, VA')AA and A’ are
disjoint, hence form a modular pair; since (L _VA')AA
< A, we have by semimodularity that we can distribute
{lL,vannrAlvairA={[{L,vA)NA}YV (A AA)
=(L,VA)NANA=(L VA')AA, which is precisely the
relation m,, ., =m,.

6. PURE GENERATION OF STATES

We say that a state m is a mixture of a family {m }
of states, if X carries a positive measure p such that
mA= [ym (A)dpu(x) for all Ac £ ; we write i =
=[ym du(x). The case of discrete mixtures is contained
in this by considering a sequence of points {x,} in X and
letting u{xk}zak. We have used such mixtures in Sec. 2,
which we write as Za,m,.

The hypothesis mentioned in the previous section is
the following

(PGS): There exists a set X, and a o-algebra of sub-
sets such that to each m = M there corresponds a family
{’”'x}xex in / and a positive measure u on X with m
=[ m dulx).

This hypothesis has an obvious physical content, and
is implicit in all applications. The first thing to observe
is that PGS implies Axiom 4.

Proposition 7. Assume PGS; then, if A#0, there

exists a pure state m with mA =1.

Proof: By Gudder’s argument® there exists a state »
for which #A =1 (otherwise {ninA =1} = ¢ ={nln0 =1},
e., A=0 by the quite fullness of ;). Write m as
[ ym di(x); then [om (A)du(x) =1, and since pX=1,
m(A)<1, we have m (A)=1 a.e. in X; then any one of
these m  will do.

We shall now determine all A=/ which are supports
of a given m, by using PGS. First we define a family of
atoms {4}, -y as being measurable in case for each
B/ the function x — m (B) is measurable, where m_
is the unique pure state having A as support.

Proposition 8: The event A is the support of the state
m if there exists a measureable family {A_} of atoms of
atoms in A and a (positive) measure i on X such that:
(i) pE=0 implies A=sup{A_|x £ E}, (i) m =[ym duly).

Proof: Let A=L_ and write m = [, m du(x) with m_c /.

Since mA =1, we have mx(A):l a.e. relative to u, and
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suppressing the exceptional m_will not affect the equa-
tion m = [ ym_dit(x). Thus we assume m A =1 for all x,
and writing A for the support of m , we have A < A.
Now let uE =0 and suppose that A_< B for x¢ E. Then
AANB=zA, for x¢ E hence m_(AAB)=1 for x£E and since
ME =0 we have m(A~B)=1, i.e., AAB>L_=A. There-
fore, B> A and so A=sup{4 | x£E}. For the converse
let A=sup{A_|x¢E} for any E with uE=0, while m
=[ymdulx)A,=L ). Since m A=1a.e., we have
mA=1, or L_<A. But if mB=1, then m _B=1 except
for xc E for some EC X with uE=0. Thus A < B for
¥¢ E, and s0 A < B for any B with mB=1. Thus A<L_,
and L =A.

Of more immediate importance is the following;

Pyoposition 9: Let PGS hold, and let L, be an atom;
then m is pure. Thus Axiom II.9(b) of Pool will hold.

Proof: Again, write m =/ m du(x) and note that
mJ L )=1a.e.;thus 0<L, <L . Butsince L_isan
atom we have L =L,a.e. hOWEVQI, there 1s a pure
state » such that L _L and so L i.e., m =n
a.e. But this nnplxes m-j‘Xndu(\)fnfxdu( ) =n, 1 e.

m is pure,

Corollary (Pool): If PGS holds and / is semimodular,
then any conditioning is pure, hence unique.

Our final use of PGS will be to weaken the hypotheses
on our transition probabilities, provided that the de-
compositions of a state m as [,m duly) are “strongly”
measurable, i.e., not only x—n (A) is measurable for
all A -/, but also X )1(L ) is measurable for each
n< ;). In such a case it sufflces to be given a Mielnik
form {lyon/i.e., one which satisfies

Ho=inin) =1
(i1) Omlny=wlmy=n(L,),
(iii) ¢uln)y =1 iff w2 =n.

[Because then, for arbitrary m,n« M, one writes m
=[ym dilx),n=[n dv(y) and defines (mln) to be

I xxxlmn n >du( dv(v ] Existence is guaranteed by our
assumptlons and it is not hard to see that Axiom 5 is
valid.

APPENDIX

We reproduce here for the reader’s convenience the
axioms employed by Pool,? stated in our notation.

Axioms I.1—1.7 amount to the assumption that / is
an orthomodular set, closed under countable disjoint
suprema, with quite a full set of states closed under
countable mixtures. Two more axioms are assumed:

I.8(a) Given m, the inf{Al mA = 1} =
m(L )=1.

(o) If A#0,

L. exists and

there exists a state s such that A = L.

I.9(a) If A #0, then there exists a pure state m with
mA=1.

(b) The state m is pure iff there exists an event A
such that nA=1 iff n=m.

The definition of a conditioning contains the following:

II.1 For each A the domain is {mimA #0j.
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1.2 f mA=1, then m,, =m.
1.3 m,,(A)=1 for each m in the domain.

II.4 If for all m we have Mg ihgieesihy = M8 Byteren e
then m:Ak:Ak_l:...:Al:m:Bt:B,_l:...:Bl'

I1.5 Given A ,A,, -+, A , there exists an A such that
{m!mA =1} is the complement of the domain of the com-
position of the maps m — My,

II.6 If B< A, then m(B)=m(A) m,,(B).
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II.7 If A,B are compatible, then m,,(B)=m,,(AAB).
1.8 If mA#0, then L, =(L,VA")AA.

1p,C. Deliyannis, J. Math. Phys. 17, 653 (1976),
23,C.T. Pool, Commun. Math, Phys. 9, 118 (1968),
3B, Mielnik, Commun. Math, Phys. 9, 55 (1968).
43, P. Gudder, Pac. J. Math, 19, 81 (1968).
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A unified radon inversion formula?

Stanley R. Deans®

Donner Laboratory, Lawrence Berkeley Laboratory, Berkeley, California 94720

A Radon inversion formula which holds in spaces of even or odd dimension »n is obtained for functions
which admit to a certain general decomposition. The inversion formula which is one member of a
Gegenbauer transform pair is used to generate some interesting definite integrals involving special
functions. Legendre and Tchebycheff transform pairs are discussed as special cases of the general result.

1. INTRODUCTION

The work reported here is part of an ongoing effort!:?
to obtain a better understanding of the integral equations
which emerge in a natural way when studying the Radon
transform on Euclidean space R". The theory of this
transform is the foundation for an enormous number of
diverse applications, These range from macroscopic to
microscopic (astrophysics and molecular biology, for
example) and include medical applications as an inter-
mediate case. In all of these applications the central
aim is to obtain certain information about the internal
structure of an object {or collection of objects) either
by passing some probe (such as x rays) through the
object or by making use of the fact that the object itself
is a self~emitting source, such as an organ in the body
which contains a radioactive isotope or the interior of
the earth when motions occur. Reviews of many of these
applications may be found in the articles by Budinger
and Gullberg,® Gordon and Herman, * and Brooks and
DiChiro.®

The Radon transform is not new, having originated
with a paper by Radon® in 1917, Since that time various
authors have contributed to an understanding of many
technical aspects of the transform., =12 Our current
purpose is to supplement this understanding with empha-
sis focused on the integral equation and special function
aspects. The earlier work along these lines!"? was
primarily devoted to a study of even dimension, There
were two main reasons for this, First, nearly all apli-
cations thus far have been associated with n=2. Second,
the inversion formula for even dimension is somewhat
more challenging, involving a Hilbert transform which
does not appear in the odd n case. By making use of
some recent work by Durand, Fishbane, and Simmons
it was possible to do the Hilbert transform for the even
case and obtain a rather convenient inversion formula
for all even dimensions. ?

13

In Sec. 3 we shall show that the corresponding result
for odd » differs only by an overall multiplicative factor
of —1, And in Sec. 4, we simply write down a unifica~-
tion formula. In retrospect, this unification appears
reasonable and with hindsight it is possible to say, with
some enthusiasm, that the formula (17) which holds
for both even and odd # is just what one would expect
since there ought not to be such fundamental differences

a)This work was done with support from the U. S, Department
of Energy.

®)National Science Foundation, Fellow, University of California,
Berkeley, CA 1977—78. Permanent address: Department of
Physics, University of South Florida, Tampa, Florida 33620.
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between even and odd » as n gets large. In this regard
we observe that it is especially important to have an
expression like (17) when extending the theory to very
large n.

In Sec. 5 we take a close look at the special case
n=3, which leads to a Legendre transform pair. In
Sec. 6 the n =4 special case is discussed, In many re-
spects this is similar to the n=2 case! with Tchebycheff
polynomials of the first kind replaced by Tchebycheff
polynomials of the second kind. Finally, in Sec. 7 we
generalize results which appear in the special cases and
find a rather interesting definite integral formula which
appears to have been overlooked in the major
tabulations.

2. THE RADON TRANSFORM

Let F(x)=F(xy,...,x,) be a function of n real vari-
ables and let x be a vector in R", The Radon transform
of F is given by’

FE, p)=R{F}= [F(x)5(p - £-x) dx, (1)

where £ is a unit vector; p is a real number, £«
=Exyt oo FEx,, dx=dxy--dx,, b is the Dirac & func-
tion, and the integral is over the entire space. For
our purposes here it is assumed that F is a rapidly
decreasing C~ function. 1

Suppose F(x) can be decomposed in the form
F(x)=G,()S,,{3), (2)

where ¥=«/Ix!, r=Ix1, and $,,(®) is a real general-
ized spherical harmonic, (For a full discussion of the

S .., see Hochstadt. ®) Then it follows that f also admits
of a similar decomposition,

FEP) =g (p)S1m(E), 3)

and g; is a rapidly decreasing C* function. If ¢ has
negative argument, the defining equation is taken to be
the symmetry condition

gR(=p) ==z D), @)
where
$P0)= (5wl )
: H d/) S1
The function G, and g, are related by* (p > 0)
@n)r+ 0T 7 2. v (P
gip) = I(I+2v) rrGCy (v)
p
R
x’:l -{)—I dr, (8)
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where v=5(n - 2) and the dimensionality » may be even
or odd. The functions C% which appear in (6) are
Gegenbauer polynomials of the first kind, ¥

3. THE INVERSION FORMULA FOR ODD DIMENSION

The general inversion formula may be written as an
integration over a unit sphere in £ space, !!

Flx)= [ &, £-2)d, M
where f* is (}ound from f by the equation
FHE, E-x) =77(E, p). (8)
For odd = the operator v is defined by
(__1)(71-1)/2 P n-1
f*(E,z‘)=*—§‘(2—mm— <‘£) SE, ) p t. 9)

(For even » the operator ¢ involves a Hilbert transform.
This case is discussed in detail in Ref. 2.)

For the decompositions (2) and (4) it is straightfor-
ward to obtain the equation
1

(_ 1)(n-1)/21‘/]1;

Gilr) =G [ g eNcit - £y a,

-1
(10

by use of the Hecke—Funk theorem. ' In (10), the nor-
malization factor M) is given by

@ryT@+1)0(v)

Mi= T{+2v)

(11)

By use of the symmetry properties of g, and C the
limits of integration may be changed, [} — 2[5, and by
the change of variable ¢ — /7 we have

—(_1)(n-1)/21‘/1|; r (et . (t)
Gz(V)—W , 8 ey "
v-1/2
(1-%)
X -
1 2 t.

But the integral [} can be modified by making use of
Jt=[37 - J7. This yields

(12)

G,(r)

—r (- 1)("'1)/2M‘;
! )™y

o 2 v-1/2
g(n-t) (t)cv (z) 1- ¢ )

, ot P\, e

X dt, (13)

where

v-1/2

ﬁ(_l)(n-l)/ZM ” e v f t2
I‘;“—W 0 P ,“(t)C f (;) (1 -7) dt.
(14)

In the Appendix it is shown that (14) vanishes. Thus,

. (n+1)/2 _1y-t/2 °
6= ) mf g0 (1)
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x (f[ _1>"'”2 dar, (15)

e

or, making use of v=3(n-2) and (11),

r'{l+1)I'(v) ne vt
c =g ) aoci(;)

. v-1/2
3
X (7_ 1) dt,

for odd n.

4. THE UNIFICATION

In Ref. 2 the result for even » differed from (16) by a
negative sign. Hence, it is possible to write a unified
formula, valid for even or odd x#. In terms of v=13(n—2),

w0

g(Zv;I) (t)cvl (i)
7

(16)

(= 1)»* 10 + 1)T'(v)
27T + 20)r

G 1(7) =

v-i/2

x [;t; _ ] it a7

Equations (17) and (6) constitute a Gegenbauer transform
pair,

Ludwig!! also observed a fundamental connection be-
tween Radon and Gegenbauer transforms; however, in
that work the inversion formula was not unified in the
sense that it was necessary to treat the even and odd
dimensional cases separately. Although the purpose
here is to focus attention on results for the Radon
transform, it may be useful to point out that the trans-
form pair (6) and {17) is not the only possible Gegen-
bauer transform pair and general methods (not involving
the Radon transform) exist for deriving such pairs. In
particular, another pair was found by Higgins, % and
Sneddon!? has given a procedure utilizing the Mellin
transform which yields inversion formulas for integral
transform pairs of a general kind., Finally, by the very
nature of the method used here to obtain the pair (6) and
(17) there is a restriction on the degree ! and order v
associated with C%; however, the Gegenbauer functions
can be defined for general degree and order, * and
fractional differentiation and integration'® ™ can be used
to extend the transform to more general values of the
indices, >0 and Re v> — 3.

5. SPECIAL CASEn=3

If n=3 {or v=3}) the Gegenbauer transform pair be-
comes the Legendre transform pair. (Here x is a real
variable and not a vector. )

g,(s)zzfrf:xc,(x)P, (i) dx, (18)

6 =gm | 0%, (£) a (19)

x
Note that if 27xG,(x) is replaced by G(x) and if g,(s) is

replaced by g(s) we obtain the pair
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ols) = f )P, (;) dx, (20)

Glx)= [mg”(t)P, <§> dt. (21)

It is of interest to try a direct verification that (21) does
indeed satisfy (20). When (21) is substituted into (20) we
obtain

[“’ dx P, <§> '/:o dtg" (P, <£> , (22)

and by changing the order of integration (22) becomes
(0<s<t)

[wdtg"(t)/stde, <§> P, (i) . (23)

We designate the integral on the right by K’(¢, s) with
1

V=73,

KY2(t, 8) = [tp, (i) P, (i) dx=t-s. (24)

After substituting (24) into (23) and doing one integration
by parts we have

[ g War=gs) (25)

as required.

6. SPECIAL CASEn=4
In n=4, or equivalently v=1, the Gegenbauer trans-

form pair becomes the Tchebycheff pair

_4m (7, s s?\ 172
ao) =725 [ 6, w0, <}> (1_;[> ax,  (26)

. -1 = ¢ 2 1/2
cr=gaiing [ srov (1) (=) -

If, as in the previous section, we attempt a direct
verification that (27) satisfies (26) we find, after chang-
ing the order of integration, that we must evaluate the
integral

Kit, s) = [txU, <§> v, <£) (1_§;> 1/2

ey z
X -
;7‘ dx. ( 8)
The result is

K}(t,s):%(l+1)2(t—s)2. (29)

After doing two integrations by parts the verification is
immediate.
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7. AN INTEGRAL FORMULA

If a direct verification that (17) satisfies (6) is
attempted, as was done with the n=3 and n=4 special
cases, we are led to the formula (0<s <{)

t ¢ S2 v-1/2
KY — / 2v-1cv §> v & —
I(t: x) A X 1 " Cl x 1 ;2‘

7 [ T{+2v) ]2 (t=-s™ (30)
2T TG+ )TV T@Rrv+1) -

A search through some of the more extensive sources
for integral formulas®®*! seems to indicate that this
result has been overlooked in the tabulations.

Formulas (24), (29), and (30) follow from the re-
quirement that K% yield the kernel for the Weyl fractional
integral?? which converts g%V to g;. Once the general
formula (30) is found by this “working backward” pro-
cedure of insisting that (17) satisfy (6), it is possible
to check various special cases and directly verify the
formula by double mathematical induction.
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APPENDIX

We wish to show that the integral I} defined in (14)
vanishes. Consider the integral

o - Y / lt2 v-1/2
J:-/O- (‘J( 11)(/L)C1 (;) <l—-;z‘> dt. (A1)

Now, for odd #(3,5,7,---), C4(x){1-x¥)""1?is a
polynomial of degree [ +n—3 in x. Let us designate this
polynomial by @,,,3(x); then (A1) becomes

° t
J= fo " NOQ s <;> dt. (A2)
After doing n~ 1 integrations by parts this becomes
® ¢
J=plT fo 2(0Qimh <;> dt. (A3)

Observe that the integrated part always vanishes since
g% vanishes at ©, Q,3(=x)=(=1)" @, 4(x), and the
symmetry condition (4) holds.

Since the polynomial @71} is of degree I — 2 we re-

designate it by @,_, and observe that @,,(-x)
=(-1)'Q,,(x). If g, in (A3) is replaced by (6), the in-
tegral J is proportional to

© ! 0 5 ¢ [2 v-1/2
‘/0- dth-Z <;> [ x”G,(x)C'; <}> ( —7) dx.

If the order of integration is reversed, then

(Ad)
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* . * t\ . [t
Joc[ dxxzvc,(x)/o atQ,, <;> cy <;>

) vel/2
x [1 _;"‘,] ., (A5)

By the symmetry of the integrand the [} integral can be
written as 3 [% and by a change of variable t — tx,

. B

g f dx 271G () f Q. (%t) CH()(1L - Y12,
0 -1

(A6)

Since @;_; is a polynomial of degree I - 2 in { it follows
by the orthogonality property of the Gegenbauer poly-
nomials that J=0. Hence, I} defined in (14) vanishes.
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Electromagnetic and gravitational Hertz potentials
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With generality of complex relativity, the classical theory of the electromagnetic Hertz potentials is
outlined in terms of spinors and forms. Particularly interesting are D(0,1) and D(1,0) null Hertz
potentials. Then, a new spinorial approach to heavens (/4 spaces) is proposed, which reveals in their
structure the presence of the left null gravitational Hertz potential [of the type D(0,2)]. The relevant
hints which follow from our results and concern the structure of the most general solutions of the Einstein
vacuum equations (type G ® G), are discussed, in particular on the level of the linearized theory.

1. PRELIMINARIES AND THE FORMALISM USED

A fairly complete review of various approaches to
electromagnetic Hertz potentials (which also includes
the treatment employing differentials forms) can be
found in the excellent article by Cohen and Kegels?; the
older pertinent references can be also localized there.

Our aim is to propose a new approach to the dynamical
equations of nonlinear general relativity, founded on an
appropriately generalized notion of Hertz potentials.
For this purpose, we will first outline in this section
the spinorial description of the Riemannian geometry
of a complex space—time. Then, the classical theory of
Hertz potentials and the basic results of the theory of
heavens established in Ref. 2 will be examined in the
light of the spinorial formalism. This will lead in the
subsequent sections to some general ideas about the
gravitational Hertz potentials.

Thus, we will work in a complex (Riemannian)
space—time which is a pair: a (complex) analytic
differential manifold M, and the metric

1 < AB
F = - .o
8 2548

(1.1)
vyhe{'ex labelled by the spinorial indices (4=1, 2;
B=1,2), g, A' form the base of the cotangent space.
The spinorial indices are manipulated by Levi-Civita’s
symbols according to the usual conventions, e.g.,
Pu =€, gd® YA =9geB4, The gauge group of the theory
=SL(2,0)*xSL(2,C) in an obvious symbolism. In real
relativity, sk transformations are complex conjugates
of SL, SL = (SL)* and ¢ maintains the hermicity of
gZay—and thus the signature (+++~) of the real metric
over the real manifold M,. In complex relativity, the
two copies of the SL(2,C) group, SL and SL,, remain
independent.

In the space of the multiforms, A :®:=OA’, we have
two basic mappings: the external differential and the
Hodge star

d: AP = AP 2=0,

w1 AP~ AP wk g,

(1.2a)
(1.2b)

3H0n leave of absence from the University of Warsaw, Warsaw,
Poland.
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We will also employ the concept of the codifferential
defined by

5= —i*d*: AP—AP7! §52=0, (1.3)

For our present purposes, it is also convenient to
work with the concept of the Laplace—Beltrami

operator
A=dd +&d: At — AP, (1.4)

called subsequently the “Laplacian,” and the associated

operator
A= d8+06d: AP AP (1.5)

called subsequently the “anti-Laplacian.” We have, of
course,

do=73(A~A), bd=73(A+4) (1.6)
and then

AA-AA=0, (1.7a)

A2 (A8)% + (8d)?=A2, {1.7p)

The name “anti-Laplacian” is perhaps justified by the
fact that:

Ad -dA=0,
A§ -6A=0, (1.8a)
Ax—xA=0,
Ad+da=0,
A5 +0A=0, (1.8b)
Ax +xA=0,

The formalism which we use employs, with respect to
A?_valued spinors, the covariant differential D:
AP = n**t defined according to

5 ves 5 Seee
DTAf =aTAY . + TAA TR + TR TGS

ST ATgh =TSy ATk +- o, (1.9)
where T'y ,=T,5, and T;5="Ti5) are respecti\.rely the
left and right connection 1-forms. The connection forms
we understand as determined by the g,3 via the first
structure equations:
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Dgﬁéedgﬁh+rAS/\gSE*+I‘5§AgA5:0. (1.10)

Now the covariant derivatives of the connections,

which are G -tensors, determine at the same time the
left and right curvature forms:

{1.11a)
(1.11b)

DTA =dT4, +TA AT S = R4,

DT44=dT4; + T4 AT S; = R4,

The Bianchi identities, which are integrability condi-
tions for (1.11), are then

DRAB:OZDRA'.E’ (1'12)
Observe that the general formulas
Bees SBeos - :gn--
DDT:'D..., :RASA Tep... +RBS/\ Té‘bn,.
~RS A Tgpi ~RS5n Tasii4 -+, (1.13)

take in the present formalism the role of the Ricci
formulas, and permit us to investigate conveniently
the integrability conditions of any equations formulated
by the use of the D operation.

The relation:

gAé A gCIS — (ACGBD | GACBD (1.14)
defines us the objects,

Sap=*Sip =Sus 0% (1.15a)

Sis=-*Sis=Sus €A%, (1.15b)

which form a complete base of A%2. Knowing this, and
using as a consequence of (1.10) DD g,; =0 (i.e.,
R4, ng58 +RE; A g*5=0), one easily shows that the
curvature forms can be always represented as:
R,y =—3C,p5cpS? + (R/24)S,5 + :C,5555¢2, (1.16a)
Rj5==3C3855%7 + (R/24)S;5 + 5Ccp5S°P, (1.16b)
where the D(2,0) and D(0,2) objects, C,pcp=Capcp,
and C;pip=Cpép,, are the spinorial images of the
self-dual and anti-self-dual parts of the conformal
curvature tensor (C,g,;% * Cop,6); R is the scalar curva-
ture; and C,5é5=Cp,¢5, is 2 D(1,1) object which
corresponds to the traceless part of the Ricci tensor.

Our formalism employs the concept of the spinorial
gradient, 3,5, and of the covariant spinorial gradient
V45 - Of course, 3,4 can be thought of as the base of
the tangent space, and for every T,;, .. cA° we have

ATy, =—38%3,5Tkz... - 1.17)

The covariant gradient is then defined by a parallel
formula:

. 1 ABg s -
DTKL--oZ‘EgABVABTKL... .

Using the operator v,;, one easily shows that the
Bianchi identities amount to

(1.18)

V25 Csanc TV Cacyps =0, (1.19a)
V55Csis8 + V¥ iCipsiss, =0, (1.19b)
VRSCARB.S- +%VAB.R:07 (1.19¢)

The formalism succinctly outlined here, for the sake
of completeness, is described more fully in Ref. 3:
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Further developments and applications of the formalism
are discussed in the first section of Ref. 2 and the
subsequent papers about heavens, Refs. 4, 5 and parti-
culary 6.

We close this section by establishing our convection
for the inner product of forms:

a lBi=x(ar*p) (1.20)

which holds with the star so normalized that xx =
identity.

2. THE MAXWELL EQUATIONS AND THE
ELECTROMAGNETIC HERTZ POTENTIALS

In a real V,, the 2-form of the electromagnetic field
f=3%1,,dX* A dX” (in terms of the local components)
has to fulfill the Maxwell (vacuum) equations

df=0=25f 2.1)

and is supposed to be real. It can be always decomposed
into the pure self-dual and auti-self-dual parts:

WEf+*f=1 2f, ,SAB
w=f-xf=: 21554,
where f,; and f;4, the spinorial images of the electro-
magnetic field, can be thought of as objects of helicity

+ 7% and -7 respectively. The objects w and o then
satisfy

2.2)

dw=0, dw=0, (2.3a)

(2.3b)

* W=,
*w=-w, do=0, 6w=0,

Ina real V,, w is complex conjugate of w. In a
complex V,, w and w became independent objects and
(2.3a) and (2.3b) are respectively the left (‘heavenly”)
and the right (“hellish”) Maxwell equations. Notice that
with w and @ being of definite helicity, it is enough to
assume that either the differential or codifferential of
w and @ vanish; the others then vanish automatically.
Notice also that, as a consequence of (2.3), we have

(2.4a)
(2.4Db)

Aw=0, aw=0,
AP =0, Aw=0.

We can now state the basic idea of the Hertz potentials
as follows: Let I, I1€ A® be forms which have a definite
helicity and are solutions of the harmonic equation:

=0 Al=0, (2.5a)
(2.5D)

Then, having such forms, we can construct solutions
of the left and right Maxwell equations by writing

fl=_I, all=0.

wi=+6dll = — doT] = Lall, (2.6a)

(2. 6b)

Indeed, the differentials and codifferentials of both ¢
and @ then vanish as the consequence of ¢ =0=0562 and
we have *w =w and *®@ = —w, as the consequence of
*A -+A*=0 and the assumed helicities for II and II.

One can easily show that every left and right electro-
magnetic field can be always represented through the
corresponding Hertz potentials and, moreover, that
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there remains a great deal of ambiguity with which
these potentials are defined when w and & are given,
One easily shows that the formulas (2.5) and (2. 6) stay
unchanged with respect to such a gauge of II’s that

[I—-1+v, Av=0=ayp, (2.7a)

M—~T+7, AT=0=ab7, (2.7b)
i.e., the gauge forms v, V< A? being the solutions of

the inhomogenous left and right Maxwell equations,

spy=v, dv=ixby, Ov=dy, (2.8a)

* o —v, dv=-—x0jL, dU=d[, (2. 8b)
where 4, i< A° are arbitrary harmonic functions:

p=0=A4ap[, 2.9)

It is of interest to describe all this in terms of A°-
valued spinorial images and the spinorial covariant
gradient, The left and right Maxwell equations, (2.3)
can be seen to be equivalent to

VSéfSA — O, (2 . 103)
vASfe =0, (2.10b)

Now, with the [1’s of pure parities represented
according to

(2.11a)
(2.11b)

=2I,,54%
ﬁ:ZHaéS“B

we can compute —by applying the spinorial Ricci
formulas given in Ref, 6 as (2, 7a)—(2. Tb)—the
Laplacians and anti-Laplacians of [I’s. The result is

All = = 284 B{(C1+ R/3)1 , 5 + C, 5op1°P}, (2.12a)

All = = 254B{(0+ R/3)1; 5 + C; 35,160}, (2.12b)
and

Al = 2VR, VS, [T - S4B (2.13a)

all=2v, 89 8115 ; . 548, (2.13b)
where we introduced the abbreviation

Q= 4,597 n°—A°, (2.14)

Consequently, Egs. (2.10) are satisfied by
fAB_ZV(A B) Hns, (2.15a)
fas= VG Voplgs (2.15b)

provided that the D(0,1) and D(1,0) Hertz potentials
fulfill correspondingly

([]+R/3)I1AB+CABCD P=0, (2.16a)
(54 K/3) gg+ C 3o NP = 0. (2.16b)
Now, if the gauge forms v, v from (2.7) are
represented according to
v=2v,,848 (2.17a)
7= 20 ;54 (2.17p)

then Egs. (2.8) and (2.9) can be stated in the equivalent
scalar form as

Vv, o= — 5V 45k, Ou=0, (2.18a)

2352 J. Math. Phys., Vol. 19, No. 11, November 1978

VAsVééz—%vAéE! D[L_:O. (2.18b)
By using the freedom of v-gauges, one can bring the

Hertz potentials to various plausible or useful forms.

For the reduction of the last to the Debye potentials,

see Ref. 1; for some applications of the Debye potentials

in the theory of Einstein-Maxwell equations see Ref. 7.

In heavens (in particular, in flat space—time) there
exists a “homogeneous spinor” K # 0, such that

DK , =0. (2.19)

[Indeed, according to (1.13), the integrability condition
of (2.19) is 0= - K R";; but precisely in (strong)
heavens Cj ;&5 —cucu =R=0—R,,=0]. Using then the
freedom of ¥ gauge one can bring the left [i.e.,

D(0,1) Hertz potential] to the particularly simple and
plausible form of

I;;=HK K, (2.20)
characterized by the algebraic condition
mir=0. (2.21)

Equation (2.16b) reduces then to the simple scalar
equation:

OH=0, (2.22)

For flat space—time, this specialization of the Hertz
potential was obtained many years ago by Penrose. 8
For the sake of completeness, we shall derive it again
in the present notation. In flat space—time, there exists
a frame such that

gA gAB dXAB

with XAZ ¢ p° being (Cartesian) coordinates. We describe
this as a “special frame” of “s.f.” The flat tetrad

°g.y induces, of course connections °T';; and °T',; such
that

°D°r

(2.23)

=0="D°T,;

AB—

(2.24)

o — ©°
and in our special frame l"AB = Os:.
we have

T Consequently,
e 2O s — %8 .. xA B
VAB VAB ot aAB i, -20/2

in the obvious notation, so that the left Maxwell equa-
tions amount to the s1mp1e

(8/0X4B) A, =0

(2.25)

(2.286)

in our s.f. Let now Z, be any two (out of the four) inde-
pendent variables. We have then a simple lemma: The
condition 9¢4/3 24 =0 implies (and is implied by) the
existence of such a_y that ¢, =3y/3Z4. Therefore,
equations 3f%,/8X4%=0 imply f, =3¢,/ 0X4?, but because
fup 18 symmetric, 094/3X4*=0, and by again applying
the lemma we infer the existence of such a scalar H
that
Fan =, 200/ 3X40) (0 /axFhA, (2.27)
s.f.
Substituting in the remaining equations (3/3X4")f4. =0,
we obtain
(3/0XA%)(°0OH) =0

— 30V, 5ovAB = o (8/9X ,3)(0/ 3 XAB),
°DH a(XAi) where the function of the

(2.28)

where °U:=
Consequently,
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two variables « is arbitrary. However, regauging H
according to H—H + 5, (XB1)X4* we leave (2.27)
unchanged, while the arbitrary p,(X®') can always be so
choosen that the regauged H fulfills already the homo-
genous equation:

°LH=0. (2.29)

It is now clear that by introducing a constant spinor

K; ;0(1,0%1@:(0,1), "DK; = 0 (2.30)
we can rewrite (2.27) in an arbitrary g-frame precisely
in the form (2. 20).

Therefore, extending the argument given above on the
right side and summing up, we can state the following:
In flat (possibly complex) space—~time, the Hertz
potentials for the mos! general (vacuum) electromagnetic
field can be always so gauged that

j5=HK;K, °DK;=0, *LH=0, (2.31a)

(2.31Db)

with the homogeneous spinors K;# 0+ K, being otherwise
arbitrary. The spinorial images of the electromagnetic
field are then given by (2,15) [with V,z replaced by
commuting °V, ¢], and, the final general solution of the
Maxwell equations amounts to

N, ,=8K,K,,

°DK, =0, °2H=0,

w=—dR, R:=gABV, (0;6), (2.32a)

(2.32b)

In the real case w=(w)*, and N =(4, +/Iu)dX“, where
the real A, are electric potentials (f,,=4, -4, )
and the pux:_e__imaginary ‘,4u are magnetic potentials
[fuv = (1/2 v-g )Elnvpc ;oa =A

Therefore, the integral varieties of the left and right
Maxwell equations in the flat space are entirely deter-
mined by the integral varieties of the simple equations
°DK;=0="°_H and °DK, =0="°JH correspondingly.

w=—dN, R:1=g4PV :(1,°),

st _Av,u]-

A similar calculation for //-space leads to a special
case of the electromagnetic Hertz potential given in
Ref. 9.

3. ACOVARIANT SPINORIZATION OF HEAVENS
AND THE LEFT GRAVITATIONAL HERTZ
POTENTIAL

If one intends to extend the idea of the Hertz potentials
to the nonlinear dynamics of the Einsteinian gravity,
it is natural to begin by examining the simple case of
heavens (//-spaces). These space—times (complex)
which fulfill Einstein vacuum equations and have
vanishing anti-self-dual part of the conformal curvature
(i.e., they are “half-flat”, R;;=0), were first
encountered by Newman?® in his study of the complex-
ified asymptotics of gravitational radiation, and give
rise to Penrose’s concept of the nonlinear graviton, !
The //-spaces were parallelly studied in Refs. 2, 4, and
5, where the simple results of Ref. 2 (which provides
an explicit construction of //-spaces) were further
developed. The results of our group were, however,
described in a formalism which suffers some technical
disadvantage: by freezing the hellish si. gauge and by
working in such ¢ -frame where T' ;5 =0, one loses
insight into some structural properties which are
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residual (in #/-spaces) of the general structure of the
G®G solutions. In this section we will be able to pro-
pose a new spinorial description of heavens with an
unfrozen hellish gauge, where the standard results
concerning heavens will became more revealing,
particularly from the point of view of the nature and the
structure of the gravitational Hertz potentials.

We begin by summarizing the basic results of Ref. 2.
Thus, every (strong) heaven with C;z55=C, 8 =0=k
can be described as follows: There exist a coordinate
chart {X“}: fu, v, x, v} and the key function © =©(, v,
%, ¥) such that in a special § -frame the cotangent tetrad
is given by

wi=vz (5 7,)

et, —e

_ <_ dv, dx - ©, du+ ex,dv>_ (3.1)

du, dy +9_du -0 dv

sef.

This formula is accompanied by the expression for the
tangent tetrad:

%45 %
(aAé) ==v2
a’ - aa
/- (e, - 0,2, + enay], 2,
=.-v2 (3.2)
9,+90,,0,-0,9, 9,
The spinorial connection forms are then
O, du-6_dv, O du-0_dv
(Cas st
idem , ©,,,du -0 _.dv
Tisz.0, (3.3)

if it is assumed that the key function fulfills the second
heavenly equation?:
0,0, -(0,)+6,+06 =0

xx vy

(3.4)

The only nontrivial curvature objects which accompany
this “heavenly tetrad” are the components of C, .,
given by

Ciin 3 Cererr Cuie .9

111 xxxy?

C = 0O C =

o
1122 g Maxyy? V1222 75 Mayyy?

(3.5)

c =0, ...
2222’.“ yyyYy

In order to provide a fully covariant description of
these results, introduce in the § -frame used above a
homogeneous hellish spinor:

K; =1, 0)—~K4=(0,1), DK; = 0 (3.6)

s?f.
[see comment after (2.19)]. Then, in the same frame of
the spinorial gauge, we can introduce the spinovrial
coordinates labelled by the two indices:

. ] —-dv dx
(g*8) = (@x*)=: 32 (3.7)

du dy
We can now introduce—all the time in the same ¢ -

frame—a new D(0, 2) object:
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I, : 20K ;K ;K 3K (3.8)

ABCD . 1

which, with © treated as a scalar,
G -frame.

is then defined in any

1t is then a simple algebraic exercise to show that
(3.1) and (3.2) can be equivalently rewritten in the form
of

48 = dXAB_dx°5(a/0x,F)(a/aXo)WERSy)  (3.9)
and
- 30,5 = (3/0XAB) + (3/0X4%)(3/0X, ) AP ;)
2/0x%0, (3.10)

At the same time, the formulas for the connections and
the curvature assume the form:

T 5 = dX°5(a/aX48)(a/0x28)(a/axeT) (WA ;)

i5=9, (3.11)
and

lcucu = (a/aXAR)(a/aXBS)(a/aXCT)(a/aXDU)nRSTU
(3.12)

The second heavenly equation can be then expressed
in the terms of the object (3. 8):

4(0,,+6,,+6, 0, -0 0 )K:K:K:Ks

xx vy Xy T xy
= = 200%/0X, raX DN 5 5 + 2(0°M 55 g /3R X
X (M g0 8/ 0X g0 X, g) =0. (3.13)
The question arises whether formulas (3.9)—(3.13)

can be written in a covariant form with respect to the
complete gauge group, g =SL XSL. An obvious manner
of giving the positive answer to this question consists
in using the both-sidedly flat tetrad from (3.7), defined
through its values in our special frame. This tetrad
[compare (2.23), (2.24), and (2.25)] induces the co-
variant differential, and through it the covariant
gradient, °oDTABee 3 gRS°V T"B -+, for T4Beer ¢ p°,
Because in our s.f both S S and I‘AB vanish, it is
clear that

OVAé :::’BAB :! —28/8XAB,

(3.14)
S.i.

It follows that we can now write our formulas which
describe //-space in an arbitrary G -frame in the simple
form of

gAézogAé+L0gcﬁovA °V ,(Hé)%s".)’ (3.15)
8,57 0,5 — 3V, 5oV (RSB )08 s, (3.16)
Tup="Tap~% gCDDVAﬁ cf(HRSfﬁ), 8.17)
HIT z5="T ;2 (3.18)
Capco=5"Vaz Vs Vc‘rovnf}(nééreﬁh (3.19)
Cizcs=0, (3.20)
*Ull;5¢p +3°V PDVL HPQ(ABOVKROVL SHr"-ﬁ)R"s’zoy

(3.21)

where, of course, we denoted °C=— 3"V ¢ °ovRS$
=, -2 a/aXRS)(a/aXR 5), (At this point, we can mention

in'passing that if one defines the covariant codifferential
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D=~ ixDx, then the “covariant” Laplacian DD + DD:
A* — A* coincides in A° with operation =; of course
working with °D we obtain then °G,)

We can add that by using the results of Ref. 2 con-
cerning the § objects in our s.f., and then by generaliz-
ing them to an arbitrary § -frame, we can accompany
formulas (2.15)—(3.21) by

S.AB — osAB _ ios}%S° GVATBOVB[}(H}é §I°' {1),
SA.nl; — osjié_*_ %OD(DgRD“OVRéHAQB“éDo)

co | 2o o o
= 9SAB_ EOSCDOGHAB&;

(3.22)

+ %°SCD°VC’$'°VDSDH'&§§S'
(3.23)

To close the covariant description of heavens given by
these formulas, we must, of course, list the information
that

“Doghb 0, DT, =0="DT 4, (3.24)
and

H (Nl o3 =20K; 55 3—is of the type N, (3.25)
with

D=0 7, s <o {[LIE IO

We will now demonstrate a theorem: formulas )—

(3.15)—(3.26), which describe covariantly (with respect

to §) the #/-spaces, remain valid if in all terms which
contain the object 1l ;45 (or the single spinor K;) we
replace the objects and operations referring to the flat
tetrad by these referring to the complete tetrad of

# -spaces according to the following scheme:

ogAB — g4B (3.27a)
S5 " Sap (3.27h)
°S:s S5, (3.27¢c)
0,48~ 0aps (3.274)
Vs Vag, (3.27e)
°D—~D, (3.271)
*0— . (3.27g)

We will prove this theorem in several steps. First we
notice that because T ;;="T ; s, manifestly

°DK;=0—DK; =09 ,:Ks=0. (3.28)

Then, remembering that (3.15) and (3. 16) can be inter-
preted in the sense that

g‘“g = "g““§ + (something) -Ké,

2,5="9,5+ (something) - K 3 (3.29)
we easily infer that
g4 B(diff. op Ml 352 = °g* 2 (diff. op)ll 3552, (3. 30)

(diff. op)1 BEBE S ; = (diff. op)TIECBE] , 4

where (diff. op) can be any differential operator
constructed from the covariant gradients °V, z and V, 3
with respect to which K; is constant.

In particular, applying the mechanism discussed, we
have
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T, = 890 (/2% (2/2x38)a/ax° st (3.31)
Applying then the rule
—ig,54g%0, —06,650 (3.32)

[where, of course, g,5=" g45,4dX"* and local-coordinate
indices are manipulated by the Riemannian metric gu,,],
we easily infer that

— AT 5.8 s = (2/3XAR)(2/2XP8)(3/3XCT) W3 T5)

= (something) ' K5. (3.33)
We can now prove a lemma that
o ree Y P
VAlaluovA,,B,,HBx ByCreedyny
:OVA1)§1...DVAkﬁkHél‘"Bkél'"c.q-ky (3 34)
for k=1, 2, 3, 4. We prove this by induction with
respect to k.
For k=1, because of (3.29) we have
VA;BH"Séxézés f"e"aAéH"gélézcnS :ffVAl;Héélézés . (3.35)

We assume now (3.34) for some k> 1, Then

. ) ByereB, (CyeeeCa.
AB.-.VA 5 %1 re1v1 3=k

171 215 Rt
[ v A v) . o . Bl"'BkHcl"'CS-k
A1By "ApBgpeer  Aps1Bapn
PN .
_ OV Bl Bk+IC1----Cs-k)
st aA 8 v Boe Ak+1Bk+1n

- rizug#ALBvl . oVSéz---ovAkﬂB‘kﬂnBl.“BkHCI“.CS-* cee,
(3.36)
where (- -) denotes the terms with I'} w8 a5y which
correspondingly take care of all undotted mdlces
Because, however, of (3.33), all these terms contain
the contraction K I1%1°°° and hence all vanish. Using

thus in the term w1th 34,5, the second of the properties

(3.29), we can replace it b by °3 °v We have
A1y, VA
therefore
. . BieseBpeiCreesCam
VAlﬂl"-VAqukuH 1 r+1C1 3=k
ey . o . 1 BreeBpeslyeeeGanye
=, VA151--- VAkﬂBkﬂ 1 +C) 3-p (3.37)

Being valid in an s.f. | this covariant equation is valid
in any frame. This concludes the inductive proof of
(3.34).

We still must demonstrate—as the last lemma
necessary for our purposes —that

Ll ;g8 ="Ul;3a5. (3.38)
We again prove it in our s.f. First, we have
Ollises == VeV 505 =~ 3VRg0"M 1505
= - 29p¢9" "z 565 — %T"xug“xsta”ﬂxééﬁ, (3.39)
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where for 3¢ we can use (3.10), and in the last term we
can apply (3.33). In doing so, it is relevant to remember
a formal property of the tangent spinors
(3/0XR$)RT — _3/0X, S (3.40)
which was first clearly encountered and discussed in
Ref. 4 [this property is important also when rewriting
(3.9) and (3. 10) in the covariant form of (3.15) and
(3.16); (3.40) explains the necessity of an additional
change of sign in these formulas]. We obtain, therefore,

Ol g5¢5 = —2{3/8XR8+ (3/0XRP)(3/0X,4)(PAT )3 /aXX U}

o
o
a

x{8/0X g - (3/3Xg1)(3/ X, ¥)((HF03)5 /0 xE 7}
XTL; g+ 2(8/8X,,P)(2/2x%9) 3/ X2 M) (1P F )
x{2/0X e - (3/0X, ™) (a/2X, )WV §)3 /2 XLV}

Xﬂjgéﬁ. (3.41)

Executing here the differentiations, cancelling and
dropping all terms which contain the contractions like
K:KS, we easily find that
Ol et = -28/8
s.t

28 (0/3XR 505

— _ Lo OYRS] 50000
‘“zv v HABCD" :]HABCD'

(3.42)
Valid in an s.f., this covariant equation must also hold
in any G -frame, and thus (3.88) is proven. [Notice

that already in Ref. 2 treating © as a scalar it was
established that 0@ =°CO which, with a constant K,

is essentially equivalent to (3. 38); the present proof

is given in order to assure the completness of this
paper. ]

We shall see that the sejquence of the lemmas
demonstrated above proves our theorem; indeed, that we
can replace °g,5 and °d,5 by g, and 2, 5 in the right-
hand members of (3.15), (3.16), and (3.17) follows from
(3.30). That we can replace °V, 3 by V, » in all formulas
beginning from (3.15) to (3.23) follows from the lemma
(3.34); then, (3.38) guarantees that we can replace
°O by O when acting on Il ;21 5. As far as the operation
°D is concerned, we have already (3.28); °D in (3.23)
amounts to the operation on the object with pure dotted
indices so that with I';5="T;; it can be again replaced
here by D, Eventually, the fact that we can replace in
the terms with [1 ;55 the S’s by °S’s in (3.22) and (3. 23)
is the consequence of the fact S;5="5;5 + (something)
K;K; and that °D(°g®;°V HABCD D(gRDVRCHABCD)
according to our lemmas,

The replacements of objects and operators referring
to °g, 5 by those referring to g,5 according to the
scheme (3,27) in the formulas (3.15)—(3.16)—of course
only in the terms involving Il ; ;25 or K;—is therefore
leading to valid formulas either if we execute these
replacements only partially, i.e., in some of these
formulas, or completely, eliminating the objects and
operations referring to °¢, 5 in all possible places. In
the latter case, we obtain therefore a set of formulae

?
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describing //-spaces in the form of

(ogAfi: gcnvA H R )’ (3.43)
5= a5+ 4V, 5V (nRSD )25 (3.44)
T, 5=T,, + 440V, 5V, oV 2 (RST ) (3.45)

Tis=T;z, (3.46)

Cupcp = éVARVBSVCTVDU(HRSTU) (3.47)
Cises=0, (3.48)
H DHAZ;C"D- V V HPQ(AB vEEYL S“c’ﬁ)R“s', (3.49)
°y :SAB-F;‘RSVA%V U(HRSUf)/ (350)
obAB SAB %D(gRDVRC,,“ABCD)
:SAB + é’LﬂA’é o -SC.IB —- %SCDVC}sng(HXéRDSO)!@‘ 5])
°D°gAE =0, °D°T,,=0=°DT,}, (3.52)
I;pes=20K ;K KsKs—1is of the type N, (3.53)
. defining a homogenous
DK:=0~—V, 22—
(;=0~—V, :Ks= {spinor‘ (3.54)
It should be noted that in // spaces with R; 3 =0,
according to (2.7) from Ref. 6, we have
N L BioasBa. JBre
V(c\vnwd‘fx:mﬁi:"‘llﬁc cD(a Z*Ag Ai:)w: (3.55a)
V””%”’dfiiliﬁj: =0, (3.55b)

and consequently the covariant gradients do commute

on the objects of the type D(0,¢): in particular they
commute on II; g5 » which assures the correct symmetries
in (3.43)—(3.54).

Our last set of formulas can be now interpreted as
follows: In //-spaces there exists the left gravitational
Hertz potential Il ; ;35 —of the type D(0,2)—which fulfills
the wavelike equation (3.49); this equation can be seen to
be the necessary (and sufficient) condition for °S;
defined as the right-hand member of (3.51) to fulfill the
crucial algebraic condition of jf structures discussed
in Ref. 23:

osxbf/\oScn p 6 5 bys 50¢ 0. (3.56)

0 c

In the terms of the graviational Hertz potential, the
graviational field (of helicity +2/) C,, ., is given by
(3.47) and fulfills the wave equation V¥;C; . =0
[compare (1.19a)]. Moreover, the new tetrad constructed
from the tetrad of the //-space and the potential, either
in the cotangent form (3.43) or the tangent form (3. 44),
is flat, i.e., induces the both-sidedly flat connections
DT, p= 0¥°D° . The potential which assures all
these things is selected to be of the type N, with the
quadruple Penrose spinor being proportional to the
homogeneous spinor.

We should like to emphasize the striking analogy of
this result with the description of the general left and
right electromagnetic fields in flat space—time in the
terms of the Hertz potentials in the null gauge, formulas
(2.31) and (2.32). We also notice the analogy of our
result concerning the theorem about the possibility of
equivalently replacing objects and operators referred to
°g.5 and g,5, with similar mechanisms which one

encounters in the theory of the Kerr—Schild metrics'®*?
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and, more generally, of the double K—S metrics (see
Ref. 14 and then Ref. 15 for the general theory of the
last metrics).

Suppose, for example, that

g="g KK AOAL,

where % is flat and K< A! is null (i.e., KK =0) and
geodesic with respect to °¢ or g. It is then null and geo-
desic with respect to the both, and its optical scalars
are the same for both metrics. The key to these
properties (and to the similar properties of the con-
gruences of null strings for the double K—S metrics) is,
of course, the mullily of the structure which modifies the
basic metric. In//-spaces too, the nullity of I z85, and
the proportionality of the quadruple Penrose spinor to a
homogeneous spinor, are the properties underlying our
theorem.

4. COMPLEX GRAVITY IN LINEAR APPROXIMATION

The dynamical equations of general relativity have
been studied in the linear approximation from many
points of view. Our results on //-spaces suggest yet
another approach, /-/—space with the tetrad oriented as
in the previous section, provides the most general right-
flat solution of Einstein’s equations. Changing the
orientation (by making a tetrad transformation of deter-
minant minus one), we obtain the most general left-flat
solution. From these solutions of the rigorous equations,
we derive solutions to the equations of the linear
approximation. For these equations, however, we can
superimpose solutions, By this means, we recover the
general solution of the linear approximation which
Penrose® obtained from completely different
considerations.

Following the program outlined above, we first con-
struct the most general “left-flat’” solution. The null
tetrad transformation e' —e?, e*—e", ’, et—=et
corresponds to the replacement of the dotted indices by
undotted and vice-versa, i.e., we obtain the hellish
tetrad from the formulas (3.15)—(3.26) formally by
“conjugating” and treating the objects g42, g% °V .
(and °2) as if they were “Hermitian”, This leads to the
following list of formulas:

()3 -

‘SPAB':og.A1§+ %ogDCnov é‘o\-; Q(HARS ), 4.1)
2057 g =1 VeV C(HR )¢, (4.2)
Tap="Tus (4.3)
Tig="Tj5- 578V "V g5 Vg (URST ), (4.4)
Cupep=0 (4.5)
Cipcs=5"Vei'Vs 5 Vrs Vs (FSTY), (4.6)
"M js5 == 3" 2V pqeas "IVl g, (4.7)
4 SAB __°GAB 4 %OD(ogD}SOVcéHABCD) .8)

= °SAB _ 1ogCDO[y[[AB 4 %osés'ovcéovpso @A?,)),
S,iﬁ:osjﬁ_%osRSOV Aogy é(HR JY), (4.9)
°D°g,5=0, °DT,,=0="DT;}, (4.10)
I, ,0p= 260K K K K, is of the type N (4.11)
DK, =0 ~—°V, ;K =0 (si:iilr;i:g a homogenous(4. .
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It is self-evident that our theorem concerning the
possibility of replacing objects and operators according
to the scheme (3.27) in all terms containing IT, 5.,

(or K A) applies also the present collection of the
formulae. Clearly, I, ., plays the role of the right
(null) gravitational Hertz potential for the space H.

In the next step, we consider, in both sets of the
formulas (3.15)—(3.26) [ /] and (4.1)~—(4.12) [ /], the
corresponding Hertz potentials as the quantities of the
first order, M gss = 8l 385, Hypep = 011, pop (iue.,
050, ©~060), where “5” denotes the order in the
parameter of smallness. Then, neglecting the terms
of higher order and superposing linearly both structures,
we obtain for the solutions of Einstein equations which
are both-sidely general, but only infinitesimally deviate
from the flatness (6G®6G solutions) the following collec-
tion of formulas:

ghB =oghB 1 LogChovA oy  (BIIERS )

+ LoghCoy Boy . (5[IARS ), (4.13)
Ba5="0u~ £'Vag VS (ONRP )0 5

— 309, 5°V S (LIRS, )8, s, (4.14)
Ty p="T,p~- 3° ﬁovué'ovss'cvcr'(anés.fﬁ)’ (4.15)
Tis="Ti5- %OgDC.DVRAOV s8”Vrg(OIIFST ), (4.16)
Capop =8V ,2°V 56V sV, (GIIRST)  (4,17)
Cises=5"Vei’Vss Ve Vus OIFTY),  (4.18)
°O6M 4255 =0, (4.19)
°C8Il, g p =0, (4.20)

§4B _ogAB _ logR s'oVAT,oVBﬁ(énés.T"f/)
+ %OD(OgDRBoVCéGHABCD)
5GR6G: =°S4B _ L°GCDOLBI4B, + %°S’5§{°VC}5°VDS~
XOIAZ, — 2°VA;°VE el g o (4.21)
SAB _ogdB _ %OSRSOVTKOVUB'(GHRSTU)
. %°D(°gR,5°VR56H*{ééﬁ)

_oGAB _ logCD AB,. 4 logRS Cog D
=°8 B_sos ODéH cD+8°S {OVR ovs

X I1AB 35 — 29V Aoy Bo[, TU}, (4.22)
"D°g,5=0, °D°T;3=0="DT,,, (4.23)
OMlsrse—925QK s KKK,z (4.24)

ABCD T ETTRATETCTD  gre both of the type N,
0N gep = 200K, KK K, (4.25)
°DK ;=0+~°V, :Ks=0 defining two (4.26)
o o homogeneous

=0 ~—°V, =
'K, =0 45Kc=0 spinors. 4.27)

Of course, from the point of view of the nonlinear
theory, all formulas from this collection hold with an
accuracy of the first order in 6. From the point of view
of the equations of linearized (complex) gravity, these
formulas provide the rigorous and most general solution
which is determined by the integral variety of the simple
equations:

°060=0, °DK;=0, (4.28a)

°060=0, °DK;=0, (4.28b)
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the same equations which determine the integral variety
of the Maxwell equations. This is the general solution of
Penrose.?

The analogy between our 6G®06G formulas and the
description of the electromagnetic field (in vacuum) by
the D(0, 1) and D(1,0) null Hertz potentials is striking,
Clearly, 6lIl; 35 and 611, ., play the role of the D(0,2)
and D(2,0) Hertz potentials for the equations of the
linear approximation, the potentials which admit the null
gauge, with the quadruple Penrose spinors proportional
to homogeneous spinors.

1t should be observed that if we assume (i) that °g, 3
is Hermitian and (ii) that (611, 5o p)* =013 525, then
ga5 from (4.13) is Hermitian; and the {approximate)
Einsteinian metric induced by 6G®5G is real. We notice
also the interesting fact that all our 6G®46G formulas
permit us again to replace in them objects and operators
according to the scheme (3.27) in all terms which
involve 8Il1; 545, O, zcp @nd K;, K,. This time this
holds trivially because all 6G®6G formulae are valid
with precision up to O(&?).

5. FINAL REMARKS

The fundamental question arises concerning how our
0G®8G structure generalizes within the complete
nonlinear theory. For the (complex) space—times which
are one-sidedly flat, i.e., heavens [-]®G and G®[-]
we know the answer: One of (infinitesimal) Hertz
potentials of the linear approximation goes to the zero
limit, while the second potential becomes finite and
fulfills a simple nonlinear equation with quadratic non-
linearity, maintaining from the linear approximation two
crucial properties (i) its type N, (ii) the proportionality
of the quadruple Penrose spinor to an homogeneous
spinor.

In the general case of the solutions of the Einstein
equations of the type G&G, the present results seem to
suggest strongly that it should be possible to describe
entirely these solutions in the terms of some two Hertz
potentials of the types D(0,2) and D(2,0) respectively.
How this should be done can perhaps become more
transparent when the basic results of this paper concern-
ing the “spinorization” and “covariantization’ of the
#-spaces, will be extended to the theory of /4 -spaces.

The last spaces, being the solutions of Einstein
(empty space) equations of the type Deg. ®Gen., are
entirely described in the terms of one function of four
variables and some (gauge dependent) functions of the
two variables. (See Refs. 9 and 16 for succinct
resumées, and 17 for the complete proofs; Ref. 18
contains a spinorial description of D®G spaces but with
the SL: gauge completely “frozen” from the D side and
partially restricted from the G side; Refs. 19 and 20
contain the generalization of the theory of 44 spaces
on the case of Einstein—Maxwell equations and then
subsequent spinorial description of the results obtained;
Ref. 21 contains comparision of the results of the
theory of the type D solutions as stated in Ref. 22 with
the theory of #// spaces). The ## equation—very
similar to the second heavenly equation (3.4)—is the
only condition on the function of four variables which
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determines these spaces. Some work in the direction of
the “covariantization” of the description of #// spaces
and the identification in these spaces of the correspond-
ing Hertz potentials is now in progress (jointly with

Dr. A. Garcia).

We also believe that some relevant hints concerning
the structure of the G®G solutions described by Hertz
potentials can be obtained by using 6G®06G structure as
the first order approximation in a covariant approxima-
tion procedure which would permit us to determine all
pertinent quantities with the precision up to one order
higher [up to 0(6%)]. Some work in this direction (jointly
with Dr. S, Hacyan) is now in progress,

It can be also noticed, that the structure equations
with the built-in Einstein equations C, s5=0,
R =-4) can be stated together with Bianchi identities in
the form of

*Ryp=Rup, DRyp=0, DR,p=0,
*Rip=—-Rze DR;s=0, DR;;=0,

(where D= — ¢* D« is the covariant codifferential),
becoming this way very similar to Eqgs. (2.3) for the
Maxwellian field, which suggest the usefulness of the
electromagnetic Hertz potentials. We also consider at
the present time whether Egs. (5.1) can be directly
approached as the starting point in introducing the
corresponding gravitational Hertz potentials,
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Quantum field theory Potts model

Florin Constantinescu® and Herbert M. Ruck?®

Institute for Applied Mathematics, Johann Wolfgang Goethe University, Frankfurt am Main,

West Germany
(Received 20 January 1978)

We consider a quantum field theory analog to the three states Potts model [R. B. Potts, Proc. Camb.
Phil. Soc. 48, 106 (1952)] in two dimensions. Our model can be interpreted as a neutral vector model
with discrete gauge symmetry. We prove the existence of the thermodynamic limit by using the lattice

approximation and correlation inequalities.

1. INTRODUCTION

There are several extensions of the Ising model.
One of them has been given by Potts, ! In the simplest
form (three state Potts model) the spins are two-
dimensional vectors of constant length which point in
three given directions at 0°, 120°, and 240°, There is
nearest neighbor interaction, Parallel spins interact
with energy ¢) whereas nonparallel spins interact with
energy €; > €.

The classical Potts model, ferromagnetic in charac-
ter, has a long standing tradition in statistical physics,
At low temperatures one expects at least three phases,
This result seems to be implied by rigorous work of
Gertsik and Dobrushin® and Pirogov and Sinai.

2

We construct a Euclidean quantum field theory analog
to the classical Potts model. Let ®(x) be a vector field
with two components &;(x), ®,(x), We introduce the
Hamiltonian

Hyle) = 2{[V& ()] + m @ (x)} (1)
and the formal Gaussian measure
expl- [ Hyt)ax] 11 deil) T, dd,). @)
xS IR xR

The interaction is given by P(®)+w*®, where
P@)=2@%+v(®}- 38,03 + pd? ®3)
and A, v, 4, w{wy, wy) are constants with x> 0,
In polar coordinates
P(p, 8)=xp* + vp3cos36 + upl, @)

P(®) has the Z; symmetry of the Potts model. & v=0,
the model has rotational symmetry, The rotational
symmetric case was studied by Frohlich, ®

Our model (v#0) can be interpreted as a neutral
model with discrete symmetry,

We consider the model defined by Egs. (2) and (3) in
the rigorous frame of constructive quantum field theory
of Glimm and Jaffe, &7

First we remark that the Z; symmetry of the model is
not destroyed by the Wick ordering. Indeed we have

13}l) - 304 (x) @3 (x): =23 (x) - 3%, (x) BIK). (5)
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The free measure Eq. (2) is a product of two Gaussian
measures with mean zero and covariance (- A +m%™,
The cutoff interaction can be defined as usual. In this
paper we introduce the lattice approximation8 of the
model and prove certain correlation inequalities (includ-
ing the second GKS inequality). The existance of the
thermodynamic limit for half-Dirichlet and Dirichlet
boundary conditions follows by using the lattice approxi-
mation and correlation inequalitites,

In the case m=1, p <0, v<0, IvI>1, and IA/pl«l
the function P(®) + 3m°®? has three deep minima sepa-
rated by high barriers, We expect that the model shows
in this case symmetry breaking and at least three
phases,

2. CORRELATION INEQUALITIES

We consider a family of random two-dimensional
(spin) vectors 8,(s%,s%), j=1,2,..., N, with joint proba-~
bility distribution

1 N N
E exp [21 a, ’sj+ Z: b;((s})a‘ 33}(33)2)
Je Je

N 2 N
+ T J;.s;s:] i dp,(s,), (6)
Jykal {al Jul

I%, dp,(8,), (7)

a,(aj,a3), b,, J4 are real constants, and each p,(8) is a
positive measure on R* such that [, exp(c!8!%)dp,(s)
<o for all c € R, In the lattice approximation of the
Euclidean quantum field Potts model with external field
J4=J,, (independent of i), J;,> 0 for j ## and

dp,(8) = exp[- @,(s)]ds, ®)
where @,(8) collects the terms (®2)? and 2 Further,
we can assume J;; =0 by absorbing J,,8% into Q,,

Let / be the family of functions® on (R%* which (in
polar coordinates) are multinomials with nonnegative
coefficients in cos(m*8)=cos(m6; + -+ > +my6y) and in
M1k, (7)), where each k,(;) is nonnegative, nondecreas-
ing on [0, ©) and Ofexp(c#?)) for some ¢ > 0.

Theorem 1: Suppose 8,, j=1,..., N are random two-
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dimensional vectors whose joint probability distribution
is given by (6) and (7) with the measure p,(8) being
spherically symmetric for allj=1,..., N,

Ifa,=(a;,0)> 0, b; =0, 1% <Ji (j#k), and
JY, <Ji, for all j, &, then for any F,G</

(F(84,...,84) > 0 (first GKS inequality), (9a)
(F81,...,8)CG(8y,...,85)
2(FB,. .. ,8y0(GB,...,8,)
(second GKS inequality). (9b)

Proof. Let (" (K) be the algebra of real continuous
functions on a compact set A with supremum norm, Let
¢ be a probability measure on K, We say that S (K)
satisfies condition (Q3) (see Ref, 9, p. 311} if, for any
finite family fy,...,f, of elements in S,

J Aol 1) - f, ) = 0.

Let (f),= Z;' [ do(x) f(x) exp[- N(x)] and Z,= [ do(x)
xexp[- ()],

We denote by @(S) the norm closure of the set of
polynomials of elements of S and the identity t of { (K)
with positive coefficients. Ginibre proves® that if S
satisfies (@3) and if - 7, £, g= @(S), then

<f>h = 09

(foyn— D &,=0, second GKS inequality,

first GKS inequality,

Let K=K, XK, and 0 =04 X0, be the product of two
compact sets Ky and #, and the corresponding proba-
bility measures, Let S;=( (), Sy (Ky) and let
5= 58,2 (K XK,) be the set of functions of the form
Fleg,x0) =fley) Fxy), where f(x)) € Sy, flxy)&@ S, Then if
Sy, Sy both satisfy (Q3), the S also satisty (Q3),°

The condition on /U to be compact can be weakened
in the case K = IR¥, The above results remain true if
one replaces ( (K) by the algebra of continuous func-
tions of certain growth at infinity with the adequate
norm, This remark is implicitly contained in Ref, 10,

Now we can take S; to be the set of functions
cos(yby+ -« +myby), where my,..., #y are integers
and S, the set of functions of the form 1), 72,(,), where
each /1,(:") is nounegative and nondecreasing on [0, <)
and Ofexp (b)) for some b > 0, Both Sy and S, satisty
(Q3) as proved in (Ref, 9 and Ref, 10, Lemmas 1 and
2, p. 232). Then S=35;5, also satisfy (Q3).

The proof follows now by remarking that the
functions
a;*8;=ajr;cosb;, ;>0

b,((sh? - 353D =b,73 cos36,,

in () belong to S,

by>0,

3. INFINITE VOLUME LIMIT

In this section we prove the existence of the infinite
volume limit for half-Dirichlet and Dirichlet states
for our model with external field, We will start by con-
sidering the interaction

P@)+tw'd 10)

with ¥ € 0 and w = {w,, 0) =0, For this case we have
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proved the GKS correlation inequalities in the lattice
approximation, We remark that both half-Dirichlet
and Dirichlet states have %3 symmetry,

Before going to discuss the infinite volume limit we
remark that Theorem 1 gives correlation inequalities
for expectations of the form

(T,(sH"™ T1(s, +8,)""). (BY)
Ik

Now consider the general expectation
nl a0y
(D TEH™). (12)

In (12) we pair si;s%y = 217 ;5[cos (651 = 6,9) — cos (0,1 + 0,,)]
and stay with cosine terms and possible (sin6)*, & - 0,
which cannot be paired any more, We write sin?6=1

— cos’6 and we stay possible with sinf, But

(11 (s})"’%sf).:o 13)

because of the symmetry p,(s!, s?) =p,(s!, - %) of the
measure, It follows that a general expectation (12) can
always be written as a linear combination of expecta-
tions (11). Now the Schwinger functions of cur model
(10) in the lattice approximation are linear combinations
of (12) and therefore linear combinations of (11),

We can now state the following result:

Theovem 2: The quantum field Potts model in two
dimensions, with half-Dirichlet (or Dirichlet) boundary
conditions, has a unique thermodynamic limit,

Pyoof: Consider the case v <0, w=0, The infinite
volume (thermodynamic) limit is considered in the
standard way. By lattice approximation and correla-
tion inequalities we prove that the Schwinger functions

(Teq(g,) I'Ik(ib (gm) @ (g (14)

™My

are nondecreasing in the regular cutoff and bounded
above. This implies convergence. The rest of the
Schwinger functions are linear combinations of (14) by
the discussion above, The case v= 0, w =0 is physi-
cally equivalent to v < 0 because the transformations
v —~ — v represents a 180° rotation of the cordinate axes
in the spin space.

The theorem is also true in the presence of an exter-
nal field in the direction of a minimum of the potential
P(®) which lowers this minimum,

Remarks: (1) Dirichlet boundary conditions are also
allowed because of (5).

(2) The existence of correlation inequalities and the
existence of the thermodynamic limit implied by them
is a consequence of the model being “ferromagnetic”
as can be seen from geometric considerations,

4. DISCUSSION AND PERSPECTIVES

We have proved GKS inequalities and the existence of
the thermodynamic limit for the quantum field Potts
model. The cluster expansion® in the “one phase region”
can be mimicked giving an alternative existence
theorem. A very similar cluster expansion is used in a
recent work of Osterwalder and Seiler'! on gauge field
theories on the lattice.
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Because of the Z; symmetry the problem of phase
transitions is expected to be simpler than in the usual
P(®), model with at least sixth order polynomial
interaction, 1% 13

The model is a good candidate for studying continuous
systems with more than two phases and related prob-
lems as, for instance, the Gibbs phase rule.

The results of this paper can be easily generalized
to the case of a Z, symmetry group. The phase transi-
tion problem for certain values of the interaction
parameters will be discussed in a subsequent paper,
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Generating functions for (I',,I',,) tensors for any point group G and any pair of its irreducible
representations I', and T, are calculated explicitly. A (T',,T",,) tensor transforms according to T, and its
components are polynomials in another tensor transforming by I',,. Explicit integrity bases of (I',,I',,)
tensors are given for all pairs I', and T, for the groups C,, D,, T, and O, and for the same groups with
reflections. A composition rule for extending the result to reducible representations is formulated. Point
group tensors irreducible with respect to SO(3) are obtained, together with their generating functions.

I. INTRODUCTION

Whenever a mathematical description of a physical sys-
tem like a molecule or a crystal with a nontrivial point or
space group symmetry is attempted, it becomes necessary to
decompose various quantities in terms of point group har-
monics ( PGH ) corresponding to that particular group.' It
is therefore important to know the PGH. So far only PGH of
lower degrees are known explicitly. The present paper is de-
voted to the description of PGH of any degree.

Let us recall that PGH may be defined, for instance, asa
system of homogeneous polynomials in Cartesian coordi-
nates x, y, and z such that they span a space in which acts an
irreducible representation I”, of a point group G. For the
purpose of this article we somewhat generalize this defini-
tion. Thus by PGH we understand polynomials in coordi-
nates a, 3, of a general representation space R,, of a repre-
sentation I, of G. Therefore PGH in this extended sense are
defined by a pair of representations, I, and I',,, of G. For
simplicity we refer to PGH as (I',,I",, ) hamonics or
(I',,I",,) tensors. In the present paper we shall not be con-
cerned with their normalization and/or orthogonality.

Our problem thus is to describe effectively the (,,I",,)
harmonics for any given point group G and for any pair I,
and I, of its representations.

In a physical context the first particular harmonics
were found by Bethe,? and von der Lage and Bethe.’ Subse-
quently many authors devoted their attention to other par-
ticular cases of point or space group harmonics as well as to
some aspects of the general problem ( e.g., Refs. 4-6 and
further references therein ).

An exhaustive description of ( I',,I",,, ) tensors of an ar-
bitrary degree exists only for the particular case when
I’ =TI, where I',, is the representation of G in the three-
dimensional space spanned by x, y, z, and I, =T, is the iden-

»'Work supported in part by the National Research Council of Canada and
by the Ministére de I'Education du Québec.
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tity representative of G.° The ( I',,I",,) tensors are called in-
variants or scalars with respect to G.

Recently a step toward an efficient solution of the prob-
lem in all its generality was made by McLellan® who used a
general method to solve a particular problem of integrity
bases for polynomial functions of a symmetric second-order
tensor which are invariant with respect to crystal point
groups. The method described by McLellan is based on
Burnside’s’ generalization of an earlier result of Molien.* It
proceeds in two steps. First a generating function has to be
found for each pair of representations I, and I',,, of every
point group G. That allows one to determine how many
copies of a representation I, appear in the symmetrized ten-
sor product {I,,}". The second step is then an explicit con-
struction of homogeneous polynomials—components of
(I,,I",,) tensors—which form the so-called integrity basis
for general (I",,I",,) tensors.

The purpose of this article is to apply systematically the
above procedure to all point groups and to their representa-
tions. Namely, we find and list all generating functions for
the point groups G=C,, D,, T, O, I, and also G X P, where P
is the group of reflections. Then we construct an integrity
basis for ( I",,T",,, ) tensors of ali point groups but the icosahe-
dral one. The latter group is of the least interest in solid state
and molecular physics. ( There are no crystals and few mole-
cules with that symmetry ). Practically, we solve the prob-
lem for all irreducible representations I',, I",, and then sup-
plement the procedure by composition rules which enable
one to get the generating functions for reducible I, and 7,
from the irreducible ones.

In Sec. I we reproduce general properties of the gener-
ating functions. In Sec. III actual generating functions are
calculated for all pairs I”,, T",,, of irreducible representations
of all point groups ( a generalization to reducible representa-
tions I, and I, is given ). Section IV contains the integrity
bases in an explicit form for ( I',,[",,,) tensors, for the point
groups C,, D,, T, 0. In Sec. V we give explicit integrity bases
for the physically important case, where I, is the represen-
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tation of C,,, D, T, and O which acts on the Cartesian coordi-
nates ( x,p,z ). We treat similarly groups of the types H[G
and G X P, which involve reflections. In Sec. VI we find the
generating functions and polynomial bases for irreducible
representations of SO( 3 ) reduced to C,, D, O, and 7. Sec-
tion VII contains some concluding remarks where, in par-
ticular, the relation of the present results to their analogs for
continuous groups is pointed out.

Il. PROPERTIES OF GENERATING FUNCTIONS

In this section, following Burnside,” we introduce first
the generating function B (I",,I",;4) for tensors whose com-
ponents transform irreducibly by a representation I, of a
point group G, and are polynomials in the components of
another given tensor which transforms irreducibly by a re-
presentation I, of G. Since we want to find such generating
functions for all pairs of representations I',, I',,, of all point
groups G, we first solve the problem for irreducible represen-
tations I, and I',, and then formulate a composition rule
which allows one to find B(I",.I ", ,,;A,A") from
B, I, ;A)and B[, ;A").

Let 4, be the matrix, in the representation I',,,, of an
element of G belonging to the class s. Consider the expression

1 1
det(1—14)) M,(1—14,)

liRe

= 3 ap,0.) (1)
n=0

¢ are the eigenvalues of the matrix 4, and P,(¢,) is the sum
of all products of powers of ¢,; whose total degree is n. Thus
P (4,) is the character of the class s for the representation
{I,,}" which is the symmetric part of the direct product
r,erl, eI, ofncopiesof I",.

A general expression for the generating function

B(I',I', ;A )isanimmediate consequence of (1) and the orth-
ogonality of characters. One has

N -
B(rr’rm;/{ )= iz '——_S—l_/jr—’
N S det(1—44)
where / is the order of the group G, N, is the order of the
classs of G, and y , is the complex conjugate of the character

Xs-of sin I',. Obviously £ N = N. Substitution of (1) into (2)
transforms B (I",,I",,,A ) into a power series in A,

)]

B[, 1)= ioc AT (3)

The tensors of type I', of degree n in the components of a
tensor of type I',,, [for simplicity (I",,I",,) tensors of nth de-
gree] are “counted” by the coefficients c,,. Indeed, ¢, is equal
to the number of linearly independent (I",,I",,)tensors of
degree n. That is to say, a symmetrized direct product {I",,}"
of I',’s contains the irreducible representation I", exactly c,
times.

The generating function (2) contains more information
than just the multiplicities of (I",,I",,) tensors of given de-
gree, or, the multiplicities of representation I', in the decom-
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position of {I",,}". To see that, the finite summation in (2)
has to be performed and the result expressed as a ratio of two
polynomials in A,

N,.A)
I, I A)= . 4
B(.I,;A) DA (4)
It turns out that
Nm@=S k4?2, D, A)=[[(1-19, ()
p q

where the coefficients k, are positive integers and the summa-
tion and multiplication variables run through finite sets of

integers p,,p,,-+-, and ¢,,g,+-+, respectively. For point groups
the ¢’s are distinct, except for the icosahedral group where ¢
may take the value 3 twice. The denominator D,, (1) is com-

mon to all generating functions with the same I',, and G.

An integrity basis for invariants, i.e., (I'"},I",,) tensors
(through this article I, stands for the identity representation
of the corresponding point group G ), consists of two types of
basis tensors, I'9(I",,I",)) and E®XI'",,I",); the superscript
indicates the degree of I and £ whenever it is useful. To each
factor (1 —A?) of D, (A ) corresponds one invariant
INI,,I",). All these tensors satisfy no polynomial relation.
To each term k A of N,,,(4) correspond k, linearly indepen-
dent tensors E¥)(I",,I",) of degree p. Obviously, the trivial
invariant E‘©(I",,I", )=1 is always present in an integrity
basis. Therefore, every generating function must contain a
term equal to 1 in its numerator N, (4 ). A general invariant,
(I',,I",,) tensor, can be written as

PO{I(q)(FI’Fm)}"'Z E(p)(rlyrm)P[I(q)(rbrm)]r
(6)

where the summation extends over all E?XI",,I", )’s; P, and
P denote some polynomials in 1@s.

An integrity basis for (I,,I",,,) tensors, I",4I,, consists
of basis tensors E®(I",,I", ) only. As before, each term of
N,,,(4) implies the existence of k, linearly independent
EW(I",,I",,)s of degree p. A general (I",,I",,) tensor can be

brought to the form.
S EQ(r,, r ) PUIDW,T,,), (7)

where the summation runs through all the E@X(I",I", )’s, and
P stands for a polynomial in 1@’s.

Let us mention a dimensionality relation satisfied by the
generating functions B(I",,I",;1), which provides a useful
check. Suppose the dimension of I, is f,. Then

SFBW,. L A)=(1-2)""

The coefficient of A" in the expansion of (1 —A4)—/~ equals
(fn+n—1DV/nl(f,,— 1)}, the number of independent polyno-
mials of degree » in f,, variables.

We conclude this section by indicating how to combine
generating functions corresponding to irreducible represen-
tations I, and I',,, in order to obtain those corresponding to
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reducible representations. One has immediately

B(Fr.erztrm;Al/l)
=B(I,,[,;A) BU,, I, ). (8)
From the Clebsch—Gordan series

Fa®rb=@rcczb (9)

one concludes that
B(I',.I,, 0T, AML)

ZZB(Fr.’rm,;/{l)B(rr,’sz;/Il) C:\rz (10)

is the generating function for (I",,I",, ® I',,,) tensors. The
coefficient of 1342 in the expansion of

B(r,.r,, eI, ;A,A;)is the number of linearly independent
(r,r, erI,,) tensors of degree n, and n, respectively in
components of tensors transforming by I',, and I',,, . For
examples of (10) see Sec. V.

In case I", =T is the identity representation, Eq. (10)
gives the Molien function

B(rl;rm,@rm,;/{l/{z)

=S BT ANB(T T, 7 (11)

for invariants (scalars). By I, we denote the representation
complex conjugate to I',.

IlIl. GENERATING FUNCTIONS FOR
IRREDUCIBLE REPRESENTATIONS OF POINT
GROUPS

In this section we present the results of our computation
of generating functions B (I",,I",,;4 ) for all pairs of irreduci-
ble representations /", and I, of all finite subgroups of O(3).
First we obtain the results for the groups C, (nth order axis),
D, (nth order vertical axis and n second order horizontal
axes), T (tetrahedral), O (octahedral), I (icosahedral). Subse-
quently, we extend the results to the groups C, X P, D, X P,
Tx P, OXP, and I X P, where P is the group of reflections.
HIG is isomorphic to G and hence need not be considered
separately for the purpose of calculating generating func-
tions or integrity bases for irreducible representations.

Our task is to obtain each generating function
B(I',I',;A) in the form (4) starting from (2). For that it is
necessary to perform explicitly the summation in (2). The
vanishing of B (I",,I", ;4 ) implies that there are no (I",,I',,)
tensors; we list only nonzero generating functions below.

A.The group C,

The group C,, of rotations about an nth order axis has »
classes and n irreducible representations each of dimension
one. The polynomial det (1 —AA)), required in (2), corre-
sponding to the sth class and mth irreducible representation
is

det(1—A4)=1—A exp{2mi(m—1)(s—1)/n}. (12)
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To describe the generating function B (I",,I",;4 ) we in-
troduce an integer

a=a(m)=n/HCF(n,m—1) (13)
where the denominator is the highest common factor
(HCF) of n and m — 1. Then for each

r=p(m—1),04,+1 (p=0,1,.,a—1) (14)
the generation function for (I'",,I",,) tensors is

AP
1-Ae
If r is not of the form (14) there isno (I",,I",,) tensor. In
deriving (15) from (2) we made use of the summation
formula

B(UI.,I';A) = (15)

n—1 o
1 Y > Avexpl2misigm—g—r+1D/n]= A?
n s=0 q=0 lﬁlia
(16)

which holds for 7 given by (14); otherwise the sum (16)
vanishes; @ in (15) is given by (13).

B. The group D,

It is convenient to consider separately the cases of n
even and n odd.

The group D,, n odd, has (n+ 3)/2 irreducible repre-
sentations, the first two I and I, of dimension 1, the re-
maining (n—1)/2 of dimension 2. The polynomials
det(1—AA4,) are shown in Table I. Substituting that into
(2), one gets the generating functions

1

A= i 17
BN =——, an
BT =— ()
BUIsd)=—2 (19)

For the remaining generating functions we first define two
numbers a and p related to m and r, respectively,

a=n/HCF(n,m—2), (20)
where HCF (x,y) is the highest common factor of x and y and

r=24n/2—|p(Mm—2)pmoa ,—1/2|,

1<p<(a—1)/2. (21)
Then
B(r,,rm-,w:m;(‘l—_l—a), (22)
BT, )=

(1—-A)1—2°)
m=3,4,.,(n+3)/2, (23)
AP AP

A—=A(1— 1)
p=12,..,a—-1. (24

B({I,,[A)=

The group D, n even, has n/2+ 3 irreducible represen-
tations, the first four being of dimension 1, the other n/2—1
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TABLE L. The group D,, n odd. Factors N, and det(1—~14,) required in (2). The characters are

equal to coefficients of A taken with opposite sign.

N 1 2 n
s
Class
G c. (s=1,2,...,%5h A,
Representation
T 1-x 1-2 1-2
'y 1-2 1-2 T+
r
m
(1->\)2 ]-2)\cos[2ns(m-2)/n]+>\2 1-)2
_ nt3
(m-3,4,. » - ’_T )
of dimension 2. The polynomials det(1 —AA4 ) are again sum- I<p<(@—1)/2, a odd,
marized in Table II. Substituting them into (2), one gets the 1<p<as2—1, a even.
generating functions Then
1
B (rbrl;ﬂ' )=_—n (25) 1
1—4 B, A)=——r—",
1 (1=A(1-41°)
B, )= T m=234, (26)
— L
Af B(FZ)Fm;/{)z____——_y
B, T, :A)= TS 27 (1-AH(1-41°9)
For 5 <m <n/2+3 we define g and p by B(F;,I"m;/{)=BO(F4;Fm,/1) dd
a=n/HCF(n,m—4), (28) ] 1972 @0

r=4+n/2—p(m—4)—n/2

a even,

(A—A)(1—A%)’

TABLEII. The group D, n even. Factors N,and det(1—44 ) required in (2). The characters are equal to coefficients of 4 with opposite sign.

N 1 2 1 n/2 n/2

Class )

Co C. (s=1,2,...,n/2-1 c A A

Representation s n/2 ! 2
r, 1-1 T2 1-2 1-2 1-a
r, 1-2 1-1 1-1 T1+1 T+1
r, 141 1-(-1)%x 1-(-1)"/2y 13 142
r, 1-1 1-(-1)%2 1-(-1)"/2y 142 12

"m 2 2
(1-2) 1-2xcos[2m(m-4)s/n]+A 1-2(=1)M#22 1-22 1-22

(m=5,6,...,n/2+3)
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TABLE III. Tetrahedral group T. Table of factors det (1 —A14); w=exp(i27/3).

NS 1 3 4 4
Class 2
E C2 C3 C3
Representation
F1 1-x T-Xx 1-x T-x
2
I‘Z 1-2 T-x T-wi T-w" A
2
F3 1-2 T-2 T-w"x 1-wh
r, -0 L aaaa%) | o1 133

B, L A)=(AP+A°7P)/(1—-A1—=1%). (33)

C. The groups 7, 0, and /

The summation (2) becomes a straightforward simpli-
fication of polynomial rational expressions as soon as one
substitutes for N, and y,, the corresponding values and for
det (1—AA4,) the corresponding polynomial in A. For the
tetrahedral, octahedral and icosahedral groups ¥, and det
(1—A4,) are summarized in Tables III, IV, and V. Also the
characters y,, for each irreducible representation are con-
tained in these tables because they are the coefficients of the
linear term in det(1 —AA4,) taken with opposite sign.

The generating function in the form (4) is given if the
exponents g, g, of the denominator polynomial D(1) are
specified, and if for every irreducible representation I, one
has the exponents p,, p,, and the coefficients k,,, of the nu-
merator polynomial N,(4). For the three groups under con-

TABLE IV. Octahedral group O. Table of factors det (1—414)).

sideration these quantities are found in Tables VI, VII, and
VIIL In particular, the intersection of a row I, and the last
column contains the exponents g,,4,,-+- of the denominator
D(A). One notices repetition of the power 3 for the represen-
tation I’ of the icosahedral group (Table VIII). The expo-
nents and coefficients of a numerator N (4) of B(I",,I", ;1)
are found at the intersection of the column I, and the row
T,,. More precisely, an entry a® indicates the presence of the
term bA° in the numerator N,(4).

D. Groups with reflections

Consider now the group G X P, where P is the reflection
group, and G is any finite rotation group. Then to each ele-
ment a of G correspond two elements a and a’ of G X P,
where o’ is @ multiplied by the reflection. To each irreduci-
ble representation I, of G correspond two irreducible repre-
sentations "¢ and 7¢ of G X P, called even and odd respec-

; 3 6 6
NS 1 8
Class
, E C3 Co ¢, Cq
Representation
Ty 1-2 1-2 1-X 1-x 1=
FZ 1-X 1-X T1-x T+ T+
2
Iy (1-)\)2 1+x+x2 (1-x)2 l-xz T-X
2
ry (1-1)° 1-1° -2 ? | -0 0e0? | (-0 (0
2
Iy (1-1)3 123 (-0 (1+0)% | =08 | 00 )J
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TABLE V. Icosahedral group I. Table of factors det (1—A14,); o=(1 +\/;)/2, w=(1 —-Vs),.

N 1 15 20 12 12
S
Class C1 C4 CS CZ C3
Repres.

r -2 -2 1-2 1-2 1-2
r, (1-2)° (1-1) (141)2 1-2° (1-2) (T+a+r?) | (1-2) (1432 +22)
r, (1-2)° (1-2) (142)2 1.3 (1-0) (143202 2) | (1-2) (+wran?)
Ty (1-x)4 (1—x2)2 (1—>\)(1-x3) 1eaenZandant FSUPTIPEITE,
Ty (1-2)5 (1-0)3(142)2 (1-2) (1+2+22)? 1-2° 1-29

TABLE VL. Exponents and coefficients of generating functions for irreducible representations of the tetrahedral group. For

notation see the text.

Numerator
r Denominator
r

T N 2 I3 Ty
F1 0 - - -

2 -
Ty 0 1
F3 0 2 1 -
r, 0,6 2,4 2,4 1,2,3%,4,51  2,3,4

TABLE VII. Exponents and coefficients of generating functions for irreducible representations of the octahedral group. For notation see the

text.
Numerator
Denominator
T
r

r N o T3 Fq I'g

m

F1 0 - - - - 1

F2 0 1 - - - 2

F3 ) 3 1, - - 2,3

F4 0,9 3,6 2,4,5,7 1,3,4,5,6,81 2,3,4,5,6,7% 2,4,6

Fs 0 6 2,4 3,4,5 1,2,3 2,3,4
2367 J. Math, Phys., Vol. 19, No. 11, November 1978
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TABLE VIIIL Exponents and coefficients of generating functions for irreducible representations of the icosahedral group. For notation see the text.

Numerator
Oenominator
NI i
N T T2 I3 4 I'g
- - - - ]
r‘l 0
T, | 0,15 1,5,6,9,10,14 3,5,7,8,10,12 | 3,4,6,7,8,9, 2,4,5,6,7,8,9,10,11, 1 2,6,10
11,12 13
ry ff 0,15 3,5,7,8,10,12 1,5,6,9,10,14 | 3,4,6,7,8,9, 2,4,5,6,7,8,9,10,11, | 2,6,10
11,12 13
2 2 2 2
Ty | 0,10 3,4,5%,6,7 3,4,5%,6,7 1,2,3.4,6,7, 2,3,4°,5%,6%,7,8 2,3,4,5
8,9
4
g [ 0,567,702 3,4%,5%,6%,7%, ) 3,07 506070, ) 2,3%,0%,5% 6%, 10,27 ,57,0% 5% 6000 ] 205030000
82,9 82,9 73,8%,9% 10 8%,92,10%, 11
tively. For I"¢ the matrices representing « and o are just B(Ie,Ie,:A)=0, (35)

those of the corresponding representation I, of G; for I'? the
matrix of a is just that of I',, while the matrix of @’ isreversed ~ B( 5,15, A)=4B",.I" ,;A)+BT ,.I" ;—4)],

in sign. (36)
Hence we find the following rules for the generating B roAy=48(, I, A)-BC,I,;—41)].

functions for G X P tensors expressed in terms of those for G: 37D
B(rere;A)=8B(I,I,;A), (34) Incidentally, the group D,, is isomorphic to D, X P with

TABLE IX. Generating elements for the irreducible representations of D, T, and O of dimension greater than one.

Group Representation Representation generating matrices

D r, 01 exp[2mni(a-2)/n] 0
" ~ nt3 10/’ 0 exp[-2mi(a-2)/n]
(n=3,5,...) (a—3,4,...,-§~

D, Ta (o 1 expl2ni(a-4)/n] 0
(n=2,4,...) | (a=5,6,...,5+3) 1 o)’ ( 9 exp[-2vi(a-4)/n]

0 0-1 010
1 - -/3
0 Iy 10 W

01

Ty 10 0 n ol

00 1,100

0-10 010

T 10 O 001

oo-1f[100

01 0 010
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the rotation 7 about the 2nth order axis playing the role of
the reflection, if # is odd.

E. An example

Let us consider a specific example. Suppose we want to
write explicitly the generating function B(I",,[s;4) for the
(I';,I5) tensors of the icosahedral group in the form (4). At
the intersection of column I, and row I's of Table VIII we
find the entry 3, 4%, 5%, 6*, 7, 82, 9 which is a short notation for
the numerator Nys(A) =4+ 244+ 443+ 445+ 447+ 24 - A°.
The intersection of the last column and the same row con-
tains 2, 3, 3, 4, 5 which are the powers of 4 in the factors
(1—A49) of the denominator D(A). Thus finally, one has

B([};Fs,ﬂ)
A2 AL AR AT 2 A
A=A =AN1=AH1-A9(1 A1)

(38)

Let us illustrate, on the same example, the information
about the structure of the (/,/75) polynomials contained in
(38). In this particular case we are interested in tensors
whose components span a I representation space and are
polynomials in components of another tensor which trans-
forms as I,

The powers of A present in the numerator of (33) sim-
ply the existence of (I7,15) tensors of degrees 3,4, 5, 6,7, 8,
and 9. The coefficient &, of a power A” specifies that there are
precisely k, independent (I73,17;) tensors of the same degree
. Thus we get one such tensor of degrees 3 and 9, two of
degrees 4 and 8, and four of degrees 5, 6, and 7. Furthermore,
only these (I';,I's) tensors form the integrity basis for all
(I's,Is) tensors. That is to say, any (I5,17;) tensor can be
written as a sum of terms each depending linearly on one
element of the (I, 77) integrity basis multiplied by a polyno-
mial of invariants, (I7,]) tensors, transforming according
to the identity representation I, of the group 7. An integrity
basis for these (I',,I;) tensors, consisting of one invariant of
degree 2, 4, and 5 and two invariants of degree 3, is implied
by the powers of A of the denominator of (38).

In order to determine how many independent (I',I"s)
tensors of degree, say 5, there are, it suffices to expand (38)
into a power series (assuming A < 1) and compute the coeffi-
cient of A° in the expansion. One has from (40)

B(I,I54)

—(AP 2444 AR 4L H 2454 19)
X(14A2 4247424 44 o)

=A4244 45154815+, (39)
Hence there are 5 different (I7,I;) tensors of degree 5. Four
of them are just the elements of the (I3,1;) integrity basis
and the fifth one is a product of the third degree (I,1)
tensor with an invariant [(/",,]5) tensor] of degree 2.

IV. INTEGRITY BASES FOR IRREDUCIBLE
REPRESENTATIONS OF POINT GROUPS

In this section we construct the integrity bases of
(I",I,,) tensors for the groups C,, D,, T, and O, that is, we
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find the basis tensors I9(I",,), E®XI",,I" ) for the irreduci-
ble representations of the above groups. An integrity basis
for invariants consists of denominator invariants 7 (I",,) and
possibly also the numeratorinvarniants E (I",,I",,). Anintegri-
ty basis for (I,,I",,) tensors different from invariants, i.e.,
I 5T, consists only of E (I",,I",,,) of corresponding degrees.
Whenever the representation I, is of dimension one, the
integrity basis for (I",,I",,) tensors consists of at most one
tensor.

The generating function B({",,I",,;A) provides the num-
ber and the degree of the E@X([,,[,,)) and I'9(I",, I ,,). To
find an elementary tensor of type I', and degree p in the
components of a tensor of type I',., assume that its compo-
nents are arbitrary polynomials of degree p; then impose that
its components transform by I", when components on which
it depends are transformed by I',,. For this purpose it suf-
fices to apply only the generator elements of the group G.
The ambiguity which arises when there is more than one
tensor of a given degree is resolved by considerations of sim-
plicity, and, of course, linear independence.

The components of a I',,, type tensor are denoted by
a,B,y, and correspond to the rows 1,2, of the generating
matrices in the Appendix. Separately in the subsequent sec-
tion we consider the case when I, is the representation, in
general reducible, of I',, contained in the three-dimensional
representation of O(3). There we use x, y, and z instead of «,

B, and 7.
A.C, tensors

The irreducible tensors of C, representations have just
one component. So we have to consider powers of that
component.

For I, 2<m<n, we find

I(r,)=ac, a=n/HCF(n,m—1),
E(,.r,)=a?, p=12,..a—1, and r=pm—1),04 .
(40)

and trivially
I(Fl) =a.

B. D, tensors

First consider the case n odd. The integrity bases for the
invariants follow from the generating functions (17), (18),
and (22). One gets

IIN)=a IHy)=a?,

T, )=aB, T, )=a+B°, nt3

m=34,...,
41)

here a is given in (20) as a function of m. The remaining
integrity bases are

E(Fz,Fz)=a, E(]“z’ [‘m)zaa__ﬁa’
E@(r,,r,,,)=(;,f), g, ry=(077) @Y

ad—p

for 1<p(m —2),,04 ,<(n—1)/2 and
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o, r)=(""),

aPf

a—p
E@e-o(I,.I", )= @ )

a—p
for (n+1)/2<p(m—2)poq n<in — 1,
where the range of  and m is the same as in (41), r and p are

related by the conditions (20), (21); otherwise there are no
(r',,I",) tensors.

m

Suppose now that # is even. The integrity bases for in-
variants are:

1(F,)=a, I(C)=a29 j=2,3)4;
(43)

I°(I,)=aB, I,)=a"+p,

where m=35,6,...,(n+6)/2, and a is given by (28).
The integrity bases for other tensors are then
E(l,)=a, j=234,
EW,T,)=a°—p9, (44)

af

,,)’ E(a~p)(rr’rm)=< aip)_

a?—p

EWXI",.I", )= ( 5

for 1<p(m —4) 04 »<(n—2)/2 and

E(p)(rr,rm):(ﬂp), E(“*P)(F,,Fm)=<aa_p)

a? a-p
for (n+2)/2<p(m—4) g, <n—1.

Here r and p are related by (29) and a is given in (28). The
following integrity bases have no analog in the case # odd;
they exist only for a even,

E([‘S’[‘m)zaa/Z_Ba/Z’
(45)
EW,T,)=a"?+B2

C. Tetrahedral tensors

First we list the invariants E(",,I",,) and I(I",,) for all
four irreducible representations of 7" Their degrees are
shown respectively in the first and last column of Table VL.
We find

IM)=a, IIH)=a,
I =a+B+7,
T )=a*+B'+7,

ENL )= =B — )y —a);

E®(I',I") is linearly independent of polynomials in I'*(I",),
I(T,), I'(T,), but its square is a polynomial in the lower
degree scalars.

II)=c’,
(I, =afy, (46)

Corresponding to the intersection of column I, and

row I, of Table VI we find,
E(N,)=a, EU,[)=qa,
EN)y=a, EI@,I5)=ad. (47)

The degrees of tensors of type Iy, I3, and I',, built from
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one of types I, are given in the last row of Table VI. One
finds after some computation:

EX(N, ) =a + o + o'y,
ENN,T)=a*+of'+ o™y,

(48)
EX(N,INY)=a*+ o' +wy’,
ENT,[)=a*+ 0B +oy,

and

(a) (BV)
EXD,TY)=|B) E?(T.T)=|ya]
¥ B

a’ aff?
EXN, )= (/33 ), EP(r,Iy) =(/j’7/2), (49)
7/3 ya2

EW([‘ur.z): 617/3 4 E(S)(r4’r4)= ﬂ?ﬁ .
Ba’ rat

The linearly independent third degree tensors are distin-
guished by the subscripts a and b.

D. Octahedral tensors

The existence and degree of an elementary invariant
E(I\,I",,) or I(I",,) of the octahedral group is shown in the
first or last column of Table VII. We find

IMN)=a, I)=a, I)=a*+p,
M()=3aB—F, [*()=a+B+7,
I)=a*+p'+y, I°T)=a’+p'+v",
(50)

EO(I, Ty =apy(a—B)B —y )y —a’),
Pr)=a+f+y,  1T)=apy,
I)=a'+B'+7"

The ninth degree invariant in the bases of I, should be used

at most linearly because its square can be expressed as a
polynomial in lower degree invariants.

For tensors of other types we find the following integri-
ty bases:

EV(MuI)=a, (51)

EN ) =3af—c,

E“’(I’s,l“a)=(;), (52)
_( 2B )

E (rs,n)_(az_ =)

ENI,T)=apy,
EN )= (=B —r) ' —a?)

E(Z'(F3,F4)= (\/3(ﬁ2 - 7/2))’

Bz + 7,2 —_2a?
E‘“(rg,n):(\/“ﬂ'—’”)), (53)
B+ —2at
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s
E(I, T )= aﬂ?’(\/—(yz Bz))

+7'—2a
EN,T)=aBy ( \/_(‘}" 54))

a a?
EY(, )= (/9 ) EX(I,.I)= (ﬁ’)
I

EY(I )= ( a’)‘ya ),
(a -

EOT,I)= )

E(6)(I‘4’ 4)
a‘—B%pB
B—rBy
EX L I)=| (V'—a)ya )
(a*—p)af

Br) (W w)
E(Z)(I‘”I“)= a |, E(”(r5,r4) B( )
@ —p)

aB'—v)
E(T)=|B('—a’)
va*—pB%)

EC(Is, )= (B‘?’d )
v'aB

ECI T, 4)=

/\/—\
QR
i~

aB—7r9)
EI\L)=|B(—a) |},
via*—pB°)
and finally, from a I'; tensor the integrity bases for (I7,,I),
(s, Is), (IF,Is), and (,175) tensors can be chosen as
EOI )= —-B)YB -y )y —ad),

E(z)(rs,rs) =(\/3(ﬂ2_72)),
Bty ~2a

E(4)(I"3’1'~5) — (\/E(B‘ - V‘) )’
B+ —2at

a(B’—y?)
EXTI)=\B(y’—a) |
e’ —p)

(59

By(B—v?)
ENT)=| ya(y*—a?) },
aB(a*—p)

a¥ (P — 2)
E(s)(r"r5)= ﬁa(,},z —(12) A

i) won(3)
EYI I')=\B| E“TI)=|ya}
\¥ aB

a3
ES(, T ,)=(,3’).
,}/3
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E. Integrity bases for groups with reflections

Integrity bases for representation spaces of a point
group G X P, which includes the reflections P, are easily ob-
tained from those corresponding to G only. Recalling the
notation I'¢ and I for representations of G X P correspond-
ing to a representation I" of G (cf sec. II D) we have

EOIe s )y=EWO(T,.I",,),
ECO(I e, )=ECO(T,.I",,),
E@+D(Ie, "9 )=0, (55)
EGHD(I,Io)=EC+ (T ,,T,),
EGR(Ie,I°)=0.

E(")(I"‘;,I"f,,)=0,

For simplicity of notation we did not distinguish the invar-
iants J%(I, I,,) from E®(M, T,) in (55).

As for the generating functions, the integrity bases of
HI[G are also just those of G.

V. HOMOGENEOUS (x,y,2) INTEGRITY BASES
FOR REPRESENTATIONS OF POINT GROUPS

In this section we reduce the three-dimensional L=1
representation of O(3) to representations 7", of a point
group G, and use it as I",,,, in the formalism of Secs. 111 and
IV in order to find the generating functions and integrity
bases. When I, is irreducible the results coincide with those
found previously (the variables a,,y should be replaced by
x,p,z). Therefore, we here solve the problem only when I, is
reducible, i.e., for the groups C,, D, C,[C,,, C,[D,»
D,[D,,, C,XP,and D, XP.

The group H[G is derived’ from a rotational group G
which has H as its subgroup of index 2. The elements of H[G
are those of H together with the elements JR where R be-
longs to G but not to H and J is the reflection of x, y, and z. As
an abstract group H[G is isomorphic to G; but the represen-
tation I, is not the same for H[G as for G.

The three-dimensional representation of O(3) contains
the following representations I, of point groups:

r=relerl, for C,
NLerl, for D,, n odd
ners for D,, n even
r, for T,

T for O,
r, for I,

r.er, erl,,,forC,[C,,

Nerl, for C,[D,, n odd,

'elrl, for C,[D,, n even,

er,,; for D, [D,,,

T, for T10. (56)

The corresponding I',, for the groups G X P, where G=C,,
D,, T,0,1,isthesameasin ( 56 ) except that every I', should
be replaced by "2 ( cf. Sec. [II D).
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A. The generating functions

The generating functions B (I",,I ' ;A), where I, is given
by (56), are read from the Tables 6,7,8 for the groups 7,0,
and 710, because the representation I, is irreducible. For the
groups of type TX P, 0 X P, I X Pthe generating functions are
obtained from Tables VI, VII, and VIII in conjunction with
Eq. (36) and (37). For the groups C ,, D ,,, C ,[C ,,,
C,1D,,C,[D,,,C,XP,and D, XP for which I' is re-
ducible, the generating functions need to be calculated with
the help of (10). Using (10) and (15), we get for C,

B(r,relhel Ail,)
. 1
(1= (1=A%)(1—=4%)

n—r n—1
X[ZM*"‘%H S /1;“’*"*‘/11;} (57)
p=0

p=n—r+1

In the case r=1 the second sum of (57) vanishes. Similarly
for D,, n odd, we get from ( 10), ( 19 )-(24).

B(I,.[oTIA,45)

=_1i42_3( r,.riy)
_,{g
C(ATHATTTN(1=4,)

(1=A2)(1-22)(1-23)

(58)

with r=3,4,...,(n+3)/2, and
1+4,4%

» (59)
(1=A3)(1=23)(1-4%)

B(I,IeNAud )=

A+ A%
(1=A3)1=A3)(1-43)

B(I,heMsd Ay )=

For D,, n even, one has
1+4,4%
(1-A3)(1-A3)(1-23)
A+ AL

A= . (60
B(I“z,I“zeal“s,/lM ) (1-,{%)(1—1%)(1—/1'5') ( )

B( F1,Fz®r5;/12,/l5)=

lln/2+/1 An/Z

r,r,erls
B( j 2@ s/lz/{s) (1 /1 )(1 /{ )(1 /1 )
j=3y4y
/1'_4+}» An—~r+4
B(I',IelAA )= : —

(1—-A2)(1—A3)(1-47)

where r=5,6,...,n/2+3.
For C,[C,, we have to distinguish 7 even and odd. For n
odd we find
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B(Ir,r,er, o, A, A, 1Ani2)
oS azagstes S aa]

p=0 p=n—r+1
for 1<r<n, rodd
2n—r 1+
-1 pyr—n—1l+p
Z An'ln+2

p=0

n-1
+ S gy |

p=2n—r+1
for n+2<r<2n—1, r odd
2n—r n—1
A S Asays S ananyie|
=0 p=2n—r+1
for2<r<n—1, reven

—p" [m, S Arariite
p=0

n~1

+ S sz,
p=n—r+1
for n+ 1<r<2n, r even, (61)
where
D=(1=A2  W1-A)1=27,2) (62)
For C,[C,,, n even, we have
B( rr’rnarn+l$rn+2;/{ ’A’n+1’/i'n+2)
2n—1
=D 2 ﬂ"/{;ﬁf; T+ /1‘,’,/1;112“’_2”
p=0 p=2n—r+1
s 3 AL
p=0
2n—1
TN P T iate el (63)
p=n—r+1
for 1<r<n
2n—1
=0 '§ aran '+ AL
p=2n—r+1
3n—r
A S ABALEP
p=0
2n—1
FAn X ARALSYTPTY
p=3n—r+1
for n+ 1<r<2n,
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where
D=( 1_/1314—1 X 1“/1?1" X 1—’1?-12 ):
For the group C,[D, with n odd we find
B(I\,I @ Tid A )=[(1-4, (1-A3)(1~A5)]"=D",
(65)

(64)

B, el A4,)=D"4%,

B(I, [ elA A ))=D (A7 2+A57 ),

for 3<r<(n+3)/2.

When 7 is even, we obtain

B(IuI e Dihnds )=[(1-4 ) 1=A5)(1-A3)"'=D",
BN, ey A )=D"A%, (66)

B(I, I eTIsA A Y=B(I, oI ,As )=D_l/12/2,
B(T, I 0 Fyhuds )=D (AL 42777+4),

for S<r<n/2+3.
For the group D, [D,,, n odd, we get
B(I. e, ;Asd,, 3)
=[(1=AN1=A2 s X 1=A;, )]"'=D",
B, Iveo I 5A0A,,3)=D"A) 5
B(Irel, A, )=D"7
B(Ir,lel, 3Aui, :)=D"4,
Bl el, iui,,s)
=D (A5 444 for6<r<n+3, reven,
=D'A(ARTSH44AT04)  for 5<r<n+2, rodd.
For the group D,[D,, with n even has
B(LuL o,  jhuh, )=D'(1+447, ),
B(Iuliel, Aot 3)=D" (A2 34+A403),

B( r31r4@rn+3;ﬂ'4’/ln+3)=D-1(/{':+3+/l4/13;13))

(67)

B(r4’r4$rn+3;/l4”{n+3)=D—]('{Z+3+/l4)r (68)
B( Fr’r4®rn+3;ﬂ4/ln+3)
=DM AA+ATS T AT AT,

for 6Kr<n+2,7 even,
=D AT AL AT HAA LA AAYSTY),

for 5<r<n+3, rodd,

where D=(1—-A3)(1 =42 ) (1-4A2"5). (69)
For the group C, X P we obtain by repeated use of
(34)(37):

B(rerierselrA,AyA,)
=3[B( . NeNel A AA,)

+.B(F',F1$F2 @Fn;_ih_ib—/{n )L (70)
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B(Irriersel i, 4,)
=%[B(F,,F1$F2$Fn;ﬂl,/lz,ﬂn)
—B(r’,rl$F2@Fn;—/l|,_iz,_ln )].

Here r=1,2,...,n; on the right of ( 70 ) are the generating
functions ( 57) of C,

Finally, for D, X P we have
B(Ii.r3el;AnA,)
=4[B(L e DA Ay )
+B(I, e l;—A,—4,)),
(71)
B(I.r3el';ALA,)
=4B(L .10 A4 )
~B(I', el —A4:;,—4,))
r=1.2,..,n/243(k—1)/4,

where k=3 and 5 for # odd and even, respectively. On the
right of ( 71 ) are the D, generating functions ( 58 )—( 60 ).

B. The integrity bases

We choose the nth order axis of C,, as the z direction.
Then the coordinates corresponding to I, I';, and I, are
respectively, z, x,=x+ iy, and x.=x —iy. Integrity bases are
then read off the generating function ( 15 ). The invariants
corresponding to the denominator of ( 57 ) are
I()=z, IV(L)=x", I"(,)=x",

(72)

while those corresponding to the numerator are, for r=1,

ECPX N, I)=(x+y Y =x%x", p=0,1,.,n—1,
(73)

and forr> 1,
E( r+2p-1 )(erFU )=xlj’_xr__+PVl, p=0’1""’n_r’

E(r+2k—1—n)( rr’rv )=xk_x’++k_”_1,
k=n—f+1,’1—"+2ym,”— 1‘

The situation for C, is summarized by saying that
x°x® z° transforms by I",, where r=(a—5b) .4 ,+ 1. Simi-
larly for C [C,, the results are summarized by saying that
x°x" z¢ transforms as I",, where
r=1+4[a(n+1)+b(n—1)4cn lyod 2.5 a0d x., x_, z trans-
forms by the representations I, , ,, I',,, I, | respectively.
The integrity bases are found directly from the generating
functions ( 61 )—( 64 ). We omit the great number of trivial
formulas.

(74)

For D, we choose the nth order axis as the z direction
and one of the 2nd order axes as the x direction.

For n odd, the representation I, transforms z, while I,
acts in the xy plane. From ( 59 ) we read off the invariants
122)(1") )=Zz, 14(‘2)(F3):x2+y2=x‘x>,

(75)

I"( I y=x"+x", ECY(I,T,)=z(x" —x"),
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and for the other tensors from ( 58 ) and (59),
E(FZ’Fu)=Z, E(")(Fz,rn )=x1—x"_’

x 72
E(r—Z)( r,r, )=(x’_2)’

xu-r+2
E(n—r+2)( rﬂrv )=(xn_—r+2)’ (76)
+

r—2
EC-\(r,.T, )=(_sz;’_2>’

zx"TTH?2
n—242}J

E(n—r+3)(rr’rv)=( 2 x
e+

for r=3,4,...,( n+3)/2. For n even the representation I
acts on z while I's transforms the ( x,y ) plane. From ( 60 ) we
conclude

1PN )=2, IPT,)=x+y=xx,

IO L, )=x"+x", EC+O(I,Fy)=z(x" —x"),
EC(L, T, )y=x"+x(),

ECAN L, C,)=x"?—x"?,

ECH (N, T, )=2(x"?~x"?),
ECHO(L, L, )=2(x"+x"?),
EO(II)=z, EC(I,T,)=x" —x",

x4
E( r—4)([‘r’]‘v )=(x’_4)’

(77)

xn—-r+4
—r+S _ -
E(n—r+ )(r’,FU )_Z(——x"'r+4)’
+

r=5,6,..,n/2+3.

Inthecaseof C , [ D, thezcoordinate transforms by I'\
and x,y transform by I; for » odd and by I'; for n even. The
integrity bases are for n odd:

IOr =z, TP ,)=xx.=x*+)}
I(")(FU )=x’;—x ",

xr—2

E([, T, )=x"4+x", E‘"”(I“,,I"u)=( + )
(_x-)r—z
(78)

x n—r42
E(n—r+2)(1‘r’1‘v)=( - ),
( —X. )n—-r+2

for r=3,4,..,(n+3)/2,

and for n even:

IO, y=z, I, )=xx, I‘M=x"+x",
E" I, )=x"—x",

E( Ty)=x"+(—x.)"3
E(l, T ,)=x"?—(—x.)",

(79)
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xr—4
E(r—4)(1~r’1~U )=( + )’
(—xy~*

xn=r+4 )
1

—x. )n—r+4

E(n—r+4)(1"r’l‘v )=(

for r=5,6,...,n/2+3.
The integrity bases for D , [D ,,, n odd, are

I1C(r =2, I®(I, J)=xx,
I, )=x"+x",

EC( N, Ty )=x"—x",
E("+1)(F3,FU )=z(x’jr—x”_ ) E(l)(rhrs):z,
(80)

x'
E(’_4)(F,rru )=(x :L_:>,
;n_—r—o—4
E(n—r+4)(["r,1"v )=(xn—r+4)’
+

where 7 is even and 6<r<n+3; for r odd and 5<r<n+2 we
have

x 7t
(r--3 —
E )(rr’ru )_z(_xr___4)9

n—r+4
(n—r+3) _ -
ECn=r+3)( [ I, )_z(—x"—’“)' (81)

+

When 7 is even, the integrity bases are

1(2)(ru)=zz’ I(Z)(FU)=X,_X_, 1(2")([‘11 )=x?:_+_x2_n,

E"Y)(r,r,)=2(x"—x"),
ECO(I,T,)=x¥ —x,

E(n+l)(1"2’ru)=z(x’l++xi ))
E( I, T,)=x"+x",

E(2n+1)(r3’ru)=z(x%:_x2_n )’
E\") I, T,)=x"—x",

EC"IX I, T )=2(x7+x>).

(82)

Furthermore for » even and such that 6<r<n+2 we have
x4
EC=8xr,.I, )=(x"“)’

x2n—r+4
2n—r+4 -
EQn—r+ )(1"”[‘0 )_—..(in—r+4),
+

(83)
n+r—4
(n+r—3)(r 1-‘ )__ x+
E rt v =z —X"_+r_4 s
xn_—r—+—4
E(n—r+5)( Fr,f‘v )=z( n_r+4),
and for r odd such that S<r<n-+3 we get
Patera, Sharp, and Winternitz ~ 2374



r—4
X4
r—4

n+r—
E(n+r——4)(r,,r )= (x”""' :),

n—r+
ECn=r+(r ' )= (x" ,+:>,
x2_n—r+4
_x%:—r+4 ’

Finally, for the groups C, X P and D, X P the integrity
bases follow immediately from those of C,, and D, and ( 55)
where weput IS, =I",.

E(r—3)([*r,1"U )=z(

(84)

En=r+3(I,T, )=Z(

VL. POINT GROUP POLYNOMIAL BASES FOR
IRREDUCIBLE REPRESENTATIONS OF SO(3)

The (I',,I", ) tensors constructed in the preceding sec-
tion transform irreducibly by the representations I, of G,
and their components are homogeneous polynomials in
x,1,z, coordinates of a vector from a three 3-dimensional
space R;. In this section we want to relate these (I,,[", )
tensors to irreducible representations of the rotation group
SO( 3), using the fact that the three-dimensional space on
which I acts is spanned by x,p,z.

Polynomials in x,p,z of degree L (L > 1) span a
1(L+1)(L+2)-dimensional space { R,}* which is reduc-
ible with respect to the group SO( 3 ). More precisely,

[Ri}JL=Ry  1®Ry 38Ry 10, (85)

where R ;is a space of dimension d irreducible with respect to
SO(3).

Our task is to identify among the (I",,I",) tensors of
degree L those which belong to R,; _ ;. The methods of Secs
III-V are readily adapted to this problem. First we find the
generating function C(I",,I';;A4 ) for the multiplicities of I, in
the SO(3) representations L acting in the space R,; , ;, and
then we construct the basis tensors.

In order to find C(I",,I";A) it suffices to notice that
R, . is the only subspace on the right side of (85) which
does not contain polynomials with the SO(3) scalar
r=x*+y*+2z* as a factor. Hence C(I",,I";4) is obtained
from B(I",,[";A) by eliminating the factor (1—A?)"! respon-
sible for the scalar r* [an SO(3)-scalar is also an G-scalar].
Thus,

O, T ) =(1—AVB(T,, T ;A). (86)

An explicit form of C(I',,I" ;A) for the groups T, O, and [ is
found from (56) and Tables V, VI, and VII respectively; for
C,itsufficestoput 4,=A4,=A4,=A41in (57), and for D, to put
A=A;=A41n (58), (59) or A,=A;=A in (60). In the expan-
sion of (86),

CT.L ) =Y N, AL, (87)
L=0
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the coefficient N,; of AL is the multiplicity of I", in the SO(3)
representation L.

The tensors implied by the generating function
C(I",,I" ;A) provide polynomial bases for irreducible repre-
sentations of SO(3) reduced according to G. The integrity
basis is conveniently constructed from those of Sec. V. The
construction proceeds in two steps. First the SO(3) scalar 7
is eliminated from the integrity basis; the remaining tensors
are then in one-to-one correspondence with the required in-
tegrity basis. However, the tensors generated by the integrity
basis may contain admixtures of the lower subspaces of
(85). The second step consists of projecting out the unwant-
ed part of each tensor. For T, O, I the scalar I'’(I",) =r* is
straightforwardly dropped from the integrity basis. For D,,
we drop I®(I",) =z*. For C, we want to eliminate even pow-
ers of z. This may be done by replacing I'’(I",)=z by
EV=(I'"\,I" )=z, the difference is that now z may appear
only linearly.

The tensors generated by the modified integrity basis
are in general linear combinations of terms belonging to the
different subspaces of (85). So far we have insured only that
each contains a nonzero part from R,; _ . In order to project
out the admixture of lower subspaces we use the traceless
boson operator technique introducd by Lohe.’ In our con-
text this means making the substitution

FoF =F—PQN+3)'Yy, (88)

where N=7-Y/ is the operator whose eigenvalue s the degree
of the polynomial on which it acts. The components of ¥
mutually commute. Polynomials of degree L in x',y’,z’ satis-
fy Laplace’s equation and transform irreducibly by the re-

presentation L of SO(3).

VIl. CONCLUDING REMARKS

The generating functions serve here as an economic
first step in constructing the integrity bases They are also of
interest in their own right; they show the number of elements
of the integrity basis, their degrees, and show which invar-
iants are of type I and which of type E. We have calculated
the generating functions for all pairs of irreducible represen-
tations of all finite subgroups of O(3), and given composi-
tion rules for constructing generating functions for reducible
representations.

There are a number of possibilities for extending this
work, apart from direct applications; let us mention some of
them.

The problems studied here for point groups are interest-
ing also for double groups, space groups, and discrete groups
in general.

Suppose G is a continuous group with a finite subgroup
G'. Itis of interest to know G’ tensors whose components are
polynomials in the components of an irreducible G tensor.
An expansion of the corresponding generating function pro-
vides the multiplicities of G’ tensors of each degree. Further,
it would be interesting to construct generating functions

D (I ;u,,...,pt,) where the coefficient of g §,...,t =" in the ex-
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pansion of D is the multiplicity of the irreducible representa-
tion I', or G' in the irreducible representation (a,,...,a,) of G.

Generating functions and integrity bases can be found
and have proven useful for representations of continuous
groups. Although the methods are general, they have been
applied only to a few particular problems.'
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APPENDIX

The construction of the integrity bases for (I",,I",,,) ten-
sors in explicit form requires a definite choice of the gener-
ator matrices for each irreducible representaiton. In order to
make the paper self-contained we list them in Table IX for
representations of D, T, and O of dimension greater than
unity; for a one-dimensional representation the matrix is just
the character.
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Generalized Hamilton-Jacobi theories
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The generalized momenta of a dynamical system with n degrees of freedom may be given a Clebsch
representation in terms of independent scalar functions and gradients thereof. The canonical equations
imply certain differential relations which must be satisfied by these scalars. If the dynamical system is
nonrelativistic, the differential relations are shown to be a generalization of the classical Hamilton-Jacobi
theory. Similar results are obtained if the dynamical system is relativistic. A multiple integral variational
principle, whose Euler-Lagrange equations imply the equations of motion and an equation of continuity,
is formulated. As an example, it is shown that the Einstein field equations for an incoherent matter field
and the geodesic equations of motion may be derived from a single fourfold variational principle. The
usual energy-momentum tensor for such a matter field emerges as a by-product of the variational

principle.

1. INTRODUCTION

We shall initially be concerned with a nonrelativistic
holonomic dynamical system with n degrees of freedom, de-
fined by a Hamiltonian function H( t,x",p, ), h=1,--,n,
where ¢ denotes the time, x* the local generalized coordi-
nates, and p, the generalized momenta of the system. In the
parameter dependent Hamilton—Jacobi theory of
Carathéodory,’ it is assumed that a canonical momentum
field p, is the gradient of a scalar function S( £,x" ). The func-
tion § must then satisfy the first order partial differential
equation known as the “Hamilton—Jacobi equation.” Con-
versely, if S is a solution of the Hamilton-Jacobi equation,
the gradient of S will define a canonical momentum field.

The assumption that a momentum field p, be a gradient
is a rather severe restriction, in that it implies that the curl of
P, vanish identically. Recently Rund? has developed a gener-
alized parameter dependent Hamilton—Jacobi theory which
does not suffer from this drawback. In Rund’s theory the
field p,, is given a so-called Clebsch representation in terms of
n independent scalar functions which are referred to as the
Clebsch potentials. This implies that the components p,,-p,,
are independent functions of x#, If p,, is canonical, it is shown
that the potentials must satisfy a system of ordinary differen-
tial equations which, because they possess a structure identi-
cal with that of the Hamiltonian canonical equations, are
called the associated canonical equations. In addition, the
potentials must satisfy a Hamilton-Jacobi type partial dif-
ferential equation which is referred to as the generalized
Hamilton—-Jacobi equation. Conversely, if a given set of
Clebsch potentials satisfy the generalized Hamilton—Jacobi
equation and the associated canonical equations, then the
potentials ( via the Clebsch representation ) define a canoni-
cal field.

In this paper we shall show that the generalized
Hamilton-Jacobi theory of Rund is valid, irrespective of any
assumptions concerning the dependence or otherwise of
PP, This is accomplished by considering the nature of
the Pfaffian’ w=p ,dx *. According to the solution* of the
“Problem of Pfaff,” w may be reduced to a Pfaffian expres-
sion which involves s independent functions, where 1 <s<n.
It follows that p, may be given a Clebsch representation in
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terms of s independent functions. The number s, which de-
pends upon the nature of the field p,, shall be called the
character of p,. If the character of p,, is one, p, has the gradi-
ent representation of the ordinary Hamilton-Jacobi theory,
whereas if the character of p,, is n, p , must have the repre-
sentation assumed by Rund. The generalized Hamilton-
Jacobi theory presented here encompasses both of the above
theories, since it is valid for fields of arbitrary character.

A field p, does not determine a unique set of Clebsch
potentials, and any two sets of potentials which represent the
same field are said to be related by means of a Clebsch gauge
transformation.’ The relationship between Clebsch gauge
transformations and canonical transformations of the
Clebsch potentials is investigated in Sec. 4. When the charac-
ter of p;, is odd, it is shown that any such canonical transfor-
mation coincides with a Clebsch gauge transformation. If
the character of p,, is even, a canonical transformation in-
duces a representation of p, in terms of a dependent set of
potentials. In both cases a particularly simple form of the
generalized theory occurs if the integrals of the associated
canonical equations are chosen as Clebsch potentials.

Next, we shall consider a relativistic holonomic dyna-
mical system with n degrees of freedom. Since the time ¢ is no
longer a preferred parameter, the canonical formalism
which describes this system should be based upon a param-
eter invariant variational principle. Accordingly, we shalil
develop a generalized Hamilton-Jacobi theory within the
framework of the so-called ~omogeneous canonical formal-
ism.® A canonical momentum field with character sis given a
Clebsch representation in terms of s independent Clebsch
potentials. It is shown that the potentials must satisfy an
associated system of parameter invariant canonical equa-
tions, together with a generalized Hamilton-Jacobi equa-
tion, and conversely, these equations are sufficient to ensure
that the potentials define a canonical field. Also, in contrast
with the parameter dependent case, the associated param-
eter invariant canonical equations are shown to imply the
corresponding generalized Hamilton-Jacobi equation.

An important application of the generalized
Hamilton-Jacobi theories is that they allow one to obtain the
single integral canonical equations of motion from a multi-
ple integral variational principle. This is accomplished in
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Sec. 6, for the parameter invariant formalism, by construct-
ing a Lagrange density . in which the Clebsch potentials
are treated as field variables. The Lagrange density must
also, for dimensional reasons, contain a density function v as
a linear factor, and v is likewise treated as a field variable. It
is shown that the Euler-Lagrange equations which result
from varying the Clebsch potentials and the density v, imply
the parameter invariant canonical equations and an equation
of continuity for v.

For certain physical fields, the procedure outlined
above allows us to derive the field equations and the particle
equations of motion from a single, n-fold variational princi-
ple. An example of this phenomenon is given at the end of
Sec. 6, where the Einstein field equations and the geodesic
equations of motion for an incoherent matter field are de-
rived from a 4-fold variational principle.’

2. THE CLEBSCH REPRESENTATION OF A
COVARIANT VECTOR FIELD

We shall let x#, A=1,...,n, denote the local coordinates
of an n-dimensional differentiable manifold X,. If p, is a class
C? covariant vector field on X, we may construct the invar-
iant 1-form

o=p,dx". (2.1)
Now according to the solution of the classical “Problem of
Pfaff,” * » has one of two possible Pfaffian reductions. Either
@ may be written as

w=dy+PdQ'+ +P,dQ™, 2.2)

where ( ¢,Q%,---,0",P,,--,P,, ) are (2m+1 ) independent
functions of x*, or w is expressible in terms of merely 2m
independent functions of x*, namely

o=PdQ'++ P,dQ". (2.3)
If o has the reduction ( 2.2 ), the vector field p, is said to have
character (2m+ 1 ) whereasif p, has the reduction ( 2.3 ) the
character® of p,, is 2m. The character s, which depends upon
the nature of the given field, may be shown* to be equal to the
rank of the n X ( n+ 1) augmented matrix

(3p » 9p,

ax! _gx—", pk)=(wlh’pk)!

where, for the sake of brevity, we have put

__9p, ap,
Op="—"—"77—

. 2.4
Ix!  Ix* (24)

It follows that s<n.

It will prove convenient to introduce the notation

— 0’
€= 1,
Then, if we let the index a run from 1 to m, the representa-

tions ( 2.2 ) and ( 2.3 ) may be combined into the concise
form’

w=edp+P ,dQ°.

if the character of p ,is even,

if the character of p , is odd. (23)

(2.6)
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Upon comparing ( 2.6 ) with our original expression ( 2.1)

for w, we obtain
oy

dx*

aQ°

o (2.7)

+P,

Pr=¢€

which gives a representation of p,, in terms of the (2m+€)
scalar functions ( €y,Q *,P , ). In the special case of n=3,
m=1,and e=1, (2.7 ) reduces to

P=VY+PVQ

which is the representation usually attributed to Clebsch.'
For this reason, ( 2.7 ) will be called a Clebsch representation
of p,, and the scalars ( €y,Q *,P , ) shall be referred to as the
Clebsch potentials.

It is obvious that a given vector field does not determine
a unique Clebsch representation. Following Rund,® we shall
call a transformation of the form

EE=€E( GI/I’QB’P,B ), éazéa(QB’PB ),
(2.8)

Fa=1?a( QB’PB ),
a Clebsch gauge transformation if

.

ax*”

99° _ %Y .5 997
dx* dx" Ix"

€ +P,

That is, the potentials (e,Q ¢,P ) and (e¢,Q°,P ) give
rise to equivalent representations of the same vector field.
Quantities which are invariant under Clebsch gauge trans-
formations shall be called Clebsch gauge invariants.

In this paper we shall identify the manifold X, with the
configuration space of a holonomic, dynamical system with
n degrees of freedom. The vector field p,, is identified with the
canonical momentum of this dynamical system. If the char-
acter of p, is one, the representation (2.7) reduces to

%4
Ph=o (29)

which is just the representation for fields of momenta in the
ordinary, parameter dependent Hamilton-Jacobi theory of
Carathéodory.! If the character of p, is n, (2.7 ) becomes
(n—e€)/2 a
L + P 90

a

axh a=1 axh

ph=€ (2.10)

which is the representation assumed by Rund? in his param-
eter dependent generalized Hamilton-Jacobi theory. How-
ever, an arbitrary momentum field will have character s,
1<s<n.

3. A GENERALIZED HAMILTON-JACOBI
THEORY FOR NONRELATIVISTIC DYNAMICAL
SYSTEMS

We shall now consider the (n + 1)-dimensional differen-
tiable manifold ¥, , ;=R X X , of the variables (#,x"),
where ¢ denotes the time and the x” represent the generalized
coordinates of a nonrelativistic, holonomic, dynamical sys-
tem with n degrees of freedom. This dynamical system is
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described by a given Hamiltonian function H (¢, x',p ;)
where p, represents the components of a momentum vector.
For a given momentum field p , (£, x' ), we may define a
conjugate velocity field vz, x’ ) by means of

IH [t,xl,p,(t,xk)]. 3.1
h

v, xH) =

We shall assume that

h
det (c?v ) = det (__62__1{__) #0,
ap dp4dp

(32)

for all possible arguments (¢, x”,p , ), so that ( 3.1) estab-
lishes a one-to-one correspondence between the velocity and
momentum fields. In particular, ( 3.2 ) implies that H is not
homogeneous of degree one in the variables p,; hence the
canonical formalism based upon the assumption (3.2 ) is
described as *“‘the nonhomogeneous theory”.!!

In our analysis we shall frequently be concerned with
the differentiation of functions of the form

F=F [t,xl,fA(t,xk )],A: 1,-,M,

where the f, represent M differentiable functions, and F is

also differentiable. In such cases it is of crucial importance to
distinguish between the partial derivative and the so-called
“total derivative.” If x * =x (¢ ) representsacurve Cin X,
the total derivative of F with respect to ¢ along Cis defined by

dF _J9F JdF ., M JF
———— _x —_—
dt 3[ + axl +A§1 afA

afA 8fA.1
x((% 4—5;7x), (3.3)

where x ' = d x!/dt. Similarly, the relations
fA =f,4 ( t’ X ! )

define a surface .S of dimension (7 + 1) in the space of the
variables (z,x " ,f ), and the total derivative of F with re-
spect to x" along S is defined by

dF _ OF M GF 9f4

dx* _ax" & f 4 Ix"

(3.4)

A curve x"=x"(t )in X, is said to be a streamline of the
velocity field ( 3.1 ) if the functions x*( t ) satisfy the
equations

Xh=ph = OH

ap,

(3.5)

Furthermore, the field p,( ¢,x') is said to be canonical if

dp, —0H
=—% 3.6
7 P (3.6)

along every streamline of v*, that is if ( 3.6 ) holds as a result
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of (3.5). The 2n differential equations

., OH dp;,__aH

_9H _ 3.7)
X =%, dr ax" (

are called the canonical equations. We shall assume that the
temporal evolution of our dynamical system is determined
by (3.7). As is well known, this is equivalent to Hamilton’s
principle as applied to the Lagrange function

L(t, x" %" Y= —H+p %", (3.8)

where it is understood that ( 3.2 ) has been used in order to
express the p,, in terms of x” in the right-hand side of ( 3.8 ).

Let us suppose that we are given a canonical field
pi(tx"). Then (3.6), when taken in conjunction with
(3.5), yields

ap, " aps Y __aPI %!
at dx! ax*

_OH  9H 9p,
axh 5[71 ﬂxh’

which, by virtue of the notation introduced in ( 2.4 ) and
( 3.4), may be rewritten as
Ip s ) dH

— @ gx = — .
ot Ih dx*

(3.9)

We will presently show that ( 3.9 ) gives rise to some interest-
ing identities which involve the Clebsch potentials of p,.

First let us note that since p, may depend explicitly
upon ¢, the Clebsch potentials ( ey,Q% P, ) of p, may also
have explicit ¢ dependence. Next, the representation ( 2.7 )
implies that

a a
9Ph _ _(9__(6% +P, BL)
ot dx*\ ot ot

aPp a « gP,
L 9P. 90° a9

) 3.10
ar gx* ot Jx* ( )
whereas (2.7 ) and ( 2.4 ) yield
., dQ° (dP,, aPa) arP,
@ px = - -
dx* \ dt ot dx*
dQ~° 5Q")
X (————. 3.11
dt at ( )

Substitution of ( 3.10) and ( 3.11 ) into ( 3.9 ) gives

3 ( b aQa) dpP,
2 (eZX 1P, +
ax? \ s ar dr
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aQ* dQ< dpP, dH
X - = — . 3.12
ax* dt gx* dx" ( )

The form of the above relation suggests that we define a
function 7( ¢,x') by

1(¢, x’)EH(t,x’,e 61/:} +P, aQa)

x ax!

ay agQe°
+ € +P, .
ot at

(3.13)

Then ( 3.12 ) becomes

a dp dP a
dT _dQ“ 9P, _dP. 30° 314)
dx*" dt dx* dt 9x*

We shall now take advantage of the fact that the
Clebsch potentials in the representation ( 2.7 ) are indepen-
dent functions of x”. Because of this, it is possible to solve the
( 2m+¢€) equations

ep=ey(r,x"), Q*=Q%t,x"), P,=P,(,x")

and obtain, upon relabeling if necessary, the variables

( x!,--x?m+¢€) in terms of the potentials ( e¢,Q %P ). In
fact, there will exist a one-to-one correspondence between
the coordinates ( ¢,x!,---,x" ) and the variables
(tet,Q",-,Q™ Py, P, x 2" 1+€ o x ™ ). This correspon-
dence allows us to define a function & by means of

D(tep, QP x "t T x " Y= T(1, x!).

(3.15)
Substitution of ( 3.15) into ( 3.14 ) then gives, for
h=1,-2m+e¢,
9P Y 9P dQ° | IO P,
ay ax"  IQ* Ix* P, dx*
a JP dpP a
_dQ « 4l 907 (3.16)
dt 9x* dr  Jdx*
together with
P e dy e 3Q° I 9P,

+ € +

dx* AW dx" 3Q* Ix" apr, ax*
_dQ® 9P, dP, 49"

: -, (3.17)
dt 9dx dt  dx

forh=2m+4€+1,-,n.
The identity ( 3.16 ) implies that, for A=1,---,2m +€,

9P oy (aqb _dQ“)aPa
a Ix*" aPa dt Ix"
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dP a
+(a¢ N a)aQ o
agQe dt / gx*

Since the functions ( €¥,Q°,P, ) are independent, we may
conclude that

é‘ﬂ —_~0,
Y
together with
a dP —
do® _ 9¢ 47. =99 (3.18)
dt ap, dt aQ*
As a result of the above, ( 3.17 ) reduces to
ad =0, h=2m+1+¢€,n. (3.19)
dx*
Thus the definition ( 3.15 ) may be replaced by
P(1,Q0°P,)=T(t, x"). (3.20)

Because the relations contained in ( 3.18 ) possess the
same structure as the canonical equations { 3.7 ), (3.18)
shall be referred to as the associated canonical equations. The
function @( 1,0, P, ) which occurs in ( 3.18 ) shall be called
a superpotential. We have shown that a superpotential may
be defined by ( 3.13 ) and ( 3.20 ) for any canonical field with
the representation ( 2.7).

The relations ( 3.13 ) and ( 3.20 ) imply that

ay age°
P(1,Q0%P, =H(t,x’,€ +P, )
Q ) ax! ax!

a¢+Pa 990 )

— 3.21
at at ( )

+ €

which, for a given function @, may be interpreted as a first
order partial differential equation in the variables

( €,0% P, ). In particular, if p, has the representation ( 2.9 )
and if @ is zero, ( 3.21 ) reduces to

AT
Jat dx!

x
which is just the usual Hamilton-Jacobi equation for the so-
called principal function ¥. For this reason, { 3.21 ) shall be
referred to as the generalized Hamilton-Jacobi equation.

(3.22)

In order to examine the relationship between the gener-
alized Hamilton-Jacobi equation and the associated canoni-
cal equations, let us take the total derivative of the expression

H(t,x’,e % +P, 90 )+ea—¢
x! ax’ at

+P, %La—ab( 6 Q%P,)
t

with respect to x”. This gives, after some manipulation,
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d [H(t,x’,e—a—'p—- +P, aL) +e%
dx* ax! ax'! at
+2. 22 a1, 0]

_ dp, +
dt dx"  aJx*

dt apP,

oH ar, (an aqb)

(3.23)

age« (dPa v )
_ + .
dx" \ dt aQ-

From the above identity it is clear that the associated
canonical equations ( 3.18 ) and the generalized Hamilton—-
Jacobi equation ( 3.21 ) are sufficient to imply that the mo-
mentum field p, is canonical.

4. CANONICAL AND GAUGE
TRANSFORMATIONS

As was mentioned in Sec. 2, a vector field p,( x’) does
not determine a unique set of Clebsch potentials. In fact, the
totality of all differentiable transformations of the form
{ 2.8 ) such that

W p 90° _ 0% .5 30"

+P, +P, 927 (a1
ax* dx* ax* dx* )

€

constitutes an infinite group, the elements of which are
called Clebsch gauge transformations. It can be shown’ that
the associated canonical equations ( 3.18 ) and the general-
ized Hamilton-Jacobi equation ( 3.21 ) are invariant under
such transformations. Thus the results of Sec. 3 are gauge
independent.

Let us consider a transformation of the form

Q_a =Q_a( t, QB’PB ): Fa =Fa( Z, QB!PB ) ( 4.2 )
We shall assume that there exist functions y( ¢, 0*° ,0 p) and
& (1,0 ,P_) which satisfy

dy=P_,dQ*—P_dQ"—(®d— D)dr . (43)

As is well known,' ( 4.3 ) represents a canonical trans-
formation between the entities (Q “,P ,,® ) and
(Q°,P,,® ). We shall make use of two important proper-

ties of such transformations. First, the transformation (4.2)
is invertible, in fact

(G2 -

It thus follows that the independence of the functions
Q(t,x" )P, (t,x")implies that of the potentials
Q%(t,x"),P, « (£, x" ). Secondly, the associated canonical
equations ( 3.18 ) imply the equations

O ® dP >
a0 _ o = _22 (44)
d 9P dt Q-

[e4
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that is, the associated canonical equations are structurally
invariant under ( 4.2).

Now the functional dependence of the generator y in
( 4.3 ) implies that

I _ ) 4

= KX L o-3.
aQ°

@’ aéa_ ot

(45)

We shall use the first two members in the above in order to
rewrite the representation ( 2.7 ) as
i ag“

=e— +P,
P dx*

ay dy 5 9Q°
+ X P, :
dx"  dx* dx”

=€

If we define
FLx" )=y, Q% (6,x" ),0%(6,x" ),

and put
WL x")=ed(6,x" y+x(t x*), (4.6)
the above becomes
W = 9Q°
= P, . 4.7)
e ax" (

If the character of p, is odd, then, by virtue of the indepen-
dence of the potentials ( ,0%P, ), the functions

(W, Q<P ) will be independent functions of position.
Hence, (4.7) is a Clebsch representation and the canonical
transformation ( 4.2 ) is, in actuality, just a gauge transfor-
mation. When the character of p,, is even, the functions

( W,0=,P,, ) will not form an independent set. In this case, we
shall call (4.7 ) a dependent Clebsch representation of p,.

Let us now assume that p,, is a canonical field. Thus the
associated canonical equations ( 3.18 ) are satisfied, which in
turn imply the transformed equations ( 4.4 ). If we substitute
the representation ( 4.7 ) into the relation ( 3.9 ) and repeat
the analysis which led to ( 3.14 ), we obtain

d a_W+]7a_(7_Q_+H(t,xk’a_W
dx" 1 ot ot dx
+ P, 92 )] —42
ax* dx*
This implies that
oW 5 99 +H(t,x,,,aw .5, 92 )
ot at dx* dx*
=d(t, 0°.P,) (4.8)
Richard Baumeister 2381



where, as usual, an arbitrary function of ¢ has been absorbed
by the Hamiltonian. Conversely, the equations ( 4.4 ) and
( 4.8 ) are sufficient to guarantee that p, is canonical.

An important point to observe is that the function & is
essentially arbitrary. In fact, as we shall see shortly, it may be
taken to be identically zero. This is in contrast with the origi-
nal superpotential @ defined by ( 3.15 ) which, by construc-
tion, cannot vanish identically.

In order to show that @ may be zero, it is sufficient to
observe that the associated cangnical equations ( 3.18 ) pos-
sess 2m independent integrals Q2,P,, and that the solutions
Q“,P, of (3.18) may be written as*®

Q =0°(4,0%P;s), P,=P.(+,0%.P,). (49)

By definition,

dQ” —0 dP, -0

4.10
dt dt ( )

asaresult of ( 3.18 ), so that ( 4.9 ) may be viewed as a trans-
fo;\maﬂon between the entities (Q“,P ,,® ) and
(Q“%,P,,0)which preserves the structure of the associated
canonical equations ( 3.18 ). From the theory of canonical
transformations' it follows that there exists a function

¥(t,Q%,0% such that

dy=P ,dQ*—bP ,d0° —dds, (4.11)
where b is a nonzero constant. We may, without loss of gen-
erality, absorb the constant b into the variables P,; thus
(4.11) reduces to (4.3 ) with @=0. As a result, Eq. (4.8)
becomes

W .5

a aQa>=0
ot

ax*" “ gxt

(4.12)

1
L.}
2
+
o
—_
"x
'QJ
X
+
o

It is interesting to note that the generator y must, as a
consequence of (4.5 ) and (4.11), satisfy the Hamilton-
Jacobi type equation’

X +¢>(t,Q"‘,———aXa)=0.

= G0 (4.13)

In summary: We have shown that the associated ca-
nonical equations ( 3.18 ) and the generalized Hamilton—

Jacobi equation ( 3.21 ) reduce to (4.10 ) and ( 4.12 ) respec-
tively if p, is given the representation

oW ~ 4Q0°
Pn=—"—7+PFP g

: 4.14
dx* “ gxt ( )

The representation ( 4.14 ) is a Clebsch representation when
the character of p, is odd, otherwise it is a dependent Clebsch
representation.’¢
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5. A GENERALIZED HAMILTON-JACOBI
THEORY FOR RELATIVISTIC DYNAMICAL
SYSTEMS

In a relativistic dynamical system the time r is no longer
a preferred parameter. Instead ¢ is taken to be one of the
coordinates of the underlying manifold, say r=x". Accord-
ingly, it follows that a relativistic canonical formalism
should be based upon a parameter-invariant action integral
of the form

1=f L( x"x")dr, (5.1)
C

where 7 is an arbitrary parameter, C is a curve of the form
x"=x"(r),and X" =dx"/dr. We shall assume that
(5.1)is invariant under arbitrary class C' parameter trans-
formations of the form r=7( ¢ ), and that the Lagrangian L
is invariant under the arbitrary class C* coordinate transfor-
mations X" =x"(x' ). These assumptions are sufficient to
ensure that the equations of motion, i.e., the Euler-Lagrange
equations

_d (4L aL
END)= 4 (357) 57 O )

which arise from ( 5.1) are invariant under the above men-
tioned parameter and coordinate transformations.

We shall now give a brief description of the canonical
formalism that we will use to describe our dynamical system.
This formalism was originally formulated by Rund, and the
reader is referred to Ref. 17 for further details.

Let us denote the » components of a relativistic momen-
tum vector by y,. We shall assume that our dynamical sys-
tem is described by a Hamiltonian function H( x',y,) which
is numerically equal to the Lagrangian (L x‘,x' ) in
(5.1)."* The parameter invariance of ( 5.1 ) implies that H is
homogeneous of degree one in the variables y,, hence this
particular formalism is referred to as the homogeneous the-
ory. A velocity field v*( x') conjugate toy , ( x' ) is defined
by

JH

vi(x" ) =H Gy (x*) (x'y, (x*p. (53)
ay,
It is assumed that
dv™\
det( 0, (54)
8y,)#

for all possible values of x# and y,; thus ( 5.3 ) may be solved
for the variables y, so as to yield y , =y ,(x ",v").

If the curve x* =x"( 7 ) is a streamline of v*( x'), that is,

(5.5)

xt=vh(x"),

the equality of L and H together with the assumption ( 5.4 )
imply the functional relation

H(x'y (x*x%)=L(x'x"). (5.6)
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It may then be shown that L and H satisfy the identities
dL _¥Yn OL JH

dx* H Jx* Ixt

(it is tacitly assumed that H does not vanish ) which allows
us to express the equations of motion ( 5.2 ) as

_‘1_(1"_)=_‘9H. (5.7)
dr \H Ix*
The system
eh—g 9H L(y_h)z___‘m, (5.8)
dy, dr \H dx*

which results from (5.3), (5.5), and (5.7), represents the ca-
nonical equations of the homogeneous theory. Because of
the homogeneity of H, the n equations in the second member
of (5.8) satisfy the identity

[_d_(.‘?i) + oH ]xh=0.
dr \H dx*

Finally, let us assume that the field y,( x') satisfies the
relation

(5.9)

as
h’

ya(x)=Hx 'y (x*)
dx

(5.10)

where S is a class C? scalar function of position. The homo-
geneity of H leads to the result

H(x’,—‘—;S—[) —1,

5.11
dx ¢ )

which in turn implies that y, is canonical, i.e., y, satisfies
(5.7) as aresult of (5.3 ) and (5.5). For this reason Eq.
(5.11) is called the Hamilton—Jacobi equation for the
homogeneous theory.

We shall now show that a generalized Hamilton-Jacobi
theory results if the field y,( x?) is given the Clebsch repre-
sentation (2.7 ).

To this end, let us consider an arbitrary momentum
field y,( x') with character ¢. If y, is canonical, the relation
(5.7) implies that

3y, ., Yn dH oH

P IR - e
dx’ H dr Ix*
or

(ay;. _c?yl)x,_y_hdH
dx'  dx* H dr

JdH ayl x-[
Ixh  axt
However, (5.3 ) and (5.5 ) yield

ay, = 9y, 3H
ax* ax* dy,’
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so that the above becomes

(3}’h_5)’1)x,_£h_dH _ dH‘ (5.12)
ax' adx* H dr dx"
The representation ( 2.7 ) allows us to put
(ay,, B 8y,)xl= dP, 3Q° _dg* 8Pa.
ax'  ax* dr gx*  dr Ix*’
thus ( 5.12 ) may be put in the form
@ ap, a
(e ay + P, agQ )LdH 1 dQ
ax* dxh /) H dr H 3x" dr
a dp
1 4@ a =dH' (5.13)

T H dx* dr  dx"

As in the case of the development which led to ( 3.14),
we may invert the ( 2m+¢ ) equations

ep=eP(x"), Q*=0%x"), P,=P,(x")
and obtain, upon relabeling if necessary, the coordinates

(x',--,x ?m*€) as functions of the potentials (e¢,Q*,P ).
This allows us to define a function @ by

P, P x et x" Y= H(x "y, (x').
(5.14)

Substitution of ( 5.14 ) into the right-hand side of ( 5.13)
then leads, by virtue of the independence of ( €¥,Q%,P,),
directly to the relations

d® _ 9 d (Pa)

€ —=

dr o dr

L4

_ o dg* _ 3P
age’ dr P

. (5.15)

and

9P 0, h=2mtlten .

dx*
We may conclude from the last relation that @ is of the form
P=P(ey),0%P, ).

We have shown that if y,, is a canonical field, a function
@, defined by ( 5.14 ) and ( 5.16), satisfies the relations
( 5.15). Because the last two members of ( 5.15 ) have the
same structure as the canonical equations ( 5.8 ), (5.15)
shall be referred to as the associated canonical equations ( for
the homogeneous theory ). As in Sec. 3, the function @ shall
be called a superpotential. It is interesting to note that a fun-
damental difference between the canonical formalism pre-
sented in this section and the formalism given in Sec. 3 is
exhibited by the role of the potential ¢ in the respective asso-
ciated canonical equations.

(5.16)
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We shall now use (2.7 ) and ( 5.16 ) in order to rewrite
the relation ( 5.14 ) as

h a¢ aQa _ a
H(x ,eaxh +P, axh)—¢(6¢’Q Pa ).
(5.17)

For a given function @, ( 5.17 ) represents a first order par-
tial differential equation in the variables ( €¢,Q,P,, ). In par-
ticular, if y, is given by ( 5.10 ), the equation ( 5.17 ) becomes

H(xh’H( xl,,Vz ) aS ) =¢;
ax*"
or, because of the homogeneity of H,

H(xh, GS)Zizl,
dx* H

which is the ordinary Hamilton—Jacobi equation ( 5.11 ) for
the homogeneous theory. For this reason, (5.17 ) shall be
referred to as the generalized Hamilton-Jacobi equation.

Let us now examine the consistency of the associated
canonical equations. With the help of (5.15) we have that

o _ 9P dy 39 d@° 39 dP.
dr M dr Q0 dr dpP, dr
_4a® [e dy  P. 09 ]
dr L@ dr & 9P|

Substitution of the third member of ( 5.15 ) into the above
relation gives

4o _ do (f_éi+P_a§_Qi)
dr dr \@ dr @& dr /

Hence, if d®/dr does not vanish, we have

gocd | p d0°
dar dr

2(6_% + Pa _c?_Q_._a_)xh
Ix*t ax*”

(5.18)

— : h
=YX .

However, the homogeneity of H together with ( 5.3 ) and
(5.5) imply that
oH

xhythyh =H,
ay,

(5.19)

so that the relation ( 5.18 ) becomes
H=9
But since the replacement of @ by — @ does not affect

the associated canonical equations ( 5.15 ), we may assume
that the above implies H=@. Thus, provided that
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d®/dr £ 0, the associated canonical equations imply
the generalized Hamilton—Jacobi equation of the homo-
geneous theory.

Finally, we shall examine the relationship between the
canonical equations ( 5.8 ) and the associated canonical
equations ( 5.15 ). Differentiation of the generalized
Hamilton—Jacobi expression ( H — @ ) with respect to x*
gives

d _OH | 6H 9y,
dx,,(H—dD)— +

ax"  dy, dIx*

_ 9P W 9d 3Q°
W Ix*  IQ° Ix*

op 9P,

TR (5.20)

The relations ( 5.3 ) and ( 5.5 ) allow us to obtain

9H 9y, X' (E FY apP,
dx'dx" dx*

ay[ axh H

(00" p, 07 )
dx! dx'dx"

zl_(dyh dP, dQ“
H \ dr dxh dr

3Q*° dPa)
Ixh dr '

Substitution of the above into ( 5.20 ) gives, after a little
rearrangement,

4 (g-o)=24 L(Z_"_)
dx* dx" dr\H

8Pa(1 dQ° a<1>)

ax" \H dr 4P,

srara R

d
+e ¢(1 dH 39

Ixh o

H dr a«p)' (3.21)

Now ( 5.21 )is simply an identity which holds along any
streamline of the velocity field v,. If we assume, however,
that the Clebsch potentials satisfy the associated canonical
equations ( 5.15), then, from our previous work in this sec-
tion, H=®, and ( 5.21 ) reduces to

_'f_(y_h)+ OH _.
dr \H dx*"
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Thus, the associated canonical equations imply the canoni-
cal equations of the homogeneous theory.

6. THE ASSOCIATED MULTIPLE INTEGRAL
VARIATIONAL PRINCIPLE

In this section we shall show how the equations of mo-
tion ( 5.7 ) of the homogeneous theory result from an n-fold
multiple integral variational principle.'® This is an important
application of our generalized Hamilton—Jacobi theory,
since it gives rise to a method whereby field equations and
particle equations of motion may be obtained from a single
variational principle.

Let us suppose that we are given a Lagrange density

f=f(xh;9”’;9'4,h )’ A=1,"‘,N

where the @4 ( x * ) represent N differentiable field func-
tionsand ©4,, =3 O“/3dx". If G denotes a domainin X,
we may form the integral

I= f Ldx'A--Ndx"
G

which defines an n-fold variational principle. The corre-
sponding Euler-Lagrange equations
d ( 0.7 ) 4

_ (2= =0, (6.1)
dx"\de",, a0

Ea,(‘ip)E

represent field equations for the functions GA( xn).

The basic idea is to form a Lagrange density .¥ in
which the Clebsch potentials are treated as field varjables.”
The Lagrangian .% is chosen so that the associated canoni-
cal equations ( 5.15 ) will be a consequence of the Euler—
Lagrange equations which arise from .. The results of Sec.
5 will then imply that the equations of motion ( 5.7 ) are
satisfied.

To this end, let us define a function H by
H( x"P ,:€1,,;0%, )= H( x "¢, + P, Q%)
(6.2)

If v(x") denotes a density function and @ = ®(ey), 0% P,), the
quantity v(H — @ ) has the dimensions of a Lagrange density.
We shall show that if .¥ is defined by

L(x"veh;Q0 %P Li€8,,:0% 0 )= v(H—0) ,
then the field equations

(6.3)

E(ZL)=Ey(L)=Ep (L) =E ,(L)=0 (64)

imply the equations of motion ( 5.7 ).

First let us note that the following identities are an im-
mediate consequence of the definitions (6.2 ) and ( 5.3 ):
dH _e* 9H 4aQ°

>

v
M, H 3P, dx" H'

dH _ v'P, (6.5)
I,  H ‘
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Furthermore, since v is a density function, the quantity
Jf(xH)y=vot(x!) (6.6)

is a current density. If we next substitute from ( 6.3 ), (6.5),
and ( 6.6 ) into the Euler—Lagrange expression in the left-
hand side of ( 6.1 ), we find that

E(ZL)=—(H-P)

r, (g)__L(aQ“v o)

dx* apP,
.1 P
Ey (D)= = 9 +V[d (—“)v"+ d ]
Hox " lax\m 20°
E (2)=5 91 _ V(LdH v — 5‘1’) (6.7)
H ax H dx" W

It would be easy enough to show from (6.7) that the
field equations (6.4) imply the vanishing of the associated
canonical equations (5.15), which in turn implies that the
equations of motion (5.7) are satisfied. However, we may
show this explicitly by rewriting the identity (5.21) in terms
of the Euler-Lagrange expressions E ,(.£), E », (%),

E ,-(Z), and E (£). With the help of (5.5), the identity
(5.21) becomes

oH -d—(y_k_)_{_—al’a

dx" dr \H ax*

X(_l_(?Q“ vl 8¢)_8Q“
H gx' opP dx*

a

P
_d_(_a)vl +£_] +€a_¢,
'\H aQa axh

( 1 dH , 439 )

X — U =]

H gx' Y

If we substitute from ( 6.7 ), the above may be rewritten as

d
dx"

[—E,(Z)]

L)

E, (%
dx* dr \H v \dx L)

+ 9Q
Ix"

Eq £)+ 22 '” w(f))

42 aj!

- 6.8
VH 9xl (68)
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Thus, the field equations ( 6.4 ) imply that

oH L(y_h)+ Yu dj!
dx* dr \H vH gx!

—0. (6.9)

Upon multiplying the above relation by x* and making use of
the identities (5.9 ) and ( 5.19 ), we obtain

aj!
2 o, 6.10
P (6.10)
which has the obvious interpretation of an equation of con-
tinuity. Substitution of ( 6.10) into ( 6.9 ) then yields the
equations of motion (5.7).

As an example of the above complex of ideas, let us
consider a general relativistic matter field with proper densi-
ty v which is defined on a Riemannian manifold X,, of the
variables ( x',x*x*x*=t ). The metricg ,, (x| ) of X, which

1s assumed to have the signature ( —,—,—, 4+ ), must satisfy
the Einstein field equations
G =k T, (6.11)

where G"* is the Einstein tensor, « is a constant, and 7" is
the energy-momentum tensor of our matter field.

We shall demand that the Hamiltonian H which de-
scribes our dynamical system satisfy the following three
conditions:

(i) H is a scalar with respect to arbitrary class C* co-
ordinate transformations;

(ii ) H is homogeneous of degree one in the variable y,;

(iii ) H depends on the variables x* only through the
metric tensor, i.e.,

H( xl’J’1 )=H( ghk(xl W)

The first two assumptions are in keeping with the pa-
rameter invariant formalism of Sec. 5, whereas assumption
(iii ) is reasonable since our matter field is incoherent, that
is, it lacks an internal structure. Together, (i }~(iii ) are suf-
ficient to imply*' that H is of the form

H(x'y )=k(g"y,y,)"

where £ is a nonzero constant, and g* is the inverse of g,,.

(6.12)

We shall next consider the equations of motion which
result from (6.12). According to ( 5.3 ), a velocity field
v*( x") which is conjugate to y,( x') is given by
(6.13)

We may solve ( 6.13) for y;in terms of x* along an arbitrary
streamline of v and obtain

vh=k2gh’y,.

Vi ghlxh'

= k_z
Substitution of this result into the definition ( 5.6 ) then gives

L(x'w")= == (gui"5')" (6.14)

A well-known caiculation then yields the Euler—Lagrange
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equations

D ()
Dr \ L

where D/Dr denotes the process of absolute covariant differ-
entiation. In particular, if we replace 7 by the so-called prop-
er time s, which is defined by

(6.15)

ds=L(x"dx"), (6.16)
then
h
L(x”,dx ):1, (6.17)
ds
and ( 6.15 ) reduces to
h
i("x ):o (6.13)
Ds \ ds

which are the geodesic equations of X,.

Let us, in analogy with ( 6.3 ), define a Lagrange density
2, by

foz\/g WH—-P),
where g =|det (g, ), @ =P(e¢, Q°,P, )and
H=H( g, (x" )€, +P,07, ), thatis,

H=k [g" (e, +P. Q% N ety +PsQ", )"
The Lagrangian .#’, depends upon the metric tensor g, in
addition to the variables ( v,e,Q “,P . .€,,,0“,, ). How-

ever, this does not affect the analysis which led to the result
( 6.8 ), namely, that the field equations

(6.19)

E(L)=E (L) =Ep (L) =E,(Z)=0, (6.20)

imply the canonical equations ( 5.7 ), as well as the equation
of continuity ( 6.10 ). We have seen that the canonical equa-

tions are given by ( 6.15 ), whereas the factor of Vv g in
( 6.19) allows us to rewrite ( 6.10) as

3‘97(\/?vu" )=0. (621)

In order to obtain the Einstein field equations ( 6.11),
we shall consider the Lagrangian

=V gR= %£=V'g [R=v H—0) 1.
(622)

Since the added term does not depend upon the Clebsch po-
tentials or the scalar v, the equations ( 6.20 ) are equivalent
to

E(L)=E (L)=E (L)=E, (£)=0. (623)

Thus the field equations ( 6.23 ) imply the equations of mo-
tion ( 6.15 ) and the equation of continuity ( 6.21).

We must yet consider the equations which result from
the variation of the metric tensor g,,, namely, the equations

E, (£)Y=E, (2L)=0 (6.24)
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It is well known that
E.(VgR)=VgaGr.

Furthermore, from ( 6.19 ) we obtain

Ers(w-fo)= (a(‘?\/—g) V(ﬁ_d))+ \/;_V 9H .

(6.25)

rs ag rs
(6.26)
It is easily verified that
T 2 ra, S
OH _ K vl (627)
ag .. 2 L

and that H= as a result of the field equation E( ¥ )=0.
Thus ( 6.26 ) becomes

Ve k vy
— I

7 (6.28)

E (%)=

Upon comparison of (6.22) with (6.25), (6.17) and (6.28), we
see that the field equations (6.24) imply that

2
G~ =k—vv’ ve.

If we now identify the constant k with \/ 2 «, the above
reduces to the Einstein equations

G” =xkvv'v® =«T", (6.29)
where
T? =vv'v°®. (6.30)

It is interesting that the energy-momentum tensor (6.30),
which is usually postulated on physical grounds, arises as a
by-product of our analysis. Furthermore, it is straightfor-
ward to show that the covariant divergence of 7 vanishes as
a result of the field equations (6.23).2
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We present an algorithm which enables us to state necessary and sufficient conditions for the solvability of
generalized Hamilton-type equations of the form t(X)w = a on a presymplectic manifold (M,») where a
is a closed 1-form. The algorithm is phrased in the context of global infinite-dimensional symplectic
geometry, and generalizes as well as improves upon the local Dirac-Bergmann theory of constraints. The

relation between our algorithm and the geometric constraint theory of Sniatycki, Tulczyjew, and

Lichnerowicz is discussed.

I. INTRODUCTION

It is generally recognized'™ that classically, a physical
system can be described in terms of a symplectic manifold,
that is, a manifold M together with a nondegenerate closed 2-
form w. Physically, M is the phase space of the system while
o is essentially a generalization of the Poisson bracket.

The manifold M and the symplectic form w are
kinematical in nature; the dynamics of the system is deter-
mined by specifying a real-valued function H on phase space,
the Hamiltonian. One then solves the Hamilton equations

WX )w=dH, (1.1)
thereby obtaining the dynamical trajectories of the system in
phase space (i.e., the integral curves of the vector field X).
The fact that w is nondegenerate assures us that Eq. (1.1) has
a unique solution; indeed, the nondegeneracy of @ means
that the linear map b:TM—T*M defined by b(X ):=1(X )w is
anisomorphism. Thus for any H we can solve (1.1) uniquely:
X=)b"(dH ). Once X has been determined, one appeals to the
standard results of differential equation theory in order to
integrate X.

We want to consider in detail the case when o is degen-
erate, in which case (M,w) is said to be a presymplectic mani-
fold. This situation usually arises when the system is con-
strained in some manner, and often when M is infinite-
dimensional. When (M,w) is degenerate, the Hamilton equa-
tions (1.1) may or may not possess solutions (and, in general,
even if solutions exist they will not be unique) depending on
whether or not dH is in the range of b. In the former case, the
equations (1.1) possess nonunique solutions, the nonunique-
ness being characterized by kerw. It is the latter case which is
the most interesting, for then (1.1) as it stands possesses no
globally defined solutions. In order to “solve” the Hamilton
equations, then, one must “modify” M, the equations (1.1),
or both. We have developed an algorithm which enables us
to produce and solve such a “modified”” problem in both the
finite- and infinite-dimensional cases. More precisely, we

2388 J. Math. Phys. 19(11), November 1978

0022-2488/78/1911-2388%$1.00

find whether or not there exists a submanifold N of M along
which the equations (1.1) hold; if such a submanifold exists,
we give a constructive method for finding it. Moreover, we
show that this submanifold is unigue in the sense that it con-
tains any other submanifold along which (1.1) is satisfied
(Sec. IV).

This work grew out of an attempt to globalize the
Dirac-Bergmann theory of constraints,>* first published cir-
ca 1950. In these papers, an algorithm was developed by
Dirac, Bergmann, and his collaborators for dealing with La-
grangian systems which could not be put into canonical form
in the usual manner owing to the fact that the momenta are
not all independent functions of the velocities. This algo-
rithm was nicely summarized by Dirac,” who showed that
such systems could be put into a modified canonical form
with the motion restricted to a “constraint” submanifold.
Requiring the equations of motion to be consistent on this
submanifold led to a sequence of further constraint submani-
folds which either terminated or restricted the system to
such an extent that no solution of the original variational
problem could be found. He showed further that a modified
Poisson bracket could be defined in such a way that certain
constraints could be effectively eliminated, the remaining
variables falling (in principle) into two classes: (i) those
whose time development from given initial conditions is
completely arbitrary, and (ii) those whose evolution is well
defined by canonical equations of motion.

The point of developing this algorithm was not
pedagogical, for several classical systems exist which display
the above-mentioned feature; notably electromagnetism and
gravity. Insofar as it is felt to be necessary to cast these theor-
ies into canonical form for the purpose of quantization, the
Dirac-Bergmann algorithm provides, in principle, a method
for doing this and, at the same time, for identifying the
“physical observables” or “true degrees of freedom.” In fact,
Dirac applied his technique to general relativity® and electro-
magnetism’ and showed that it was effective in isolating an
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appropriate set of variables with which to describe the
motion.

While our algorithm is related to the Dirac-Bergmann
method, there are several important differences in both the
method and the results.

First, although the Dirac-Bergmann algorithm is clear
in an algebraic sense, it is hard to gain an adequate geometric
picture of what is taking place. Thus, we have chosen to
phrase our discussion in global terms using the language of
infinite-dimensional symplectic geometry. This manifestly
coordinate-invariant language is eminently suited to both
the algebraic and geometric aspects of the problem. To this
end, much work has been done in recent years,”"' but the
bulk of this has been mostly concerned with translating
Dirac’s concepts into the modern mathematical idiom and
with symplectically reinterpreting the results of his algo-
rithm. No one seems to have successfully globalized the algo-
rithm itself. In Sec. I11, we give a brief overview of this *“geo-
metric theory of constraints.”

Secondly, as Dirac himself noticed,' his algorithm is
ambiguous in the following sense (to be elaborated upon lat-
er): One is not certain whether or not the first-class secon-
dary constraints should be included in the Hamiltonian. Put
another way, Dirac is unable to show that the motions gener-
ated by the first-class secondary constraints are physically
irrelevant (gauge) and hence cannot identify those
observables which correspond to “true” degrees of freedom.
Actually, this is not so much a problem with the Dirac—-
Bergmann algorithm per se as it is with its physical interpre-
tation. The physical interpretation, in turn, is obscured by
Dirac’s nongeometric formulation of the constraint algo-
rithm. In Sec. V, we show that our geometric algorithm not
only globalizes (and thus substantiates) Dirac’s results, but
moreover that, strictly speaking, the Hamiltonian should nor
in general contain all the first-class secondary constraints.'?
This uncertainty concerning the first-class secondary con-
straints is fairly subtle, and we shall not consider it in depth
in this paper. This question, and the related issue of the phys-
ical intepretation of our geometric algorithm will be dis-
cussed from another, more fundamental point of view in a
companion paper.**

Lastly, our algorithm is applicable in situations consid-
erably more general than those considered by Dirac. Specifi-
cally, the Dirac-Bergmann algorithm can only be applied
when the degenerate manifold M is actually a “primary con-
straint submanifold” of some symplectic manifold W. The
algorithm we propose does not require the a priori existence
of such a nondegenerate manifold #. Physically, this may be
of considerable importance in the case of an infinite number
of degrees of freedom where w may be degenerate even if
there are no constraints.”*'¢ The a priori presymplectic case
is also of physical interest from the point of view of the quan-
tization problem. Normally, when one quantizes a con-
strained system, one relies upon Sniatycki’s theorem® ! to
eliminate the second-class constraints from the theory.
However, Sniatycki’s theorem fails in the presymplectic
case,' leading one to question whether or not such systems
are actually quantizable.

2389 J. Math. Phys,, Vol. 19, No. 11, November 1978

After Dirac, a number of people approached the con-
straint problem from various viewpoints,'* but no com-
pletely satisfactory analysis of the three above-mentioned
aspects of the theory was forthcoming. (This paper amends
an attempt made by one of us several years ago.?') In fact,
there have been a number of papers'*-* which challenge the
validity of the Dirac~Bergmann algorithm on theoretical
grounds. As our algorithm generalizes the Dirac-Bergmann
theory, this approach would seem to verify the correctness of
the latter, since our derivation is from a completely different
(viz., geometrically rigorous) point of view. Moreover, it is
not difficult to show that although several of the issues raised
by these authors are of importance for the elucidation of the
theory, their objections are without content (Sec. V).

Section II provides a very brief introduction to sym-
plectic geometry and its application to Hamiltonian systems
in an infinite-dimensional setting.?? A more comprehensive
treatment of these topics is given in the texts by Abraham
and Marsden,' Souriau,? Chernoff and Marsden,'¢ and God-
billon.* For some of the more advanced notions and applica-
tions, one should consult the lecture notes of both Wood-
house® and Weinstein.?® The infinite-dimensional techniques
used throughout this paper are clearly and comprehensively
explained in the books by Marsden," Chernoff and Mars-
den,'® Lang.” In general, we shall try to keep our notation
and terminology?* consistent with that of Refs. 1, 16, 23, and
24.

Section III reviews the basic notions and tools of geo-
metric constraint theory which are necessary for the presen-
tation of the algorithm in Sec. IV and the correspondence
with the Dirac-Bergmann theory detailed in Sec. V. Finally,
we apply the algorithm to electromagnetism in Sec. VI as an
example of the calculational techniques involved in the
theory.

Il. SYMPLECTIC GEOMETRY AND
HAMILTONIAN MECHANICS?-4.15.16.23.26

Let M be a manifold modelled on a Banach space E, and
suppose that w is a closed 2-form on M. Then (M,w) is said to
be a strong symplectic manifold if the linear map
b:TM—T*M defined by b(X )= xb :=¢(X ) is an isomor-
phism. However, it may happen that o will be injective but
not surjective, in which case (M, ) is called a weak symplec-
tic manifold, @ being weakly nondegenerate. Generically, b
will be neither injective nor surjective and w is then degener-
ate. When E is finite-dimensional, there is of course no dis-
tinction between weak and strong symplectic forms. For bre-
vity, strongly symplectic manifolds will often be referred to
simply as symplectic, while weakly nondegenerate and de-
generate forms will be dubbed presymplectic.

The simplest example of a weak symplectic manifold is
the cotangent bundle 7*Q of any Banach manifold Q. In
fact, on T*Q there exists a canonical 1-form 0 defined by

Uy =mathrod

where veTT*Q, and 7:T*Q—Q, 7:TT*Q—T*Q are the bun-
dle projections. This 1-form defines the weak symplectic
structure as follows: 2= —d0.
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Locally, we can find a chart UC F, where Fis the model
space for Q, such that on U,”

0(x,0)-(a ® m)=<alo)
and

2(x,0)(a & m,b & )=<Lalr>—{blr). (2.1a)

If Fis finite-dimensional, this is the same as saying that there
exist coordinates (¢',p;) on U such that

QU=p idqi
and
N|U=dq' Ndp,. (2.1b)

The weak nondegeneracy of {2 follows from the above for-
mulas after a simple calculation. In fact, when Fis reflexive,
{2 is strongly nondegenerate.'®

However, not every strongly symplectic manifold
(M,w)is a cotangent bundle nor is w always exact [e.g., (S*,@)
where w is a volume on §*. Then w cannot be exact, and $? is
of course not a cotangent bundle] although locally both
statements are true. That a strong symplectic manifold is
locally a cotangent bundle follows from a normal form theo-
rem, called Darboux’s theorem,?” which states that a chart
always exists in which o 1s constant. In such a chart @ must
always have the form (2.1a) or (2.1b). However, this result

.need not hold in the presymplectic case.”® This normal form
theorem shows that strongly symplectic geometries are
“flat”’—this should be compared with the corresponding
theorem in Riemannian geometry.

Another contrast with Riemannian geometry can be
obtained by examining the infinitesimal automorphisms of a
strong symplectic structure (i.e., the Jocally Hamiltonian
vector fields). These are vector fields X such that

Lyw=0. .2)

As w is closed, it is clear that X will be a locally Hamiltonian
vector field iff dt(X ) =0.Since w is strongly nondegenerate,
the map b will have an inverse # and consequently we see

that if a is a closed 1-form then a# will be a locally Hamil-
tonian vector field. As there are many closed forms on any

manifold, there will exist many infinitesimal symplectic au-
tomorphisms. By way of contrast, in Riemannian geometry
the existence of Killing vector fields is the exception rather
than the rule.

Physically, the weak and strong symplectic manifolds
one almost always encounters are cotangent bundles. This
comes about as follows: One describes a physical system by
specifying a manifold Q called configuration space and a
function L, the Lagrangian, on velocity phase space 7Q. One
then casts the theory into canonical form by “‘changing var-
iables” from (g',v) to (¢’ ,p;) and replacing L by the Hamil-
tonian H via H (¢,p)=p ;v’ — L (g,v). Mathematically, this
transition takes the form of a map FL:TQ—T*Q which is
called the Legendre transformation or the fiber derivative’
and is defined by

(| FL (w)>==%—L W+ 2o @.3)

2390 J. Math. Phys., Vol. 19, No. 11, November 1978

where z,weTQ. The Hamiltonian is defined via
HoFL (w):={WFL (w))—L (w). 2.4)

[This is provided that (2.4) does in fact define a single-valued
function Hon FL (TQ). For further discussion regarding this
point, see Ref. 43.] Additionally, in the finite-dimensional
case, the canonical momenta are “defined” by

p°FL (w)=8L/dvi(w). 2.5)

One major advantage of changing a theory into Hamiltonian
form is that 7*Q canonically carries a (weak) symplectic
structure whereas 7Q does not.

It is the weak symplectic structure on 7*Q which gives
rise to the elegant simplicity of the Hamiltonian formalism.
For example, the Hamilton equations (1.1), when written in
terms of local Darboux coordinates [i.e., canonical coordi-
nates for which (2.1b) holds] are simply

dg' _ .. OH
——=X[g']=—,
dt 7'] dp;
dp; _ OH
T=X[Pi]=——.-
t dg'

Similarly, one can use {2 (provided {2 is strongly symplec-
tic)* to define the Poisson bracket of two functions f,g as
follows

(fgl:=02(¢,¢) (2.6)

where £ =df*. In a Darboux chart, {f,g} reduces to the
usual expression. The symplectic analog of a canonical
transformation is a diffeomorphism :T*Q—T*Q such that
{xN=10.

There do, however, exist physically interesting systems
whose phase spaces are not cotangent bundles and whose
symplectic forms are not exact. An example of such a system
was given by Souriau,’ who investigated the dynamics of a
freely spinning massive particle in Minkowski spacetime
from a symplectic viewpoint (in this example, M= R*X.5?).
Systems of this type do not possess configuration manifolds
and consequently do not admit Lagrangian formulations (at
least in the usual sense).

With this in mind, it is apparent that from a geometric
viewpoint the Hamiltonian formulation of classical physics
is of primary importance while the Lagrangian formalism is
an alternative construction applicable only in special cases.

Turning now to the presymplectic case, we recall that a
presymplectic manifold is obtained by relaxing the assump-
tion that b be bijective. Presymplectic manifolds arise quite
frequently in physics, in particular when the Legendre trans-
formation (2.3) is degenerate. This means that FL is no long-
er a local diffeomorphism, but merely an into map, the range
of which defines a submanifold M of T*Q. In more familiar
terms, FL will fail to be a local diffeomorphism when the
matrix

(Gerawy)
dv,dv;

is not invertible.

This is the starting point of the Dirac-Bergmann con-
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straint theory, in which M is called the primary constraint
submanifold. The primary constraints are a collection of
functions on 7*Q which locally define M as a submanifold of
T*Q. One particular set of primary constraints are those re-
lations (2.5) (or combinations thereof) which do not define
the momenta p, as independent functions of the velocities v’.
Geometrically, M will inherit a presymplectic structure
from T*Q by pulling 2 back to M via the inclusion
j:M—T*Q. We are thus faced with the problem of determin-
ing the dynamics of a physical system on the presymplectic
phase space (M, j*£2 ) where the Hamiltonian H is given by
2.4).

The presymplectic phase spaces of the above discussion
are rather special in that they are naturally submanifolds of
weakly nondegenerate manifolds. But this is not always the
case, even in physics, as was shown by Kiinzle* who ob-
tained genuinely presymplectic phase spaces for spinning
particles in curved spacetimes.

Thus, from both a mathematical and physical stand-
point, there is considerable justification in considering pre-
symplectic geometry in its own right. The physical issue that
one is then confronted with is the following: A system is
described by a presymplectic phase space (M,w) and a
Hamiltonian H on M. What does one mean by “consistent
equations of motion” on M, and how does one obtain and
solve such equations? The algorithm we propose will select a
certain submanifold N of M upon which we can define and
solve “consistent equations of motion.” Before we can pro-
ceed to discuss the algorithm however, we must first exam-
ine the properties of such submanifolds.

lil. GEOMETRIC CONSTRAINT
THEORY36.7.8-11.23

We would like to have a classification scheme for sub-
manifolds of presymplectic manifolds which is at the same
time mathematically convenient and physically meaningful.
Dirac’ first developed a local classification of submanifolds
of strongly symplectic manifolds which Sniatycki and
Tulczyjew later globalized as the “geometric theory of con-
straints.”*'® This classification is of the utmost importance
insofar as the physical interpretation of the algorithm is con-
cerned.' We briefly review this classification (generalized to
the presymplectic case) following Sniatycki, Tulczyjew, and
Lichnerowicz."!

Let N be a submanifold of the presymplectic manifold
(M,) with inclusion j. The manifold N is called a constraint
submanifold, and the triple (M,w,N ) is called a canonical
system. We define the symplectic complement TN of TN in
TM to be -

TNY={ZeTM such that oIV (X,Z)=0 for
all XeTN }.

For our purposes this is not the most convenient character-
ization of TN'. We prefer that given by the following.

Proposition 1: TN*={ZeTM N such that j*[.(Z )o]=0}.

Proof: Let ZeTN *. Then for any WeTN,
O0=alN (. W,Z)=j*j W UZ))>=W|*[(Z )]
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As this is true for all WeTN, it follows that j/*[1(Z )w] =0.
Conversely, if /*[t(Z )w] =0, then the equality is established
by reversing the above calculation. Q.E.D.

If S is a subspace of a Banach space E, we define S -
C E*, the annihilator of S, to be the set of all ScE* such that
{v|B>=0 for all veS§. Similarly, if A is a subspace of E*, we
define A " CE to be the collection of all veE such that
{Ull>=0 for all AeA. If E is reflexive, then it is possible to
show* that (A ')  =A. We shall say that w is topologically
closed provided the map b is a closed map, i.e., b maps closed
sets into closed sets. We note that if w is strongly nondegen-
erate, then it is necessarily topologically closed. We can now
prove the following important fact®!:

Proposition 2: If M is reflexive and w is topologically
closed, then
(TNY) F=TN".

Progf: With obvious shorthand notation,

We( TN") "o/N(W|TN)=0WeIN !

thereby proving that (TN ") F =TN*. As w is topologically
closed, T* is closed in T*M. The desired result follows
from the above by taking A=TN". Q.E.D.

The constraint submanifold & is said to be
(i) isotropic if TNC TN",
(ii) coisotropic or first-class if TN *C TN,

(iit) weakly symplectic or second class if TNNnTN t={0},
and

(iv) Lagrangian if IN=TN".
Clearly, TNn TN *=keraw,, where ketw, is the set of all
WeTN such that «(W)w ,, =0. If N does not happen to fall
into any of these categories, then ¥ is said to be a mixed
constraint manifold.

Locally, a first-class constraint submanifold can be de-
scribed by the vanishing of a collection of functions 4 such
that for all fed, W[ f N =0 for all WeTN". If (M,o) happens
to be strongly nondegenerate, this is easily seen to be equiv-
alent to Dirac’s requirement that 4 be in involution, i.e.,

{ £gIN=0 for all f,ge4.

The functions f&4 of the preceding paragraph are called
first-class constraint functions. More generally, any function
f(resp. 1-form ¥) on M such that f|N=0 (resp. j*y=0) is
called a constraint function (resp. constraint form), and any
function g (resp. I-form o) on M such that W[g]l¥ =0 (resp.
{Wo)IN =0) for all WeTN" is said to be first class. Functions
(resp. forms) which are not first-class are called second class.
A second-class constraint submanifold, then, can be locally
described by second-class constraint functions. In general, a
mixed or isotropic constraint submanifold will require both
first- as well as second-class constraint functions for its local
description.

As an example of a second-class constraint submani-
fold, let CC Q, where Qs configuration space. Then T*Cis a
weakly symplectic submanifold of (7*Q,42 ), hence it is sec-
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ond class. Furthermore, the constraint submanifold
' (C)C T*Q is first class. The former is an example of a
holonomic constraint.

We have discussed some simple properties of submani-
folds of presymplectic manifolds in the above, but we have
not yet indicated their origin. It is to this task that we now
turn our attention.

IV. THE CONSTRAINT ALGORITHM

We begin by taking a presymplectic manifold (M,,w,) to be
the phase space of some physical system. Let H, be the Ha-
miltonian of the system. We inquire as to under what condi-
tions and by what methods we can solve the canonical equa-
tions of motion t(X )w, =dH,. Actually, we can be somewhat
more general*? and write the Hamilton equations as

(Xo, =a,, “.1)

where @, is a closed 1-form, the Hamiltonian form. Locally,
as a, is closed, we can always find a Hamiltonian function
corresponding to a,. As was mentioned in the Introduction,
if , is in the range of b: TM,—T*M,, then Eq. (4.1) is consis-
tent as it stands and can be solved directly for X.*

In the generic case, however, this will not be so. But
there may exist points of M, (such points being assumed to
form a submanifold M, of M,),* for which a|M, is in the
range of b|M,. We are thus led to try and solve Eq. (4.1)
restricted® to M,, i.e.,

(LX), —a,)o,=0, “4.2)
where j,: M,—M, is the inclusion.

Equation (4.2) evidently possesses solutions, but this is
not the whole story. Physically, we must demand that the
motion of the system be constrained to lie in M,, if this con-
cept is to have any meaning. Thus, the locally Hamiltonian
vector field X appearing in (4.2) must be tangent to M,, that
is, X must be of the form X =/ ,.X with XeTM,, or else the
equations of motion will try to evolve the system off A,.

This requirement will not necessarily be satisfied, forc-
ing us to further restrict (4.1) to the submanifold M. of M,
defined by

M,:={meM, such that a,(m)eTM.b}.
We must now ensure that the solution to (4.1) restricted to

M, is in fact tangent to M;; this will in general necessitate yet
further restrictions.

It is now clear how the algorithm must proceed. We
generate a string of submanifolds

M, j'_’Mz jz—’Ml
defined as follows
M, ,:={meM, such that a,(m)eTM}}.

Once the constraint algorithm so defined is set into mo-
tion, only one of three distinct possibilities may occur.*
They are:

Case 1: There exists a K such that M =4¢,

Case 2: Eventually, the algorithm produces a submani-
fold M =~¢ such that dimM, =0, and
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Case 3: There exists a K such that M , =M .| with
dimM 0.

In Case 1, M  =¢ means that the Hamilton equations
(4.1) have no solutions at all in any sense. In principle, this
means that (M,,0,,a,) does not accurately describe the dyna-
mics of any system.

The second possibility results in a constraint submani-
fold which consists of isolated points. The equations (4.1) are
consistent, but the only possible solution is X =0 and there is
no dynamics.

For Case 3, we have a constraint submanifold M and
completely consistent equations at motion on M . of the
form

(X ), —a M =0. (4.3)

It is this submanifold M  (the final constraint submanifold)

which corresponds to the submanifold  discussed in Sec.
IIL.

If the algorithm terminates, then by construction we are
assured that at least one solution X to the canonical equa-
tions exists and furthermore that this solution is tangent to
M. We note that X need not be unique, for we can add to it
any element of kerw,nTM. In addition, it is obvious, again
by construction, that the final constraint submanifold is
unigue in the following sense: if N is any other submanifold
along which the equations (4.1) are satisfied, then NCM ..

The algorithm we have proposed provides a geometri-
cally intuitive and conceptually simple method for defining
and solving consistent equations of motion on a presymplec-
tic manifold. The algorithm is of very general applicability,
requiring only that the phase spaces involved be Banach
manifolds.

For many purposes, the algorithm as presented above is
too “abstract.” More precisely, it is somewhat difficult to use
in practice, the calculation of the constraint submanifolds
occasionally being a rather formidable task. In addition, the
present form of the algorithm is too awkward to be useful for
comparison with the Dirac-Bergmann theory. Consequent-
ly, we will now recast the algorithm into a form which is
more tractable in these regards.

We begin by recharacterizing the constraint submani-
fold M,. We can typify the inconsistency of Eq. (4.1) as fol-
lows: Consider the set TM 7 of vector fields characterized as
in Proposition 1. If Eq. (4.1) is to be solvable, then WeTM |
implies that the left-hand side of (4.1) vanishes and conse-
quently it follows that (W |, vanishes. On the other hand,
if WeTM } implies that (W la,>=0, thena,e( TM ) ". If w,
is topologically closed and if M, is reflexive, then by Proposi-
tion 2 we have that @,€( TM %) . Thus, the points of M, where
(4.1) is inconsistent are exactly those points for which
{Wla,> is nonzero. Subject to the above asumptions, then,
M, can alternatively characterized as follows

M,:={meM, such that {TM jja,>(m)=0}

with obvious shorthand notation. The consistency condi-
tions {TM jla,> =0 are called, after Dirac and Bergmann,
secondary constraints.
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Returning to the problem of solving (4.2), the demand
that the solution X be tangent to M, leads to further consis-
tency conditions (tertiary constraints) as follows: If there
exists an X tangent to M, such that (4.2) holds, then for
WeTM,,

0= [l(W (X Joor = (W et 1o

=—j, oK [ (W), > — W | @, %),

= — X |p* (W), > —<Wla o),
whereX: eTM, with X = jz.i’\. Consequently, consistency of
(4.2) demands that if W is such that /,*[«(W)w,] =0 (i.e.,
WeTM,"), then {Wia,>°j,=0. This, again, may not always
be the case and we must correspondingly restrict the equa-
tion (4.2) to those points of M, where (TM 3a,>=0.

The algorithm then proceeds as before, generating a se-
quence of submanifolds

M, f\_,Mz jz—»Ml
defined as follows

M, :={meM , such that {TM jla,(m)=0]},
where

TM ;= { WeTM, such that k ,"[«(W)w,] =0}

for I>1 with k;=j,9j;0.--0j, and k,:=id|M,. The constraint
functions on M ,_, which define M, are called l-ary con-
straints and are always of the form (TM, |, *a,>=0. Some-
times, for convenience, all /-ary constraints are (for />>2) sim-
ply called secondary.

If the algorithm terminates, we are faced with the same
three possibilities as before. In the second or third case, we
now explicitly show that (4.3) possesses solutions. We note
that, as the algorithm terminates with My, {<TM  Yjz,>=0.

Theorem: The canonical equations

X))o, =a)M
possess solutions tangent to M iff

{TM la,>=0.

Proof: = Let XeTM . be a solution, and suppose that
WeTM % . Then

Wap=<C(Wk ¢ *Xw>°k ¢
= —k g *k g Xu(W ) 1>
= —Xk *[(W)w])> (as XeTMy)

=0
by Proposition 1.
<= Suppose WeTM . Then (W a,>=0, so that
a|Mye(TM i) *. Butby Proposition2, (TM ;) "=TM%.
Thus, a |MxeT M ., thatis, there exists an Xe TM  such that
[((X)w,=a, M. Q.E.D.
Itis of interest to note that the above theorem is actually

independent of the constraint algorithm. In fact, if N is any
submanifold of a presymplectic manifold (M,), then the
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equations (.(X Yo — )N =0 possess solutions tangent to N iff
(TN'a>=0.

We now turn to the uniqueness of the final constraint
manifold M. For suppose there exists some other submani-
fold N along which the equations (4.1) are satisfied, that is,
let X=j*X, XeTN be such that

[(X)w, —a,]IN=0,

where j:N—M is the inclusion. Then if WeTM 1, we have
from the above that (W, >0/ =0, so that NC M,. Let
J::N—M, be the inclusion; then j=/,9f,. For YeTM 3,

0=[(¥ (X Yoo, —e(¥ Y ]oj
= XY o]y <Y o)

Now j*[u(Y)w]=/, %, [¢(¥Y )] =0 as YeTM 3, so
{ Y, »>°j=0, and thus N C M,. Continuing in this fashion, we
see that NC M.

This version of the algorithm, while perhaps not quite
as intuitive as the earlier construction, is still geometrically
natural and much better suited to calculation. However, it is
important to bear in mind that this version can be used only
when the model space for M, is reflexive and w, is topologi-
cally closed; otherwise one might obtain spurious results.

The canonical system (M,,w,,M ) and the equations of
motion (4.3) are the end results of the constraint algorithm.
The further development of the theory (Dirac brackets, the
reduced phase space, quantization) follows from the geomet-
ric constraint formalism of Sniatycki, Tulczyjew and Lich-
nerowicz. But now we must turn to a thorough investigation
of our geometric algorithm vis-a-vis the Dirac-Bergmann
theory.

V. RELATION TO THE DIRAC-BERGMANN
THEORY OF CONSTRAINTSS 714

We now compare the constraint algorithm presented in
the last section with the Dirac-Bergmann theory, and show

that ours does in fact generalize the latter. We also contrast our

our method with similar algorithms presented by
Shanmugadhasan, Kundt, and Hinds and point out that
these algorithms disagree with ours and consequently with
the Dirac-Bergmann theory as well.

We first briefly sketch the Dirac~-Bergmann algorithm,
displaying the correspondence between their techniques and
our more geometric ones.

We start with a Lagrangian L and a reflexive configura-
tion space Q. Changing to canonical form via the fiber de-
rivative FL, we find that the motion of the system is con-
strained to the submanifold M,:=FL (TQ) of the strongly
symplectic manifold 7*Q. Locally, on some neighborhood
U, we can describe U,:=M nU by a set of primary con-
straints {¢*}. Using these, Dirac argues that the Hamilton-
ian on U should be of the form

h=H +u ", ;.1

where H, is any extension to U of the Hamiltonian H, in-
duced on M, by FL and the u 4, are yet to be determined
Lagrange multipliers.*
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Translating into symplectic terms, Dirac then searches
for solutions to

W(X)2—dh U, =0, (5.2)

where 2 is the canonical symplectic form on T*Q. As 2 is
nondegenerate, solutions X certainly exist, but Dirac notes
that the constraints ¢4 must be preserved, that is,

X [4 4 ]JU,=0. Geometrically, this means that X must
be tangent to U,. In terms of the Poisson bracket associated
with (2 via (2.6), this requirement translates into a set of
conditions

¢“|U,=0, (5.3)
where

¢A={¢A’ﬁ!}+u3{¢A’¢B}‘ 5.4
The vanishing of the expressions (5.4) by virtue of (5.3) will,
in general, give some information about the # , and will also
give a number of additional constraints. To see this, consider
all possible linear combinations of (5.3). Some of these linear
combinations will be satisfied trivially, others will fix some

of the Lagrange multipliers u,, and the remaining ones wil}
be independent of the u .

These latter conditions take the form f% ¢4 where
file*8®lU.=0

by (5.4), thus yielding
fat¢ HU=0.

In general, of course, these last equations will not be satisfied
except on a local submanifold U, of U,. These conditions are
therefore secondary constraints.

Denoting the quantities f% {¢“,H,} by £, we see that
the preservation of these secondary constraints requires that
é U, =0,
where

§o={¢Hl+ug{t* 4%}
As before, the linear combinations of the above conditions

which are independent of the up, i.e., those linear combina-
tions g 4§ “ such that

galf“ 82 )IU.=0,
will yield tertiary constraints
8o (5% .H,) |U:=0. (5.6)

One then iterates this procedure, arriving at some final
local constraint submanifold Uy (if the problem is solvable)
and a solution X to the equations of motion of the form

WX)=dH +u ,dy"* +u ,dE’ (5.7

restricted to U g, where the y # are first-class primary con-
straints (the Lagrange multipliers u,, being arbitrary) and
the &' are second-class primary constraints (the u; being
fixed).

Furthermore, it was shown that the first-class primary
constraints are generating functions of motions (i.e., gauge
transformations) which leave the physical state invariant
(this is, of course, related to the fact that the u , are arbi-

(5.5)
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trary). This led Dirac to conjecture that the first-class secon-
dary constraints may also generate physically irrelevant mo-
tions and hence they should also (for the sake of
completeness) be included in the Hamiltonian.* Dirac there-
fore proposed adjoining the first-class secondary constraints
¥ with arbitrary multipliers A , to 4 thereby obtaining the
“extended” Hamiltonian

hp=H+u, x"+u,£' +1,4° (5.8)
Thus, Dirac reasoned that the solutions of
X2 —dh )U=0

would give the most general evolution of the system.

(5.9)

This, then, is the essence of the Dirac-Bergmann the-
ory. With regard to our construction, the first important fact
is that each Dirac-Bergmann local constraint submanifold
U, is an open submanifold of the M, produced by our algo-
rithm. To see this, consider the / th step of the Dirac—Berg-
mann algorithm, and let £ be (at most) /-ary constraints.
Define, as 2 is strongly nondegenerate, the vector field Y2 on

U, by

(YN2=godte.
Using (2.6), Egs. (5.5) become
0=g4 (¢ 8" U,

(5.10)

=—Y*)d$®|U,

and consequently Y?e€TU,, as the ¢ B are primary con-
straints. Thus, if j;:M,—T*Q is the inclusion,

(iok )*[(Y*)2]=0

by (5.10), so that Y?eTU ;* by Proposition 1.
Consequently,*

YeTU T U= T__U}
Similarly, one can show that every vector field YeT_A_{}
induces a condition of the form (5.6). Consequently, the

same equations which define the local submanifold U, also
locally generate the constraint submanifold M,.

Therefore, it is clear that the Dirac-Bergmann algo-
rithm is just a local version of our algorithm. Even so, the
algorithm we have presented has one significant advantage
over the Dirac-Bergmann method in that it is of consider-
ably more general applicability. It is apparent how crucially
the Dirac-Bergmann algorithm depends upon the existence
of the primary constraints. Qur geometric algorithm, by way
of contrast, requires only M, and its presymplectic structure
for its utilization. The manifold M, never need be a primary
constraint submanifold of some other strongly nondegener-
ate manifold.

But one important difference yet remains. Dirac solved
the equations of motion on 7*Q along M, whereas we have
done so on M, along M ... We now show that we can lift our
equations of motion (4.3) to T*Q obtaining the equations
(5.7) and thereby proving the formal equivalence of the two
algorithms, and thus substantiating the Dirac-Bergmann
procedure.
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To find the analog of (4.3) on 7*Q, we write
LX) —ao=f

along M g, where X is some solution of (4.3) and @, is any 1-
form on T*Q such that @, =/, a,. As X solves (4.3), pulling
(5.11) back to M, gives j,*B,=0 so that 3, is a primary con-
straint form. Locally, 53, can be decomposed (nonuniquely)
in the form

o=1,dx" +g.dE’.

(5.11)

Thus, (5.11) becomes locally

X2 —a,=1,dy* +g,dE’. (5.12)

Now, (4.3) only determines X up to vector fields in
TMnkerw, =kerwg nkerw,. Letting Yekeronkerw,, we see
that X — ¥ must satisfy (5.11) as well, and since «(Y ){2is a
first-class primary constraint form, it can be locally ex-
pressed as f, dy *. Substituting into (5.12), we can write
along M

X)) 2=ao+ (I, +f,)dx* +g,d5".

From this we see that the second-class piece g ;d& * of (5.12)
is insensitive to the choice of X. Moreover, the first-class part
[, dy* isuniquely determined only for fixed X. Consequent-
ly, as X is not unique, the functions / , are arbitrary; on the
other hand, the g, are independent of the choice of X and
hence are completely determined. Thus, we have reproduced
Dirac’s result (5.7).

It remains to discuss the “extended” equations of mo-
tion (5.9). We notice that nowhere in (5.13) do secondary
constraints appear, nor is there any a priori reason why they
should, at least from the geometric arguments presented
above.

(5.13)

The ultimate resolution of this problem depends upon
whether or not the first-class secondary constraints generate
gauge transformations.* This, in turn, depends crucially
upon one’s definition of “physical state”” and ‘“‘gauge trans-
formation.” In other words, how “gauge” the first-class sec-
ondary constraints are depends upon the physical interpreta-
tion of the algorithm and consequently is not strictly
amenable to proof.*

For example, in the “orthodox” interpretation of the
algorithm,™ all the first-class secondary constraints ¥~ are
assumed to be gauge. In this case, one could append these
constraints to the Hamiltonian as in (5.8) without changing
the physical content of the theory; however, in practice one
may not always want to do this. The reason is that one may
have fixed a gauge (either inadvertently or by design) in the
Hamiltonian; some of the ¥ will then generate physically
irrelevant motions that will not respect the gauge condition.
If one wishes to retain this choice of gauge in the description
of the system, then one cannot attach these constraints to the
Hamiltonian. On the other hand, there may be certain other
7 which will generate gauge transformations which do not
break the gauge; these can be included without reservation in
the Hamiltonian—in fact, they are “already there” in some
sense (for an example, see Sec. VI). Thus, from the stand-
point of the usual interpretation of the algorithm, one in
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general does not need, or perhaps want, to append the first-
class secondary constraints to the Hamiltonian: Some of the
¥~ will break the gauge choice, and those that do not are
already present in the Hamiltonian.

There do exist other “unorthodox” interpretations of
the algorithm in which certain of the first-class secondary
constraints are not gauge. Consequently, these constraints
certainly cannot be included in the Hamiltonian. The re-
maining ¢ © which do generate physically irrelevant motions
may or may not be attached to the Hamiltonian as discussed
above.

For a more detailed presentation of these points and
examples thereof, consult Ref. 14.

In 1965, Hinds®' presented an algorithm which, like
ours, was stated in geometric language. Rather than consid-
er this algorithm in detail, we merely point out the major
differences between Hinds’ approach and ours. Basically,
the crux of the matter is that, at the / th step of the algorithm,
Hinds attempts to solve the equation (v ;: =k ,*w, etc.)

(X)w,=a, (5.14)
in contrast to our equation
[¢(X)w]ok ,=a°k,. (5.15)

The conditions for the existence of solutions to an equation
of the type (5.14) are less restrictive than those required for
Eq. (5.15). To see this, note that the sets of vector fields
which generate Hinds algorithm are kerw,, whereas ours are
TM }, and kerw , C TM ;. The upshot of this is that after the
=2 step, Hinds’ algorithm and ours diverge: The constraint
submanifolds M, for />2 are no longer the same in both algo-
rithms. If one attempts to reproduce the Dirac-Bergmann
results using Hinds’s scheme, one obtains

h,=H+ upx“+uf§i+lag{/“+/{d9“,

where the coefficients A, of the second-class secondary con-
straints 8¢ do not necessarily vanish.

A simple example which illustrates the above is the fol-
lowing: Take TQ= TR* with coordinates { ¢‘,v’} with
Lagrangian

L(gu)=3m@'y’— 3k (¢')

—b(@'q)+ 3e(v* —ag’)’.

A somewhat different scheme was proposed by
Shanmugadhasan® to rectify an alleged oversight in the
Dirac-Bergmann theory. Shanmugadhasan for the most
part works on velocity phase space and deals directly with
the Lagrange equations. He claims that the Dirac—Berg-
mann theory overlooks certain subsidiary conditions arising
from the degeneracy of the Hessian matrix (6°L/dv ' dv”);
this of course is not the case as these subsidiary conditions
are none other than primary constraints (Sec. II). Further-
more, Shanmugadhasan completely ignores the possibility
that secondary constraints might occur in the theory, and of
course it is these which really form the core of the problem.
In fact, Shanmugadhasan’s method cannot cope with the
perfectly consistent (if somewhat strange) Lagrangian given
above.
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Kundt® also quarrels with the Dirac-Bergmann
algorithm and has offered his own interpretation of their
theory” which, curiously enough, requires all the primary
constraints to be first class. Kundt’s theory fails for the
Proca field.

VI. AN EXAMPLE: ELECTROMAGNETISM?-16

The Maxwell theory provides a nice illustration of both
the geometric calculations involved in the algorithm and the
application of modern infinite-dimensional techniques to
symplectic geometry. Throughout this section, we shall
closely follow the notation of Chernoff and Marsden.'c We
shall also sacrifice mathematical rigor (i.e., we shall ignore
certain infinite-dimensional technicalities) in favor of a
clearer exposition.

The 3+ 1 decomposed Maxwell Lagrangian can be
written as

L(4,A)=4fr [(VA )
F2(VA A+ A= (Y XAV]du, (6.1)

where the vector potential is decomposed 4=(4 ,4), R’
denotes a constant-time Cauchy surface in Minkowski
spacetime, and g is some measure on R*.

We must first decide on a choice for velocity phase
space TQ. The configuration space should be some Hilbert
space of all 4-vectors (4 ,,4 ). As L contains at most first spa-
tial derivatives of 4, an appropriate choice for Q is

O=H'eH'

with the obvious notational shorthand, where H' is the first
Sobolev space on R’. Velocity phase space, that is, the mani-
fold of all (4,4 ) is then

T0=0a (L2 L)

as no spatial derivatives of A appear in L. The measure £ can
then be taken to be the ordinary L* measure on R’. We note
that Q is refiexive, so that the symplectic form {2 on 7*Q is
strongly nondegenerate and hence topologically closed.

(6.2)

To translate into the Hamiltonian language, we must
calculate the fiber derivative FL. By definition, FL|Q=id|Q
SO

FL (4,4 )(4,B)=(4,DL (4,4 )-B), (6.3)

where D denotes the Frechét derivative along the fiber. An
easy calculation shows that

DL (A )B=p[A-B+(VA)-Bldy. (6.4)
If we define the natural pairing (| »:7Q X T*Q—R by

(A | ATy =SplAF+A 7 Jdu, (65)
where (4,m)eT*Q, then (6.3) becomes, using (6.4)

FL (4,4)=(4,44VA). (6.6)
Defining the “canonical field momentum” # by

A+ VA, (6.7)

it is suggestive that 77, does not appear in (6.6). In fact, if one
defines the projection pr? on the second factor by
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prf(A,1r)= )
then it follows that

pr2oFL (4,4 )=0. (6.8)

Thus, 7, =0is a primary constraint. The primary constraint
submanifold M, of T*Q is then

M,=QeoL*. (6.9)

We now apply the algorithm. The strong symplectic
form £2 on T*Q is given by (2.1a),

Naember)={ar>—{blm> (6.10)

witha e 7, b e T (T*Q).” If j, is the inclusion of M, into
T*Q, we have o, =j,*f2. Consequently, as {2 is topologically
closed, w, is also. This, combined with the fact that M, is
reflexive, allows us to use the second version of the algorithm
presented in Sec. IV.

The first thing we must do is calculate TM 1 =kerw,.
That is, we search for vectors b @ e TM, which annihilate all
other vectors a & 7 in TM,. Using (6.5) and (6.10), we find
that b @ 7eTM 1 iff

bor=(b,0)a0. (6.11a)
In other words,
T™M =H0. (6.11b)

The Hamiltonian H, induced on M, by FL is, according
to (2.5), (6.1), and (6.6)

Hi(A,7) = § o [47 — (VA )7+ 3V X4 Yd.
Consequently, if b & 7€ TM,,
dHAm)(beT)=fp [#7+b (7-T)+A4 (VD

(6.12)

+ (T XA)(7 Xb)du. (6.13)

To continue with the algorithm, it is necessary to make
sure that the primary constraint (6.8) is preserved. Thus, we
demand that (TM YdH,>=0. Letting b ® 7eTM {, we have
from (6.11a) upon substitution into (6.13)

dH\(4,m)-(b&7)=[g:b (\V-T)dp.
This expression will be zero provided

U-#=0, (6.14)
as b, isarbitrary. We thus pick up a secondary constraint, M,
being the submanifold of M, along which (6.14) is satisfied.

Pursuing the algorithm, we must now find 7M 5. For
aomin TM,and b & 7€TM,,

ofaomber)=fg[Fd— ﬁ'l;]d,u
by (6.9). In general, the right-hand side of (6.15) will vanish

iff 7=0and b="/g for some function g, making use of (6.14)
and an integration by parts. Consequently,

TMi={bo0eTM, such that 5=</g, geH'}.  (6.16)

At this point, the algorithm terminates. To see this, let
b @ 0 be as in (6.16). Substitution into (6.13) gives

dH (A,7)-(b ® 0) = . [6,(7-7)
(T XA T X V).

(6.15)
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The first term vanishes by (6.14) and the second also as
curl(grad) =0. Consequently, {TM }dH,>=0 and M, is the
final constraint submanifold.

Thus the Maxwell canonical system is (M,,@,,M,). We
now investigate the nature of this final constraint submani-
fold M.,. First of all, we claim that TM ;C TM,. Indeed, if
be 7€ TM 3, then 7, =0 so that b ® 7€TM, and moreover,
#=0so that (6.14) is satisfied. Furthermore, TM 2¢T M,.
This is easily understood, as b & (0,7) with \7-#=0is a mem-
ber of TM, but not of TM 5 unless 7=0. Hence, M, is strictly
coisotropic, and the canonical system (M\,w.,M,) is first-
class. In particular, the constraint \/7-7w=0 is first-class.

The basic theorem of Sec.IV assures us that solutions to
Hamilton’s equations

(L(X)a)l —dH1)°j2=0

exist. To find these solutions, write X=a & o, and let
b ® 7eTM, be arbitrary, (4,7)eM,. The equations of motion
can then be written

0\(a @ 0,b © DA, =dH,(A,7)(b & 7).

Using (6.13) and (6.15), the above becomes
§plFd— 3B =§ p[77+(b ) (V-7 +4,(7-D)

+ (7 XA )T X b)) (6.19)

(6.17)

(6.18)

As (4,7)eM,, the second term on the right-hand side of
(6.19) drops out. After a rearrangement of the last term and
an integration by parts, the right-hand side becomes

JplP (@ —A)+(V(V-A)—A4)-5ldu.
Comparing the left-hand side of (6.19) with this, we obtain

d4 -
———=d=7#—-VJA4,,
ar vA4,

ﬁ - — — -—
“;—t; —F=(od)— A, (6.20)
dd | .

:=a, =undetermined.

dt

These are, of course, just Maxwell’s equatigns. Performing a
transverse-longitudinal decomposition of 4,7 we obtain
dA

—— ! _undetermined
dt

dd, >

_‘7— —VA

d4, 6.21)
a0

#,=0,

d#, .
ar . AAr

Consequently, these equations determine 4 ,7# uniquely
from given initial data, but the evolution of 4, and 4, is
arbitrary.

Let us compare the equations of motion (6.21) and the
known gauge freedom of the electromagnetic field with the

2397 J. Math. Phys., Vol. 19, No. 11, November 1978

predictions of the algorithm. In particular, (6.17) shows that
the Hamiltonian vector field X is unique only up to elements
of kero,nTM,=kerw,. Consequently, vector fields in kerw,
necessarlly generate gauge transformations; if Vekerw,, then
Vis of the form (Vl,ﬁ) ® 0 and its effect is to generate arbi-
trary changes in the evolution of 4 |. This is clearly consis-
tent with the field equations. Turning now to the first-class
secondary constraint (6.14), we wonder if it is the generator
of physically irrelevant motions. From the geometric point
of view, we are really asking whether or not the vector fields
in kerw, = TM } are gauge vector fields. If W= (0, — Vg) ®0,
then

LW )o,(b & 7)=— § ps?(Vg)du.
Demanding that X — W satisfy (6.17) as well as X has the
effect of replacing the second of equations (6.21) by
dd, - =
g VA ,—V8

and leaving the others invariant. As 4, is arbitrary to begin
with, it is evident that this equation is completely equivalent
to (6.21). The addition of — /g to the right-hand side of this
equation has no physical effect whatsoever. Thus, kerw, con-
sists of gauge vector fields.*

From another standpoint, rather than writing
tX—W)w,=dH,

along M,, we can put
(X))o, =dH,+u(W)w,.

Effectively, we are adding a term g(—v’ 7) to the right-hand
side of (6.13). In terms of the Hamiltonian itself, we are re-
placing —(74,)-# by — [V(A L +&])-#. An integration by
parts finally gives

dH, +(W Yo, =d[H, + § pg(V-#)du].

The function whose differential appears on the right-hand
side of this equation is none other than the pullback to M, to
Dirac’s extended Hamiltonian (5.8). With respect to the dis-
cussion in the last section, the above arguments show that for
ordinary electromagnetism, one can add the first-class sec-
ondary constraints to the Hamiltonian since (i) these con-
straints are gauge, and (ii) no choice of gauge has been fixed
in the Lagrangian (6.1). Notice also that we know (i) to be
true regardless of the physical interpretation of the algo-
rithm; in fact, we have not really physically interpreted the
algorithm at all. As may be expected, this is due to the fact
that the Maxwell theory is so “‘simple.”

In the generic case, result (i) above will noz be indepen-
dent of the physical interpretation of the algorithm. Neither
will (ii) be the case in general. One need not look far or long
for a Lagrangian which has both of these problems, for
consider

L(4,A)=0p[3(8,4")("4,)
—A4,3%¢ —’17;52 ]dy.

Is this Lagrangian to be regarded as electromagnetism in the
Lorentz gauge, or is it an entirely different (masseless, diver-
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gence-free, spin 1) field? This particular Lagrangian is dis-
cussed further in Ref. 14.

One should compare the above calculation with that
given by Dirac.” Although this is not really a “working
physicist” type calculation, these rigorous infinite-dimen-
sional techniques are capable of rapidly producing results—
in fact, they are indispensible when one discusses purely pre-
symplectic systems. In finite dimensions, this geometric for-
malism is every bit as convenient to use as are the standard
techniques.

Vil. CONCLUSION

The algorithm we have presented completely solves,
from a mathematical point of view, the problem of con-
strained symplectic systems (in both the finite- and infinite-
dimensional cases). Even more significantly, it allows us to
solve the Hamilton equations in the hitherto untreated pre-
symplectic case. Combined with the geometric constraint
theory of Sniatycki, Tulczyjew, and Lichnerowicz, it fur-
nishes a powerful physical tool.

In addition to generalizing the Dirac—Bergmann theory
of constraints, the algorithm has the advantage of being a
global, manifestly coordinate-free theory. The algorithm is
presented in a mathematically rigorous fashion which we
feel is geometrically natural, intuitive, and useful from a
practical (calculational) standpoint.

The algorithm provides insight into the old “controver-
sy”” of whether or not first-class secondary constraints really
generate gauge transformations. It can be shown' that the
algorithm cannot actually prove that all such constraints will
beget physically irrelevant motions; nonetheless, equipped
with a suitable physical interpretation, this algorithm fur-
nishes a superior framework for discussing such questions.
Consequently, these techniques may be of great value for the
consideration of theories whose gauge properties at this time
are poorly understood.

Our algorithm can also be adapted** to the
Lagrangian case. Here, the Dirac-Bergmann formalism
cannot be applied at all, and other proposed schemes have
met with only limited success.'*" From the standpoint of
this paper, the Lagrangian case can be regarded as a specific
example of a presymplectic manifold (TQ,FL*42), where {2
is the canonical symplectic structure on 7*Q and hence can
be dealt with by the algorithm presented here. In this way the
formal equivalence of the Hamiltonian and Lagrangian for-
malisms can be established even in the degenerate case.**’

Since this algorithm enables us to treat a priori presym-
plectic systems as well as ordinary constrained symplectic
systems, this work may engender motivation for inquiring as
to how to quantize such presymplectic systems,'” perhaps
from the viewpoint of the geometric Kostant-Souriau quan-
tization program.*
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A classification is made of all Lie superalgebras (graded Lie algebras) of maximum dimension four.

1. INTRODUCTION

In the rapidly growing field of Lie superalgebras (LS),
the major effort has been directed towards establishing a
theory for some suitable definition of simplicity. The simple
LS have now been classified by several authors independent-
ly, Refs. 1-7, and a start has been made on their representa-
tion theory, Refs. 8-16. Disappointingly, perhaps, for only
one class of simple LS, the orthosymplectic series, is it true
that all finite-dimensional representations are completely re-
ducible, see Refs. 10, 12-15. Other departures from ordinary
Lie theory include the fact that Lie’s theorem is not valid;
that Cartan’s criterion for simplicity only works in one direc-
tion; that there is no obvious analog of Levi’s theorem; and
that there can exist zero divisors in the enveloping algebra.
The emphasis in the literature on the class of simple LS is
hardly surprising in view of the important role played in

TABLE I. Trivial aigebras

applications by their ordinary Lie theoretic analog. Howev-
er, nonsimple LS are very plentiful and as yet have received
little attention. In the present paper we give a classification
of real LS, which are not Lie algebras (LA), up to dimension
four, so providing another source of examples which exhibit
some of the similarities and differences between LA and LS.
We have already classified LS up to dimension three in Ref.
17. We note that the smallest simple LS, which isnot a LA,
the so-called di-spin algebra considered in Ref. 9, has dimen-
sion five. It follows that we do not encounter any simple LS
in our classification and that all of those we classify are
solvable.

We recall that a LS L=L, & L, consists of an even part
L,, which is an ordinary LA, and an odd part L,, which in
particular is an Ly-module by restriction of the adjoint repre-
sentation. We denote the elements of L, (resp. L,) by Latin

Type L L Relations Comments
©,1) A A, [a.a}=0 Abelian
(LD B A,, [a.al=a
As3Ad e =41
2,1 C! o - a,b]=>b, [a,a] =pa p#0
.1 » A%y (At ) [a,b]="b, [a,x] =p
A4 4 =41
1’2 C2 ’ ) - aol=a, gﬂ}: ﬁ 0< LD‘<1
2 ’ A%s pA+1) acl=alabl=p
c Ay [a.8]=a Nilpotent
c A, [a.a]=a, [a.fl=a+B
cs As6 =0 la,a}=pa—B, [af)=a+pB p>0
’ 45 (p#0) wmpams g
a3.h D! Aas [b.cl=a, (ba]l=a
D; ALl facl=a, [bcl=a+b, [c.al=qa pg#0
D), AR [a.cl=pa—b, [b,cl=a+pb, [c.al=qc g#0
2,2 D A%, [a.a]=q, [a.8]=5, [b.6]=a
D A [G’a]:a’ [(I,ﬂ} =p, [b,a]= -8, [b,ﬁ!’:a
D I"q 4 g?s [a’b] :b) [ll,a] =pa, [G,ﬂ] =qﬁ quyﬁo, p>q
D; A7 [a,b]=b, [a,al=pa, [a.fl=a+pB p#0
D?, AVars [a,6)=b, [a,a)=pa—gB, [a.f]=qa+pB g>0
pr Al la.b]=b8,la,0)=(p+ Da, [a.81=pB, [b.Bl=a
(1,3) D), A% la,@l=a, [a.8]=pB, la,¥]=q¥ O0<ipl<lgl<l
D Ay, [a.a]l=q, [a.y]=B
D} A%, {a,@l=pa, [0.81=8, layl=b+y p#0
D, A% la,@l=pa, [a.B]1=gB-v, [a.v}=B+qy p#0,4>0
2 A4, [e.fl=a, [a,Y]=8 Nilpotent
D Aasq [a,a]=a, [aBl=a+B, [ay]=B+Y
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TABLE II. Nontrivial algebras.

Type L Relations Comments
(L1) (4,,+4) [a,a]l=a Nilpotent
(2’1) (C=/2) [a,b]:b, [a,a]=%a, [a,a]=b
(1,2) (4,,+24) [a,a]l=a, [BBl=a Nilpotent
(4,,+24) [a,@]=a, [BF]=—a Nilpotent
3.1 (4;5,+4) [b.c)=a, [a.a]=a Nilpotent
(D} _») [2,b]=b, [a,c]=pc, [a.0]=1a, [a,a]=b p#0
(D2, ) [a,b] =b, [a,c]=b+c, [a,a]=1a, [a,a] =b
(D 2— 1/2)2 [a,b] =b, [avC] =—b+c, [a,a] = %a’ [ava] =b
(2’2) (D.l’/z 1/2)l [”sb]=bv [asa]:%a: [a»B]‘:%ﬂ’ [a,a]=b, [ﬂﬂ]=b
(D Z/Z l/z)z [axb] =b, [a,a] = %a’ [a»ﬂ] = %/8’ [ara] =b, Wﬂ] =-b
(DI/Z l/2)] [a,b]=b, [a»a]=$a’ [a’ﬁ]=%ﬁ! [a!a]=b
(p]_,,) [a,b]=b, la.al=pa, [a.8]=(1—p)B, [a.f]=b p<i
(D3},) [a,6]=b, [a.a]=}a, [a.8]=a+ B, [BA=b
(D3,,,) [a.b]=b, [a,a]=4a—pB, [a.Bl=pa+4p, [a,a)=b, [B8]=b p>0
(DEI)O)l [a’b]=b! [ava]=ar [b,ﬂ]:a, Iﬂﬂ]=a: [a’ﬂl: "’%b
(D% [a,6]=b, [a.al=a, [bBl=a, [BL]l=—a,[a.B]=4b
(24 ,+24) [a.c]=aq, [8.5]=b Nilpotent
(24, +24) [a.a]=a, [B,5)=b, [a,fl=a Nilpotent
(24, ,+24 ),3, [e.a]l=a, [BB]l=b, [a.Bl=pla+b) p >0 Nilpotent
(24,,424), [a.al=a, [B.8]=b, [a.Bl=pla—b) p >0 Nilpotent
(Ci+4) [a,6]=b, [a.c]=0, [a,8]=b
(Ci+d) l[a,b]=b, [a.a]l=}a, [a,a]=b
(C2,+4) [a,a]=a, [a.8]= —PB, [a,B]l=b Jordan-Wigner
quantization,
see Ref. 9.
(C+4) [a.8l=a, [BBl=b Nilpotent
(Ci+4) [a,.a]=—B, [afl=a, [a,al=b, [B.0}=b
(1’3) (A l.l+3A )l [a’a]:av [B’ﬂ]=a) [7’,7’]:(1 Nilpotent
(A 11 + 3A )z [a,a] =a, [ﬂ’ﬂ] =a, [7/’7/] =—a Nilpotent

letters (resp. Greek letters) taken from the beginning of the
alphabet. L possesses a bilinear bracket multiplication [, ]
which satisfies the following commutativity and Jacobi
conditions:

[a,b]=—[b.a], ¢y
la.a]=—[a.a], e))
[a.Bl1=[B.al, 3)
for all @,b€L,, a,BeL,, and
[la,b).c] +[[b,cl.al +[[c.al,b] =0, CY)
lla.b).a]+[[b,al.a] + [[@.a],b] =0, (%
[[e.al.B8]+ [[a.Bl.a] - [[B.al,a] =0, (6
lla.8l.71+[18,v)al +([[r.l,5]=0, @)

for all a,b,c€L, and a,8,ycL,. Note that Eq. (6) differs from
the others in that the cyclic symmetry of its terms is broken
by a minus sign.

Wesaythat L=L,eL,and L'=L,’ @ L, are equivalent
if there are isomorphisms L,«—L," and L,«—L,’ which
preserve the bracket multiplication. We can ask the ques-
tion: given a LA L, and an L,-module M, how many in-
equivalent LS L,=L, ® L, can we construct, where L, and M
are equivalent as Li-modules. Answering this question in
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low dimensional cases is the basis for our classification. We
have found it convenient, both for the carrying out of our
computations and for the tabular presentation of our results,
to distinguish two types of LS: We say that L is trivial if
[L,,L,]={0}; otherwise L is nontrivial. The point is that a
nontrivial algebra can be trivialized simply by putting to
zero all of its anticommutators. The reverse process pro-
duces nontrivial algebras from the set of trivial algebras,
which are more easily classified. It is also worth noting that
the structure constants of a trivial LS, L say, can be inter-
preted as the structure constants of an associated LA, L’ say,
provided that we replace the zero anticommutators of L by
zero commutators of L'. However, under this correspon-
dence, inequivalent LS can lead to equivalent LA.

2. TABULATIONS

Here we tabulate into families of equivalence classes the
real indecomposable LS of maximum dimension four, which
are not LA. The trivial and nontrivial algebras are tabulated
separately and according to dimension structure: We say
that L=L, ® L, is an (m,n) algebra if dimL, (resp. L,) is m
(resp. n). For the labeling of the trivial algebras, the letters
A,B,C,D with integral superscripts / and real subscripts p,g,
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denote the equivalence classes of algebras of dimension d,
where d=1for 4,d=2for B, d=3 for C, d=4 for D. The
superscript { is omitted whenever its range is just the integer
one. We also give the symbols, according to Ref. 18, of the
associated LA. For the nontrivial algebras, we add to the
bracketed symbol for the corresponding trivial algebra,
where necessary, an integral superscript and a real subscript.
With a single exception, all zero commutation/anticommu-
tation relations are omitted.
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